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PEEFACE. 


The  plan  and  method  of  presentation  of  this  work  are  the  result 
of  many  years  of  teaching  experience.  It  has  worked  well  in  the 
hands  of  the  author  and  has  grown  into  its  present  form  gradually, 
in  response  to  the  needs  of  student  and  teacher.  It  would  seem 
therefore  not  unreasonable  to  hope  that  it  may  be  of  service  to 
others  in  similar  circumstances  and  with  similar  needs. 

It  is  the  confirmed  opinion  of  the  writer  that  a  text-book  to  be 
of  the  highest  value  to  the  student  should  contain  more  than  a 
brief  outline  of  the  most  elementary  principles,  even  although  the 
time  at  disposal  for  actual  class  work  may  oblige  the  teacher  to 
confine  himself  to  such  an  outline.  A  text-book  should  be  of  use 
to  the  student  during  the  whole  of  his  course  and  afterwards  as  a 
book  of  reference,  as  the  various  applications  of  mechanics  oblige 
him  to  look  up  more  in  detail  the  underlying  principles.  With  such 
a  text-book  in  his  possession  the  student  grows  in  the  knowledge 
and  mastery  of  the  subject  long  after  his  class  has  passed  on,  and 
such  a  work  becomes  a  valuable  possession.  His  growing  famili- 
arity with  its  scope  and  uniform  notation  make  it  easy  of  reference, 
and  it  forms  the  best  preparation  for  reading  with  ease  and  intel- 
ligence more  advanced  works.  He  should  find  in  it  everything  in 
the  way  of  principle  he  may  need,  with  enough  of  practical  applica- 
tion to  illustrate  and  guide  him. 

For  the  teacher  the  work  should  be  so  arranged  that  he  can 
readily  lay  out  his  course  according  to  the  time  at  his  disposal  and 
the  needs  of  his  students. 

In  most  of  our  technical  institutions  the  calculus  is  taken  up  at 
an  early  stage.  It  is  very  desirable  that  its  applications  should  be 
kept  in  view.  If,  then,  the  study  of  mechanics  can  be  taken  up 
earlier  than  is  customary,  the  two  subjects  will  illustrate  each  other 
to  mutual  advantage. 

The  present  work  is  an  attempt  to  cover  the  points  indicated. 

The  subject  of  Kinematics  is  treated  in  Vol.  I  with  all  the 
tiioroughness  its  importance  demands,  and  intentionally  with  more 
fulness  than  the  time  ordinarily  at  disposal  for  this  subject  would 
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warrant.  We  would,  however,  call  attention  to  the  following 
points  :  Articles  for  advanced  students  are  in  small  type.  Articles 
containing  applications  of  the  calculus  are  enclosed  in  brackets. 
The  large  type  by  itself  constitutes  an  abridged  course.  The  teacher 
can  thus  lay  out  such  a  course  as  regards  time  and  thoroughness  as 
he  desires.  As  a  work  of  reference  for  both  student  and  teacher  it 
should  have  an  independent  value.  It  is  believed  that  the  engi- 
neering student  will  seldom  need  to  go  outside  for  reference. 

The  examples  are  numerous.  The  value  to  the  student  of  these 
is,  in  the  writer's  opinion,  very  great.  They  are  kept  apart  from 
the  text,  and  the  teacher  can  make  use  of  them  to  such  extent  as 
seems  good  to  him.  Those  who  may  be  at  first  sight  deterred  from 
using  the  book,  because  of  its  covering  more  ground  than  the  time 
at  their  disposal  warrants,  are  asked  to  look  it  over  in  the  light  of 
the  preceding  explanation.  It  is  believed  that  no  matter  how 
abridged  a  course  is  thought  necessary,  the  teacher  will  find  it  here 
ready  to  his  hand. 

The  subject  of  Statics  is  treated  in  Vol.  II,  and  here  the  same 
remarks  hold.  The  discriminating  teacher  who  wishes  a  short 
practical  course  will  easily  find  it  here.  A  large  portion  of  the 
volume  is  devoted  to  engineering  applications,  such  as  Dams,  Earth- 
work, Retaining  Walls,  Strength  and  Elasticity  of  Materials,  Theory 
of  Flexure.  All  these  subjects  are  taught  with  more  or  less  fulness, 
usually  by  the  use  of  separate  works.  The  subjects  named  are 
treatprl  with  thoroughness  and  fully  illustrated  by  numerous 
examples,  within  the  compass  of  160  pages.. 

The  subject  of  Kinetics  is  treated  in  the  third  volume  according 
to  the  same  plan. 

The  volumes  have  been  printed  separately  for  convenience  of 
class  work.  Each  is  furnished  with  a  complete  index  for  reference. 
We  have  included  in  the  three  volumes  no  more  of  the  subject  than 
in  our  opinion  the  engineering  student  should  sooner  or  later  be 
familiar  with.  '*  If  a  man  knows  mechanics,"  says  a  well-known 
engineer,  **he  can  make  himself  an  engineer;  if  he  does  not, 
nobody  can  make  an  engineer  of  him." 

There  are  two  ways  of  teaching  this  subject.  One  by  the  use 
of  an  elementary  abridgment,  which  student  and  teacher  must 
afterward  supplement  by  the  use  of  more  advanced  works  later 
on.  The  student  then  throws  aside  his  elementary  treatise  as  soon 
ixs  he  finishes  it,  and  either  has  to  start  again  with  a  new  work,  or, 
as  is  often  the  case,  gets  no  real  grasp  of  the  subject  and  no  work- 
ing familiarity  with  any  valuable  reference- work. 

The  other  way  is  that  here  pursued,  of  giving  the  student  a  work 
sufficient  for  his  needs,  written  with  direct  reference  to  his  needs 
and  development  from  beginning  to  end,  while  at  the  same  time  it 
allows  of  all  desirable  curtailment  in  the  introductory  work.  It 
is  so  presented  that  the  subject  may  be  taken  up  earlier  than  is 
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customary  and  made  to  illustrate  and  help  in  the  other  mathemati- 
cal studies  of  the  course. 

It  is  the  author's  plan,  with  his  students,  to  first  go  over  all  three 
volumes,  omitting  everything  not  absolutely  essential,  taking  thus 
only  selected  portions  of  the  large  print.  When  the  student  thus 
has  a  connected  and  intelligent  grasp  of  the  whole  subject,  the 
remaining  time  is  employed  in  picking  up  those  omitted  portions 
which  are  of  most  importance.  The  work  is  then  in  the  student's 
hands  as  a  work  of  reference  which  he  can  use,  and  which  he  is 
safe  to  use  and  value  during  the  rest  of  his  course. 

Heretofore,  works  thus  valuable  for  reference  have  been  too 
condensed  and  too  abstract.  They  are  written  for  the  engineer, 
not  for  the  student.  On  the  other  hand,  text-books  for  the  student 
have  been  too  elementary  and  too  much  abridged.  They  are 
intended  for  the  beginner  only  and  have  no  value  for  the  progressive 
student.  -The  present  work  is  an  attempt  to  take  the  beginner  and 
leave  him  with  a  work  which  shall  be  of  permanent  value  to  him 
during  and  after  his  entire  course. 
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CHAPTEE  I. 

EQUATION  OF  FORCE. 

KINETICS.      TKANSLATION.      EQUa!tION    OP    FORCE.      EQUATIONS    OF    MOTION. 

Kinetics. — We  have  treated  in  Vol.  I  of  the  science  of  Kinematics 
{Kiv7/ua,  motion),  or  the  measurable  relations  of  space  and  time 
only,  that  is,  of  pure  motion.  We  have  therefore  considered  the 
motion  of  a  point  or  of  a  system  of  points  without  reference  to 
matter  or  force.  But  we  have  to  deal  in  nature  with  force  and 
material  bodies. 

The  science  which  treats  of  those  measurable  relations  of  matter, 
space,  and  time  involved  in  the  study  of  the  change  of  motion  of 
bodies  due  to  force  is  called  Dynamics  {dvva/in?,  force). 

That  portion  of  Dynamics  which  treats  of  those  principles  which 
are  necessary  for  the  discussion  of  forces  and  bodies  in  equilibrium, 
and  generally  of  forces  without  reference  to  the  change  of  motion 
caused  by  them,  we  have  called  Statics,  and  have  considered  in 
Vol.  II. 

That  portion  of  Dynamics  which  treats  of  forces  with  reference 
to  the  change  of  motion  caused  by  them  we  call  Kinetics,  and  treat 
in  the  present  volume. 

Kinetics  of  a  Particle— Translation.— We  have  seen  (page  83,  Vol. 
II,  Statics)  that  when  a  rigid  body  is  acted  upon  by  any  number 
of  forces  applied  at  different  points  and  acting  in  different  direc- 
tions, that  is,  whatever  the  motion  of  the  body  may  be,  the  motion 
of  the  centre  of  mass  is  precisely  the  same  as  if  the  body  were  re- 
placed by  a  particle  of  equal  mass  at  the  centime  of  mass,  and  all  the 
forces  were  transferred  to  this  particle  without  change  of  direction 
or  magnitude. 


2  KINETICS   OF   A   PARTICLE — TRANSLATION.         [CHAP.  I. 

When,  therefore,  we  consider  only  the  motion  of  translation  of 
a  body  without  reference  to  its  rotation,  if  any,  ive  can  always  con- 
sider the  body  as  a  particle  of  equal  mass  concentrated  at  the  centre 
of  mass. 

The  study  of  motion  of  translation  of  a  body  under  the  action  of 
force  is  therefore  the  same  as  that  of  a  particle  of  equal  mass.  We 
thus  consider  first  the  Kinetics  of  a  Particle,  or  Translation, 

Equation  of  Force. — The  student  before  taking  up  this  portion 
of  our  work  should  be  familiar  with  the  general  principles  of  Dy- 
namics as  given  in  Vol.  II,  Introduction,  Chapters  I  to  IV,  pages  1 
to  55.* 

We  have  there  seen  how  to  measure  mass  and  force,  and  how  to 
find  the  centre  of  mass  of  a  body.  We  have  also  seen  that  the 
direction  of  a  force  is  the  same  as  that  of  the  acceleration  it  causes, 
and  the  magnitude  of  the  force  is  proportional  to  the  acceleration 
it  causes.  The  relation  between  force,  mass  and  acceleration  is 
there  found  to  be  given  by 

F  =  mf, (I) 

where  m  is  the  mass  of  a  particle  in  units  of  mass  and  /  is  the  in- 
stantaneous acceleration  in  units  of  acceleration  and  F  is  the  force 
in  units  of  force. 

This  is  called  the  equation  of  force.  It  gives  the  magnitude  of 
the  force  F  which  causes  in  any  particle  of  mass  m  the  acceleration 
/  in  the  direction  of  the  force.  Force,  then,  has  magnitude  and 
direction  and  can  be  represented  like  acceleration  by  a  straight 
line.  The  principles,  then,  of  pages  70,  84,  95,  Vol.  I,  Kinematics, 
hold  good  for  forces  also,  and  we  can  resolve  and  combine  forces 
and  have  the  "triangle  and  polygon  of  forces." 

Thus  let  I'l  be  the  initial  velocity  of  a  particle  P  of  mass  w,  moving 
in  any  path  FiP,  and  v  its  final  velocity  at  the  end  of  any  time  t. 

If  we  draw  OQi  parallel  and  equal 
to  Vi  and  OQ  parallel  and  equal  to  v, 
then  QiQ  gives  the  integral  or  entire 
acceleration  in  the  time  t,  both  in  direc- 
tion and  magnitude,  and  —j-  gives  the 

magnitude  and  direction  of  the  ineaii  or 
average  acceleration,  or  mean  time-rate 
of  change  of  velocity  in  the  time  t. 

The  limiting  magnitude  and  direction  of  — i—  when  the  time  t 

is  indefinitely  small,  is  the  acceleration  /,  or  instantaneous  time- 
rate  of  change  of  velocity  at  any  instant. 

Now  this  change  of  velocity  is  due  to  the  force.  If  there  were 
no  force,  Vi  would  remain  unchanged  both  in  magnitude  and  direc- 
tion.   The  force  at  any  instant  is  then  given  in  magnitude  by 

F=mf 

and  its  direction  is  the  direction  of  y;. 

Force,  then,  like  acceleration,  is  uniform  when  it  does  not 
change  either  in  magnitude  or  direction.  If  either  magnitude  or 
acceleration  changes  it  is  variable. 

The  unit  of  force  is  then  that  force  which  gives  one  unit  of  mass 
one  unit  of  acceleration  in  the  direction  of  the  acceleration.    This 

*  Any  student  taking  this  work  in  course  should  not  fail  to  thoroughly 
review  these  pages  at  this  point  before  going  farther. 
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is  called  the  poundal  when  the  unit  of  acceleration  is  1  ft.-per-sec. 
per  sec.  and  the  unit  of  mass  is  the  pound.  If  then  in  equation 
(1)  we  take  m  in  pounds  and  /  in  teet-per-second  per  second,  equa- 
tion (I)  always  gives  F  in  pouudals. 

Since  the  acceleration  due  to  gravity  is  g  ft.-per-sec.  per  sec, 
the  force  of  gravity  upon  one  pound  is  then  gpoundals.  One  pound 
then  weighs  g  poundals.  Hence  if  we  wish  F  in  gravitation  units 
(page  6,  Vol.  II,  Statics),  since  one  pound  weighs  g  poundals  we 
have  only  to  divide  mf  in  equation  (I)  by  g.    We  have  then 

-=?••• <"' 

In  equation  (II),  if  we  take  m  in  pounds  and /in  feet-per-second 
per  second,  we  have  F  in  gravitation  units ;  that  is,  we  obtain  the 
number  of  pounds  whose  iveight  ivill  he  equal  to  the  force. 

If  in  equation  (I)  we  take  m  in  grams  and  /  in  centimetres-per- 
second  per  second,  ive  always  obtain  F in  dynes;  while  equation  (II) 
gives  us  F  in  gravitation  units,  that  is,  th^  number  of  grants  whose 
weight  will  be  equal  to  the  force. 

The  accurate  value  of  g  for  the  locality  should  be  taken  when 
^reat  accuracy  is  required.  The  values  of  g  for  different  localities 
are  given  on  page  93,  Vol.  I,  Kinematics.  In  ordinary  calculations  g 
is  usually  taken  at  32|  ft.-per-sec.  per  sec,  or  981  cm.-per-sec.  per 
sec.     We  see  then  that  one  poundal  is  the  weight  of  about  one 

half  an  ounce,  or  more  strictly  the  weight  of  -  part  of  a  pound, 

while  one  dyne  is  the  weight  of  about  1  milligram,  or  more  strictly 

the  weight  of  —  part  of  a  gram,  g  in  the  first  case  being  taken  in 

feet-per-second  per  second,  and  in  the  second  case  in  centimetres- 
per-second  per  second.  ^ 

Equation  of  Motion. — The  equation  of  force  i^  =  m/ enables  us 
to  find  in  any  case  any  one  of  the  three  quantities,  acting  force  F, 
mass  of  particle  m,  or  acceleration/,  if  the  other  two  are  given. 

If  then  mass  and  force  are  given,  the  acceleration  /  =  -  can  be 

found.  We  can  then  apply  the  equations  of  motion  given  in  Kine- 
matics, Vol.  I,  Chap.  VII,  page  81. 

Illustrations.— The  following  illustrations  will  make  clear  the 
application  of  the  preceding  article     „    ^.     „     ^^  ,     »         .,  ^ 

1  Motion  of  a  Particle  Projected  Vertically  Upwards  from  the 
Surface  of  the  Earth.— Take  the  origin  at  the  starting-point  on  the 
earth's  surface.  Let  the  mass  of  the  particle  be  m  and  the  accel- 
eration of  gravity  at  the  earth's  surface  be  g.  Then  at  or  near  the 
earth's  surface  the  weight  of  the  particle  is  i^  =  -  mg,  where  the 
minus  sign  denotes  that  the  force  acts  towards  the  origm  (page  58, 
Vol.  II,  Statics). 

We  have  then  for  the  acceleration/  =  ~  ^^ 

f=-9- 

If  the  initial  velocity  is  v^ ,  we  have  then  for  the  velocity  v  at 
the  end  of  any  time  t 

V  =  vi  —  gt. 
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We  then  proceed  as  on  page  93,  Vol.  I,  Kinematics, 
[In  calculus  notation  we  have 

dv  _^  _ 
•^  ~  dt  "-dF~  ~^' 

We  then  proceed  as  on  page  94,  Vol.  I,  Kinematics.'] 

2.  Motion  of  a  Particle  Projected  Vertically  Downwards  towards 

the  Surface  of  the  Earth.— Take  the  origin  at  the  starting-point.    Let 

the  mass  of  the  particle  be  m  and  the  acceleration  of  gravity  at  the 

earth's  surface  be  g.    Then  at  or  near  the  earth's  surface  the 

weight  of  the  particle  is  jP=  +  mg,  where  the  plus  sign  denotes 

that  the  force  acts  away  from  the  origin  (page  58,  Vol.  II,  Statics). 

F 
We  have  then  for  the  acceleration/  =  —  or 

If  the  initial  velocity  is  Vi ,  we  have  then  for  the  velocity  v  at 
the  end  of  any  time  t 

V  =  Vi  +  gt. 

We  then  proceed  as  on  page  93,  Vol.  I,  Kinematics. 
[In  calculus  notation  we  have 

dv      d^s 

We  then  proceed  as  on  page  94,  Vol.  I,  Kinematics.'] 

3.  Motion  of  a  Falling  Particle  at  a  Great  Distance  from  the^ 
Earth's  Surface — Resistance  of  Air  neglected. — Take  the  origin  at  the 
earth's  surface,  and  let  m  as  before  be  the  mass  of  the  particle  and 
the  acceleration  of  gravity  at  the  earth's  surface  be  g.  Then  at  the 
earth's  surface  the  weight  of  the  particle  is  —  mg,  where  the  minus 
sign  denotes  direction  towards  the  origin  (page  58,  Vol.  II,  Statics). 
Since,  by  Newton's  law  (page  44,  Vol.  II,  Statics),  the  force  of 
gravitation  is  inversely  as  the  square  of  the  distance,  -we  have  for 
the  force  F  at  any  distance  s,  if  r'  is  the  earth's  radius, 

F: -mg::r":s\    or    F  =  -  '^~ 

s 

where  the  minus  sign  denotes  that  the  force  acts  towards  the 
origin. 

F 
We  have  then  for  the  acceleration  /  =  —  or 

-^      m 

J~        s'  ' 

We  then  proceed  as  on  page  99,  Vol.  I,  Kinematics. 
[In  calculus  notation 

f_dv_fPs^_      gr^ 

''  ~  dt~  dt^  ~~~V 
We  then  proceed  as  on  page  100,  Vol.  I,  Kinematics.] 

4.  Motion  of  a  Particle  Falling  under  the  Action  of  Gravity  near 
the  Earth's  Surface  in  a  Resisting  Medium. — Take  the  origin  at  the 
starting-point.    Let  V  be  the  volume  of  the  particle  and   <5  its 
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density,  and  A  the  density  of  the  medium.  Then  the  mass  of  the 
particle  is  m  =  5Fand  its  weight  is  +  mg  =  +  <5  Vg,  where  g  is  the 
acceleration  of  gravity  at  the  earth's  surface  and  the  plus  sign 
denotes  direction  away  from  the  origin  (page  58,  Vol.  II,  Statics). 

The  buoyant  force  of  the  medium  is,  according  to  a  well-known 
principle  of  Physics,  equal  to  the  weight  of  an  equal  volume  of  the 
medium,  ov  —  A  Vg,  the  minus  sign  denoting  direction  towards  the 
origin.    The  resultant  force  is  then 


F=+sVg-AVg  =  dVg(l  -  f^ 

1  for  t 
F 
the  medium,  /  =  —  or 


We  have  then  for  the  acceleration,  apart  from  the  resistance  of 
F 


[In  calculus  notation 

.      dv      d's         /.       A\ 

We  then  proceed  as  on  page  111,  Vol.  I,  Kinematics^ 

5.  Motion  of  a  Particle  Projected  Upwards  under  the  Action  of 
Gravity  near  the  Earth's  Surface  in  a  Resisting  Medium. — Take  the 
origin  at  the  starting-point,  which  in  this  case  is  the  earth's  surface. 
The  mass  of  the  particle  as  before  is  m  =  d  V,  and  its  weight  is 
—  mg  =  —d  Vg,  where  the  minus  sign  denotes  direction  towards 
the  origin  (page  58,  Vol.  II,  Statics). 

The  buoyant  force  is  as  before  +  A  Vg,  where  the  plus  sign  de- 
notes direction  away  from  the  origin.  The  resultant  force  is  then 
in  this  case 

F=-dVg  +  JVg=-  dVg(l  -  fj. 

We  have  then  for  the  acceleration,  apart  from  the  resistance  of 
the  medium,  /  =  —  or 


[In  calculus  notation 

^      dv      d'^s  /,       A\ 


dt      dP 

"We  then  proceed  as  on  page  112,  Vol.  I,  Kinematics.] 
6.  Motion  of  a  Particle  in  a  Straight  Line  under  the  Action  of  an 
Attractive  Force  proportional  to  the  Distance  of  the  Particle  from 
a  Fixed  Point  in  the  Line  of  Motion. — Take  the  fixed  point  as  origin. 
Let  m  be  the  mass  of  the  particle  and  a'  its  acceleration  at  the  dis- 
tance r'.  Then  the  force  at  the  distance  r'  is  —  ma',  where  the 
minus  sign  denotes  direction  towards  the  origin  (page  58,  Vol.  II, 
Statics).  Hence  we  have  for  the  force  at  any  other  point  at  a  dis- 
tance s 

„  „  ma' 

F :  —  ma'  ::  s  :  r',     or    F  =  —  — r^- 
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F 

We  have  then  for  the  acceleration  /  =  -  or 

The  motion  is  therefore  simple  harmonic  (page  101,  Vol.  I,  Kine- 
matics). 

[In  calculus  notation 

^_dv      (Ps  a' 

We  then  procoed  as  on  page  106,  Vol.  I,  Kinematics.] 

7.  Motion  of  a  Particle  in  a  Straight  Line  under  the  Action  of  a 
Repulsive  Force  proportional  to  the  Distance  of  the  Particle  from  a 
Fixed  Point  in  the  Line  of  Motion. — Take  the  fixed  point  as  origin, 
let  m  be  the  mass  of  the  particle  and  a'  its  acceleration  at  the  dis- 
tance r'.  Then  the  force  at  the  distance  r'  is  +  wa',  where  the  plus 
sign  denotes  direction  away  from  the  origin  (page  58,  Vol.  II, 
Statics).  Hence  we  have  for  the  force  at  any  other  point  at  a  dis- 
tance s 

F:ma'::s:r'    or    F=  +  — ,  s. 

r' 

F 
We  have  then  for  the  acceleration  /  =  —  or 

The  motion  is  therefore  simple  harmonic  (page  101,  Vol.  I,  Kine- 
matics). 

[In  calculus  notation 

^_d'o  _d'^s  _      a/_ 

"We  then  proceed  as  on  page  107,  Vol.  I,  Kinematics.] 

The  preceding  illustrations,  together  with  the  following  exam- 
ples, will  make  clear  the  application  of  the  equation  of  force 

F  =  mf 

to  cases  of  motion  of  translation  or  motion  of  material  particles. 

EXAMPLES. 

(1)  A  spring-balance  is  graduated  for  a  place  where  g  =  S2.2ft.- 
per-sec.  per  sec.  and  indicates  1.6  pounds  at  a  place  where  g  =  32 
ft.-per-sec.  per  sec.    Find  the  correct  value  of  the  mass. 

Ans.  If  m  is  the  actual  mass,  m  X  32  is  the  actual  weight  in  poundals  of 
that  mass  at  the  place  where  it  is  weighed. 

If  the  balance  is  correctly  graduated,  its  indicated  mass  X  32.2  ought  to  give 
the  actual  weight.     Hence  m  X  32  =  1.6  X  32.2,  or  m  =  1.61  lbs. 

(2)  A  uniform  force  of  2  lbs.  acts  on  a  particle  of  40  lbs.  mass  for 
half  a  minute.  Find  the  velocity  acquired  and  the  space  passed 
through.     (g  =  S2.) 
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Ans.  Since  the  force  is  uniform,  /  is  constant  in  direction  and  magnitude. 
The  force  is  the  weight  of  2  lbs.  or  2^  poundals.    By  equation  of  force  2g  =  40/, 

or/=  Jp:  =  1.6  ft.-per-sec.  per  sec.     Since  /  is  uniform,   equations  page  51, 

20 
Vol.  I,  Kinematics,  apply,  and  we  have 

v=ft  =  4S>  ft.  per  sec,    s  =  -ff^  =  720  ft. 

(3)  A  particle  acted  upon  by  a  uniform  force  describes  in  ten 

seconds,  starting  from  rest,  a  distance  of  25  ft.     Compare  the  force 

with  the  iveight  of  the  body  and  find  the  velocity  acquired,     {g  =  32.) 

1  2.9         50 

Ans.  5  =  ^ft'^  (page  .51,  Vol.  I,  Kinematics).     Hence  /=:-^  =  -—  =  0.5 

li  t  100 

ft.-per-sec.  per  sec;  «  =ft  =  5  ft.  per  sec. ;  F=mf,  or  —  =  ^=  -^  —  -^ 
^  ^  »         ^  XT  ^        mg      g        '62       64: 

(4)  In  what  time  ivill  a  force  which  is  equal  to  the  weight  of  a 
pound  move  a  mass  of  18  pounds  through  50  ft.  along  a  smooth- 
horizontal  plane,  and  what  will  be  the  velocity  acquired  f    {g  =  32.) 

Ans.  (Page  51,  Vol.  I,  Kinematics.)    v  =ft,  s  =  -ft^,  F=  mf.     Hence 
f=j-=  --  ft.-per-sec  per  sec;     t=l^  sec. ;     18^  ft.  per  sec 

(5)  A  mass  of  224  lbs.  is  placed  on  a  smooth  horizontal  plane  and 
a  uniform  force  acting  on  it  parallel  to  the  plane  for  5  sec.  causes  it 
to  describe  50  ft.  in  that  time.  Show  that  the  force  is  equal  to  about 
28  lbs.  weight.    (gr  =  32.) 

(6)  Forces  of  20  and  30  units  acting  on  two  particles  produce 
accelerations  of  40  and  50  units  ^respectively.  Shoiv  that  the  masses 
are  as  10  to  12. 

(7)  Two  forces  produce  in  two  particles  accelerations  of  25  and  30 
units  respectively.  Show  that  if  the  masses  are  equal  the  forces  are 
as  5  to  6,  and  that  if  the  forces  are  equal  the  masses  are  as  6  to  5. 

(8)  A  mass  of  20  lbs.  is  placed  upon  a  horizontal  plane  which  is 
made  to  descend  ivith  a  uniform  acceleration  of  30  ft.-per-sec.  per 
sec.    Find  the  pressure  on  the  plane  due  to  the  mass. 

(g  =  32.2.) 

Ans.  Acceleration  of  the  mass  with  reference  to  the  earth 
is  g  ;  of  the  plane  relative  to  the  earth  30.     Acceleration  of 
the  mass  relative  to  the  plane  is  ^  —  30  =  2.2  ft.-per-sec      (J 
per  sec     Pressure  =  2.2  X  20  =  44  poundals  or  weight  of 

3!^  =  1.36  lbs.  ,       ,     , 

(9)  A  mass  of  20  lbs.  rests  on  a  horizontal  plane  which  is  made  to 
ascend,  first,  with  a  constant  velocity  of  1  ft.  per  second ;  second, 
with  a  velocity  constantly  increasing  at  the  rate  of  1  ft. -per  sec.  per 
sec.    Find  in  each  case  the  pressure  on  the  plane,     (g  =  32.) 

Ans,  In  the  first  case  the  pressuro  is  the  weight  of  20  lbs.  simply.  In  the 
second  case  the  acceleration  of  the  mass  relative  to  the  plane  is  g  -j-l  —d^i 
ft.-per-sec.  per  sec  Pressure  =  20  X  33  =  660  poundals  or  weight  of 
6_60 

32 


30 


J9'-30 


20i^ Iba 
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(10)  A  balloon  is  ascending  vertically  ivith  a  velocity  which  is 
increasing  at  the  rate  of  3  ft.-per-sec.  per  sec.  Find  the  apparent 
weight  of  1  lb.  weighed  in  the  balloon  by  means  of  a  spring-balance. 
{g  =  S2.2.) 

Ans.  1.093  lbs. 

(11)  A  mass  M  lies  on  a  smooth  horizontal  plane.  A  uniform 
horizontal  force  F  is  continuously  applied.  Hoiv  long  will  it  take 
to  move  the  mass  s  ft.  from  rest  f  Take  M=  2240  lbs.,  F  =  28  lbs., 
s  =  5ft.   {g  =  S2.) 

jp  28(7  1 

Ans.  F=  J/jf  poundals ;  hence /=  -^  or  f=  --—-  =  -^g   ft.-per-sec.    per 

sec. 

2 
If  g  =  S2  ft.-per-sec.  per  sec,  we  liave/=  —  ft.-per-sec.  per  sec. 

5 

Since /is  uniform,  we  have  (page  51,  Vol.  I,  Kinematics) 
8  =  ]-ft\     or    5  ^  ^  X  ^t\    or    t  =  5  sec. 

(12)  Let  the  mass  M=  2240  lbs.  be  moved  by  a  rope  which  passes 
over  the  edge  of  the  plane  on  a  pulley  and  sustains  a  mass  P  =  28 

lbs.  at  its  other  end.    Disregarding  all  friction 

I  M    I  ^  ^       and  mass  of  pulley  and  r^ope  and  supposing  the 

rope  perfectly  flexible  and  inextensible,  find  how 
long  it  ivill  talce  to  move  the  mass  M  a  distance 
8  =  5  ft.  from  rest,    (g  =  32.) 

I  P  I  Ans.   The    student    should   carefully  compare  this 

example  with  the  preceding  and  following. 
Here  the  tension  on  the  rope  is  F  =  Ji//*  poundals,  where /is  the  accelera- 
tion o  fM.    Since  P  has  the  same  acceleration  downward,  the  resultant  acceler- 
ation of  P  is  g  —f.     Hence  the  tension  on  the  rope  is  also  P{g  — /)  poundals. 
Therefore 

Mf=I\g-f).    or   /=-^j^-.=  ^  =  ||ft..per.sec.persec. 

Or  we  may  obtain  the  same  result  as  follows  :  The  momng  force  is  the  weight 
of  P  or  the  attraction  of  gravity  for  P,  or  Pg  poundals,  or  the  weight  of  28 
lbs.  as  in  Ex.  11.     The  mass  moved  is  P-f-  M-     Hence 

{P+M)f=Pg,     or    f=^-^. 

We  have  for  uniform  acceleration  (page  51,  Vol.  I,  Kinematics) 

1  1        Sii 

8  =  yt\   or    5  =  ^  X  ^t\    or    t  =  5.051  sec. 
a  4        ol 

PMo       2240  X  32 
The  tension  on  the  rope  is  Mf  or  P{g  —  /)  or-^- — rjr  = -:; poundals, 

Jr  -j-  M.  ol 

•  . .    i.     PM  2240       ^„^,  ,^ 

or  the  weight  of  -5— — rjr  =  =  27f  f  lbs, 

x^  +  ia  ol 

(13)  Tivo  masses  P  =  2240  lbs  and  Q  =  2212  lbs.  are  hung  by  means 
of  a  perfectly  flexible  inextensible  rope  over  a  smooth  pulley .  Dis- 
regarding all  friction  and  the  mass  of  pidley  and  rope,  how  long 
will  it  take  for  each  mass  to  move  through  s  =  5  ft.  from  restf 
(g-32.) 
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Aus.  The  student  should  carefully  compare  this  with  the  two  preceding 
examples. 

Tne  tension  on  the  descending  side  is  Pig — /),  on  the 
ascending  side  Qig  -\-f),  where  /  is  the  acceleration.     Hence 

P{g-f)=Qig+fh   or  f=^-^fl^:=?^  ft.-per.sec. 

I  +(^         lllrf  [per  sec. 

Or  we  may  obtain  the  same  result  as  follows:  The  weight 
of  P  is  Pg  poundals.  The  weight  of  Q  is  Qg  poundals. 
The  moving  force  is  Pg  —  Qg  or  (P  —  Q)g  poundals,  or  the 
weight  of  28  lbs.  as  in  Ex.  11  and  12.  The  mass  moved  is 
P  ^  Q.     Hence 

(P+  Q)f  ={P-  Q)g,     or    /  =  ^~^. 

1  1         224 

Since  s  =  ^ft\  we  have  5  =  -  X  TT7^^^  or  ^  =  7.04  sec. 

/i  i  lllO 

20  Pa 

The  tension  on  the  rope  is  Q{g  -f-/)  or  P{g  —  f)  or  p,Q  poundals,  or 

the  weight  of   p  y     =  2225.9  lbs. 

P  -T    Q, 

Note. — The  moving  force  in  Ex.  11,  12,  13  is  the  weight  of  28  lbs.  In 
Ex.  11  the  mass  moved  is  J/  =  2240  lbs.,  hence  285^  =  Mf.  In  Ex.  12  the  mass 
moved  is  P  +  if  =  2268  lbs. ,  hence  2Sg  =  {P  -\-  M)f.  In  Ex.  13  the  mass 
moved  is  {P  -\-  Q)  —  4452  lbs.,  hence  28^  =  (P -\-  Q)f.  In  all  cases,  moving 
force  =  mass  moved  X  acceleration. 

The  pressure  on  the  axle  is  the  sum  of  the  two  tensions,  or  (P  -f-  Q)g  — 
(P  —  Q)f.  If  the  pulley  is  not  allowed  to  rotate,  the  pressure  upon  the  axle 
would  be  the  weight  of  P  and  Q,  or  (P  -f-  Q,)g-  The  pressure  on  the  axle 
during  motion  is  therefore  less  than  when  at  rest. 

(14)  Two  equal  masses  A  and  B  each  of  M  lbs.  are  suspended  by 
a  perfectly  flexible  inextensible  string  over  a  smooth  pulley.  A 
small  mass  C  of  m  lbs.  is  placed  on  the  mass  A.  Find  the  resulting 
acceleration  and  the  tension  of  the  string,  disregarding  friction  and 
the  mass  of  the  pulley  and  string. 

Ans.  The  weight  of  A  and  C  is  {M-{-  m)g.  The  weight  of  B  is  Mg.  The 
moving  force  is  then  the  weight  of  w  or  mg.  The  total  mass  moved  is  2M-\-  m. 
We  have  then  by  the  equation  of  force 

mp  =  (2if+m)/,     or    /=       "^^ 


2Jf+m' 


The  mass  B  rises  with  this  acceleration  and  the  mass  A  sinks  with  this 
acceleration. 

The  tension  on  the  string,  if  we  consider  the  mass  B,  is  M(g  -|-/);  if  we 
consider  the  mass  A,  it  is  {M-{-  m)(g  — /).     Substituting  the  value  of  /,  we 

have  m  both  cases  T  =  — J\.^  . ,  or  m  gravitation  units  T=  — ^  ,^  ■. . 

2M-\-m  ^  2M-\-m 

Again,  before  the  mass  m  is  placed  on  A,  the  two  masses  A  and  B  are  at 
rest.     The  tension  added  by  m  is  then  the  force  which  gives  acceleration  to  the 

masses  A  and  P„  or  2Mf  =  m{g  -f),orf=  ^^^     ■  -j^ . 

(15)  Suppose  that  in  the  preceding  example  the  mass  m  is  removed 
at  the  end  of  the  time  t.    Find  the  resulting  motion. 

Ans.  The  velocity  at  the  end  of  the  time  t  \s  v  =  ft  =  ?rT^-~— ,  and  ^^^ 

•^  2M-\-m 
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►space  through  which  A  has  fallen  or  B  risen  in  that  time  13 

2-^     ~2{2M-}-my 

When  m  is  removed  ihe  moving  force  is  zero,  and  henco  the  acceleration  is 
zero  and   the  masses  A  and  B  continue  to  move  with  the  uniform  velocity 

2M-\-  m 

(16)  A  man  in  an  elevator  at  rest  holds  in  his  hand  a  spring- 
balance  ivith  a  mass  of  1  lb,  suspended  from  it,  the  balance  there- 
fore reading  1  lb.  Upon  starting  he  observes  the  balance  to  register 
15  oz.  for  a  certain  time.  Then  it  changes  to  17  oz.  for  a  certain 
time.  Tlien  it  again  registers  1  Ih.,  and  he  finds  the  elevator  at 
rest  and  that  it  has  descended  128  ft.  Find  the  time  of  descent, 
(g  =  32.) 

15 
Ans.  When  the  balance  registers  15  oz.  we  have  g  ^  f  =  ^g,  or  the  con- 
stant acceleration  /,  ==  -f-  ^  ft.-per-sec.  per  sec.     In  the  time  ti  ,  then,  during 
which  the  balance  registers  15  oz.  the  velocity  increases  from  0  to  Vi  =fiti  ft. 

per  sec,  and  the  space  passed  over  is  Si  =  ~ti  =  ^fiti'K     When  the  balance 

17 
registers  17  oz.  the  elevator  is  retarded,  and  we  h&ve  g-\-f^  =  ~g  orf^  =  2  ft.- 
per-sec.  per  sec.  Since  the  retardation  is  equal  then  to  the  acceleration,  the 
elevator  comes  to  rest  in  the  same  time,  ^i ,  which  it  required  to  attain  its 
velocity  Vx ,  and  passes  over  the  same  distance  while  coming  to  rest.  We  have 
then  the  space  passed  over  128  =  2si  =fiti'\  or  ^i  =  8  sec.  The  total  time  is 
then  2ti  =  16  sec. 

(17)  An  elevator  whose  mass  is  2240  lbs.  is  descending  a  shaft 
which  is  100  feet  deep.  The  chain  by  which  it  is  suspended  has  a 
uniform  tension  of  1680  lbs.  If  the  elevator  starts  from  rest  at  the 
top  of  tfie  shaft,  ivith  what  velocity  would  it  reach  the  bottom  f  Dis- 
regard the  mass  of  the  chain. 

Ans.  We  have  2240{g  -  f)  =  lQ80g.  ^  If  s' =  32_ft.-per  sec.  per  sec,  the 
acceleration  /  =  8  ft.-per-sec.  per  sec.  Since  v  =  \/2fs  (page  51,  Vol.  I,  liine- 
matics),  we  have  v  =  4/I6OO  =  40  ft.  per  sec 

(18)  Suppose  in  the  preceding  example  the  elevator  is  counter- 
balanced by  a  mass  at  the  other  end  of  the  chain,  the  chain  passing 
over  a  pulley.  Neglecting  friction  and  mass  of  the  chain,  what 
must  this  mass  be  in  order  that  the  tension  may  be  1680  Ibs.f  The 
chain  is  supposed  perfectly  flexible  and  inextensible. 

Ans.  m{g  -|-  8)  =  1680^,  or  taking  g  =  S2  ft.-per-sec  per  sec,  m  =  1344  lbs. 

(19)  A  man  can  lift  168  lbs.  on  the  ground.  If  in  an  elevator 
descending  with  an  acceleration  of  8  ft.-per-sec.  per  sec,  how  much 
can  he  lift  f  If  ascending  with  the  same  acceleration,  how  much  can 
he  lift  i 

Ans.  m{g  —f)  =  I685',  or  taking  g  =  Z2  ft.-per-sec  per  sec,  m  =  224  lbs. 
If  ascending,  m  =-  134.4  lbs. 

(20)  A  rope  passes  over  a  pulley  and  has  a  mass  P  lbs.  attached 
at  one  end  and  on  the  other  side  a  mass  Q  lbs.  which  slides  along  the 
rope.  If  P  remains  at  rest,  find  the  friction  which  must  act  between 
the  rope  and  Q ;  also  the  acceleration  qf  Q. 


CHAP.  I.] 


EXAMPLES — EQUATION   OF   FORCE. 


u 


Ans.  The  fricoion  must  equal  Pg  poundals.     The  force  acting  on  Q  to  move 
it  ih  (Qg  —  Pg)  poundals.     If /is  the  acceleration  of  Q,  then 

Q9-Ps  =  Qf.     or    f^'^p. 

Hence  the  velocity  at  the  end  of  the  time  t,  starting  from  rest  of  Q,  is 
«  =ft  =  '9'  ~^^^-,  and  the  distance  described  is  s  =  \fP  =  ^^-^— . 

(21)  [If  a  perfectly  flexible  and  perfectly  smooth  rope  is  hung  over  a 
perfectly  smooth  pin,  find  the  time  it  will  run  itself  off. 

Let  21  =  the  length  of  the  rope,  m  =  the  mass  of  a  unit  of  length  of  the 
rope.     Then  the  mass  of  the  rope  is  2ml. 

Let  motion  commence  when  one  end  is  at  a  distance 
of  2^1  above  the  other.  Take  the  origin  of  co-ordinates 
half  way  between  these  two  ends  at  0. 

At  any  other  instant  after  motion  has  commenced  let 
the  distance  of  the  short  end  above  0  be  s.  Then  the 
unbalanced  mass  at  that  instant  is  2ms,  and  the  moving 
force  at  that  instant  is  2mgs.     Since  the  mass  moved  by 

this  force  is  2ml  and  the  acceleration  is  -—,,  we  have 


r^ 


2mgs 


-^Tt 


dh      gs 


Multiply  by  ds  and  integrate  and  we  have 


When  »  =  s,  let  i>  =  0.     Then  C  = 


gsr' 


and 


■/f-«*  =  - 


ds 


i/s2  -  Sy 


Integrating  again,  and  we  have 


|/  |.  ^  =  logn  C<j+  i/s^  -  Si2)-|-  a 
When  s  =  Si  let  ^  =  0.     Then  (7  =  —  log  Si  and 


=Vl 


~  logn 


When  s  =  I,  the  rope  will  run  ofE  and  the  time  required  is 

,  =  ^^iogn-:li-^^ • 

(22)  [Suppose  a  spring  whose  natural  length  is  AB  to  he  fixed  at  tht 
end  B  and  compressed  from  A  to  C,  where  it  presses  against  a  body  ^ 
mass  m  which  is  perfectly  free  to  move  horizontally.  Disregarding  the 
mass  of  the  spring,  discuss  the  motion. 
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Ans.  Let  the  force  at  any  distance  x  from  A  be  F',  and  at  the  distance 
AC=shQF. 

Then  we  have  F'  :x::  F:s,   or  F'  =  F~. 

8 

njjinnnniyyj       The  acceleration  at  any  point  is  -s^,  and  therefore 


-f-^^ A  we  have 

I  d'^x  ^x 

m—T-  =  —  F-, 
dt^  s 

where  we  take  the  minus  sign  becaus**  the  force  and  therefore  the  acceleration 
is  towards  the  origin  (page  50,  Vol.  I,  Kinematics). 

Since  the  acceleration  is  proportional  to  the  distance,  the  motion  is  harmonic 
and  the  integration  will  give  the  same  results  as  page  106,  Vol.  I,  Kinematics. 

F        a' 
We  have  simply  to  substitute  —  for  —  and  8  for  r  and  x  for  s  in  the  equations 

ms        r 
of  page  106,  Vol.  I,  Kinematics. 

We  thus  have  for  the  velocity  at  any  distance  x  from  A 

m8^  ' 

For  the  time  of  reaching  any  point  distant  x  from  A 

.       ./ms  .  X 

t  =  4/  -=-  cos-i  — . 
r    F  s 

For  the  time  of  reaching  A 

t  =  ^i/^. 


For  the  velocity  at  A 


If  F  is  given  in  pounds,  or  gravitation  measure,  it  must  be  multiplied  by  ff 
whenever  it  occurs. 


We  have  then,  taking  i^in  gravitation  units,  for  the  time  of  reaching  A, 

'ms 
Fg* 


t  -  5i  A* 


.   m 


or  half  the  time  of  vibration  of  a  pendulum  whose  length  is  -=p  (page  275, 

Vol.  I). 

If  the  spring  is  attached  to  the  mass  m,  the  mass  will  vibrate  to  a  distance  s 
on  the  other  side  of  A,  the  entire  time  of  vibration  being  that  of  a  pendulum 

m 
of  length  -^,  and  the  motion  will  then  be  periodic. 

If  the  spring  is  not  attached  to  the  mass  m,  the  mass  will  leave  the  spring 
at  A,  and  move  with  uniform  velocity 

where  F  is  in  gravitation  units. 

If  the  spring  were  destitute  of  mass  it  would  stop  at  A.     But  as  it  has 
mass,  it  will  pass  A  and  vibrate  back  and  forth  also. 
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(23)  [Discuss  the  motion  of  a  particle  under  the  mutual  attraction  of 
two  spherical  bodies. 

Ans.  Let  the  mass  of  the  two  spherical  bodies  be  rrii  and  ma,  and  their  radii 
ri  and  r^  respectively. 


Let  the  particle  of  mass  m  be  at  the  distance  x  from  the  centre  of  mass  Ci 
of  mi ,  and  let  the  distance  Gid  between  the  centres  of  mass  of  nii  and  Wa  be 
d,  so  that  the  distance  of  the  particle  from  the  centre  of  mass  of  ma  is  rf  —  x. 

From  page  46,  Vol.  II,  Statics,  the  spheres  attract  any  particle  m  between 
them  as  if  the  entire  mass  of  each  sphere  were  concentrated  at  its  centre  of 
mass. 

Let/i  and /a  be  the  accelerations  due  to  attraction  at  the  surfaces  A  and  B 
of  each  sphere.  Then  the  weight  of  the  particle  m  at  ^  would  be  m/i ,  and  at 
B,  mf,. 

When  the  particle  is  at  the  distance  x  from  Ci ,  let  the  force  of  attraction 
upon  it  due  to  m,  be  Fi ,  and  that  due  to  m.^  be  F-x.  Then,  since  according  to 
Newton's  law  (page  44,  Vol.  II,  Statics)  the  force  of  attraction  is  inversely  as 
the  square  of  the  distance,  we  have 

Fi  :  m/x  ::  r,' :  x\  or    F^  =  ^^'; 

mfiri^ 


F^  :  m/a  ::  r^^ :  {d  -  x)\     or    F^  = 


{d  -  xf 


Let  F^  be  greater  than  F^.     Then  the  resultant  force  of  attraction  towards 
C2  upon  the  particle  is 

F  -  F  =    ^/'^^»'        ^/'^'' 
'       {d  -  xf  x^    ' 


If  we  divide  this  force  by  m,  we  have  the  acceleration  of  the  particle  m 

d^  _     f^r^^  f,r,^ 

dt   ~  {d  -  xf  ~     x^ 

Multiply  both  sides  of  (1)  by  2dx.     Then,  since  —  =  -»,  we  have 

at 


(1> 


2vdv  =  -^ TV  — ~ — z — • 

{d  —  xf  x^ 

Integrating,  we  have  for  the  velocity  v  at  the  distance  x  from  Gi 

,.=  |Ar^  +  §A!l^  + Const. 
d  —  X  X       ' 

Let  V  =  Vi  when  x  =  Vi.     Then 

Const,  =  ..^-1^-^^^. 

d  —  Ti  Ti 

We  have  then,  substituting  this  value  for  the  constant  of  integration,  for  the 
velocity  v  at  any  point  distant  x  from  Ci,  if  Vi  is  the  initial  velocity  at  A, 


«'  =  ..'  +  2/.r,'[^^  -  -,4wj  +2/.r..[l  -  1]. 


(2) 
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Let  V  be  zero  when  x  =  do.     Then  we  have 

0  =  «.'  +  2/.r.'  ^^-±j^  -  ^]  +  2/.r.'  [^  -  i] .       .    .     (3) 

From  (3)  we  can  find  the  distance  do  from  d  for  which  the  velocity  v  is 
zero.  We  see  that  this  value  of  do  depends  upon  the  initial  velocity  Vi  at  A. 
Suppose  this  initial  velocity  to  be  such  that  the  particle  comes  to  rest  at  the 
point  for  which  Fi  and  F-i  are  equal.     Then  we  have 

do'  {d  -  dof     ^^   -^ '^'   ~  {d-  dof'' 

Substituting  this  value  oifiVi^  in  (3),  we  have  for  the  corresponding  value 
oivi 


-•/«"'  yd  —  r,      d~do^{d-  do)'  [r,      do)  J 


(4) 


If  Vi  is  less  than  the  value  given  by  (4),  the  particle  will  come  to  rest  before 
it  reaches  do  and  will  then  return  to  A.  If  Vi  is  greater  than  the  value  given 
by  (4),  the  particle  will  pass  the  point  of  equilibrium  at  do  and  then  fall 
towards  B. 

We  can  simplify  (4)  as  follows  :  When  Fi  —  F^,  we  have 

do''        ^f^ 
{d-dof        f^r,'' 

The  point  at  which  the  attractions  Fi  and  F^  are  equal  divides  the  distance 
d  then  into  two  portions  do  and  d  —  do,  whose  ratio  n  is  given  by 


d  —  do      Tiffi 


Hence 


do  =  -z — ; —    and    d  —  do  =  z, — ; (5) 

1  -\-  n  I  -j-  71. 


We  have  also  by  Newton's  law  (page  44,  Vol.  II,  Statics) 


Hence 

V  =         o  ,    or    —  =  "^ — 2,     or    n  =  if  — (6) 

If  we  insert  in  (4)  the  values  of  do  and  d  —  do  given  by  (5),  we  obtain  for  Vi 


where  n  is  given  by  (6). 

If  «,  is  less  than  this,  the  particle  will  come  to  rest  before  it  reaches  do  and 
will  then  return  to  A.  If  Di  is  greater  than  this,  the  particle  will  pass  the  point 
of  equilibrium  at  do  and  then  fall  towards  B. 

From  (5)  and  (6)  we  have  for  the  distance  do  to  the  point  of  equilibrium 

d.  =  --j= (8) 

'    mi 


CHAPTER   II. 

DEFLECTING  FORCE. 

DEFLECTING  FORCE.  SIMPLE  CONICAL  PENDULUM.  DEFLECTING  FORCE  ON 
THE  EARTH.  DEFLECTING  FORCE— PARTICLE  MOVING  ON  EARTH'S  SUB- 
FACE.      DEVIATION   OF  A  FALLING  BODY   DUE   TO   EARTH'S  ROTATION. 

Deflecting  Force.— We  have  seen  (page  83,  Vol.  II,  Statics)  that 
whatever  the  motion  of  a  body,  its  centre  of  mass  moves  as  if  the 
entire  mass  of  the  body  were  concentrated  at  the  centre  of  mass 
and  all  the  forces  were  transferred  to  this  point. 

We  have  also  the  equation  of  force 

F  =  mf. 

Suppose  then  the  centre  of  mass  of  a  body  to  move  in  a  curve 
whose  radius  of  curvature  at  any  point  is  p.  Then  (page  76,  Vol.  I, 
Kinematics),  the  tangential  acceleratioii  is  ft  =  pa  and  the  normal 

acceleration  isfn  =  —  =  P&'^  where  a  is  the  rate  of  change  of  angu- 

P 
lar  speed,  v  the  linear  speed  and  a?  the  angular  speed  at  the  point. 

If  m  is  the  mass  of  the  body,  we  have  then  acting  at  the  pentre 
of  mass  the  tangential  force 

ft  =  mft  =  mpa, 
and  the  normal  force 

Fn=mfn=  ^^mpoa" (1) 

p 

This  latter  force  is  the  deflecting  force,  because  it  is  at  right  angles 
to  the  direction  of  motion  and  can  therefore  cause  no  cluxnge  of 
speed,  hut  only  change  of  direction  of  motion. 

If  the  path  is  a  circle,  p  is  constant  and  equal  to  the  radius  r, 
and  we  have 

Fn='^=  mroo^ '  .     .    (2) 

r 

If  there  is  no  tangential  force,  there  will  be  no  change  of  speed. 
In  such  case,  if  T  is  the  periodic  tim.e,  or  the  time  of  a  complete 

revolution,  we  have  &?  =  — ,    or    v  —  -=-,    and 

^ri  =  -^T-  =  '^'^^ (3) 

If  the  force  is  required  in  gravitation  units,  we  must  divide  by 
g  (page  6,  Vol.  II,  Statics). 

The  force  Fn  in  the  case  of  circular  motion  is  sometimes  called 
"  centripetal  force,^^  since  it  constantly  draws  the  particle  towards 
the  fixed  centre.     This  term  is  correct  and  descriptive. 

The  more  general  term  is,  however,  deflecting  force,  since  it  con- 
stantly draws  the  particle  out  of  the  tangent  to  its  path  at  any 
instant  without  affecting  the  speed,  the  centre  not  being  fixed  in 
general. 

15 
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It  is  also  often  called  "  centrifugal  force,''''  that  is,  force  aivay 
from  the  centre.  This  is  neither  correct  nor  descriptive.  The  same 
force  evidently  cannot  be  both  centripetal  and  centrifugal,  and  as 
there  is  really  no  force  on  the  body  acting  away  from  the  centre 
and  there  really  is  a  force  acting  on  the  body  towards  the  centre, 
the  term  centrifugal  is  incorrect  when  the  body  is  considered. 

A  particle  moving  in  a  circle  was  formerly  thought  to  possess  an 
inherent  so-called  "  centrifugal  force,"  by  virtue  of  which  it  tended 
to  fly  away  from  the  centre,  and  hence  the  term,  which  has  un- 
fortunately passed  into  common  use. 

But  a  body  cannot  change  its  direction  of  motion.  The  centre 
of  mass  in  circular  motion  is  moving  at  any  instant  in  a  straight 
line  tangent  to  the  path,  and  an  external  force  is  necessary  to  make 
the  direction  of  the  motion  change. 

This  external  force  must  be  in  the  direction  of  the  acceleration 
or  towards  the  centre  of  the  circle.  It  is  therefore  a  deflecting  force 
or  "centripetal"  force. 

If  the  body  is  attached  by  a  string  to  the  centre  of  the  circle  we 
have  tensile  stress  in  the  stringy  and  two  equal  and  opposite  stresses 
of  action  and  reaction  (page  37)  between  the  body  and  centre  of 
the  circle.  If  now  we  consider  the  body  from  the  standpoint  of 
the  centre,  the  force  on  it  is  the  centripetal  stress  towards  the 
centre.    This  is  the  deflecting  force. 

If  we  consider  the  centre  from  the  standpoint  of  the  body,  the 
force  on  it  is  the  centrifugal  stress  away  from  the  centre.  This  is 
the  so-called  "  centrifugal  force." 

The  term  "  centrifugal  force  "  always  signifies  then  the  opposite 
aspect  of  the  stress  between  the  centre  and  body.  In  this  sense  it 
may  properly  be  used,  but  as  it  is  apt  to  be  misleading  it  is  just  as 
well  to  discard  it  altogether.* 

Simple  Conical  Pendulum. — The  simple  conical  pendulum  con- 
sists of  a  particle  of  mass  m  attached  to  a  fixed  point  P  by  a  mass- 
less  inextensible  string  of  length  I,  and 
moving  with  uniform  speed  v  in  a  circu- 
lar path  about  a  vertical  axis  through 
the  fixed  point. 

In  this  case  the  particle  is  acted  upon 
by  two  forces,  its  weight  mg  vertically 
downwards  and  the  tension  T  of  the 
string  directed  towards  the  fixed  point 
P.  If  the  particle  moves  with  uniform 
speed  V  in  the  circle  whose  radius  is  r  = 
I  sin  0,  where  0  is  the  inclination  of  the 
iig  string  to  the  vertical,  the  vertical  com- 

ponent T  cos  0  of  the  tension  T  must 


*  "  When  I  was  about  nine  years  old,  I  was  taken  to  hear  a  course  of  lec- 
tures by  an  itinerant  lecturer  in  a  country  town,  to  get  as  much  as  I  could  of 
the  second  half  of  a  good,  sound  philosophical  omniscience 

"  *  You  have  heard  what  I  have  said  of  the  wonderful  centripetal  force,  by 
which  Divine  Wisdom  has  retained  the  planets  in  their  orbits  round  the  sun. 
But,  ladies  and  gentlemen,  it  must  also  be  clear  to  you  that  if  there  were  no 
other  force  in  action,  this  centripetal  force  would  draw  our  earth  and  the  other 
planets  into  the  sun,  and  universal  ruin  would  ensue.  To  prevent  such  a 
catastrophe,  the  same  Wisdom  has  implanted  a  centrifugal  force  of  the  same 
amount,  and  directly  opposite.'  .... 

"  I  had  never  heard  of  Alfonso  X.  of  Castile,  but  I  ventured  to  think  that  if 
Divine  Wisdom  had  just  let  the  planets  alone  it  would  come  to  the  same  thing 
with  equal  and  opposite  troubles  saved." — De  Morgan,  Budget  of  Paradoxes. 
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balance  the  weight  mg,  and  the  horizontal  component  T  sin  0  of  the 

tension  T  must  be  equal  to  the  deflecting  force  —  necessary  to 

make  the  particle  move  in  a  circle  with  uniform  speed.    We  have 
then 

mg—  T cos  0  =  0,    or    T cos  9  =  mg,    .    .    .    .    (1> 
and  from  equation  (2),  page  15, 

!rsin6=— =  y-^^  =  mrc»'^  =  mZ  sin  0.(»^    ...     (2) 
r        i  sm  6  '  ^ 

where  a)  is  the  angular  speed. 

We  can  find  T  from  either  (1)  or  (2).     Squaring  (1)  and  (2)  and 
adding,  we  have  also 


\/  g'  +  '^^,=:^m\/g''  +  r'Go\ 


T  =  my  g'+  -^  =  mVg'  +  r'oo* (3> 

Also  dividing  (2)  by  (1),  we  have 

tan0  =  ^=_t^  =  ^-^' (4) 

gr       gl  sme        g 

For  T  in  gravitation  units  we  must  divide  (3)  by  g  as  usual. 

Let  h  be  the  distance  of  the  fixed  point  P  above  the  plane  of 
motion,  or  the  height  of  the  pendulum.  Then  since  h  tan  6  =  r,  we 
have  from  (4) 

V'  =  '^.      . (5). 

If  then  GO  is  the  angular  speed  of  the  particle  about  the  centre  O,. 
Too  =  V,  and  from  (5)  a?  =  |/^.    If  Hs  the  time  of  a  revolution, 

t  =  ^  =  2iti/- (6) 

CO  f    g 

This  is  the  same  as  the  time  of  oscillation  of  a  simple  pendulum, 
of  length  h  (page  154,  Vol.  I,  Kinematics). 

Cor.  1.  If  6  is  indefinitely  small,  h  and  I 
are  equal  and 

t  =  27ri/I, 
^   9 

and  we  have  the  case  of  the  simple  pen- 
dulum. 


=fi. 


Cor.  2.  Since  g?  =  i/  ^,  we  see  that  the 


greater  the  angular  velocity  the  less  h,  and, 
as  I  is  constant,  the  greater  r.  This  fact  is 
taken  advantage  of   in  the    steam-engine 


governor.  As  the  piston  speed  increases,  the  spindle  PO  revolves 
more  rapidly,  the  balls  separate  and  the  slide  at  B  rises  and  by 
means  of  levers  acts  upon  the  valves  of  the  engine  to  diminish  the 
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Deflecting  Force  on  the  Earth. — Suppose  the  earth  to  be  a  homo- 
geneous sphere  of  radius  r  and  centre  C.    Let  WAE  represent  the 

equator,  NS  the  axis,  and  let  P  be 
any  point  of  the  surface  on  the  me- 
ridian PAS,  so  that  the  latitude  of 
P  is  A  =  PC  A. 

Let  a  particle  of  mass  m  rest  on 
the  earth's  surface  at  P.  Let  G  be 
the  acceleration  of  gravity  acting 
towards  the  centre  of  mass  C  along 
the  radius  PC  Then  mG  is  the 
force  of  attraction.  Let  g  be  the 
observed  acceleration  of  gravity  at 
the  point  P.  Then  the  observed 
weight  of  the  particle  at  Pas  given 
by  a  spring-balance  is  mg  acting 
towards  the  centre  C  along  the  ra- 
dius PC.  The  pressure  of  the  earth 
upon  the  particle  is  then  mg  acting 
in  the  opposite  direction. 

Then  the  difference  between  mG 
and  mg,  or  mG  —  mg,  is  that  portion 
of  the  earth's  attraction  which  is 
required  to  keep  the  particle  in  con- 
tact with  the  earth.  This  force  has 
no  effect  upon  a  spring-balance. 
We  call  it  the  central  deflecting 
force  and  denote  it  by  Fc.  We 
have  then 


mrco^coaX 


Fc  =  mG  —  mg. 


(1) 


We  can  resolve  this  central  deflecting  force  Fc  into  two  com- 
ponents, one  Ft  tangent  to  the  meridian  at  P  and  one  Fn  in  the 
direction  PB.  This  latter  component  is  the  deflecting  force  on  the 
particle  necessary  to  keep  it  on  the  latitude  circle  whose  radius  is 
BP  =  r  cos  A.    We  have  then  (page  15),  since  the  angular  velocity 

a)  =  ~,  where  T  is  the  time  of  rotation, 


ET  2         -,       47t^mr        - 

Fn  =  mro)^  cos  A  =  — =--  cos  A. 


(2) 


We  have  therefore,  since  cos  A  sin  A  =  -  sin  2A, 

^TC^mr 
Fc  =  Fn  COS  A  =  mrcD^  cos''  A  =  cos''  A ;    .     . 

Ft  =  Fn  sin  A  =  hnrGo'  sin  2A  =  ?^^'  sin  21.  .    . 

From  (1)  and  (3)  we  have 

^                     «             ^      Ait^mr 
mg  =  mG  —  mroo^  cos'  A  =  mG jrr~  cos'  A.  .    . 


.     (3) 
.     (4) 

.     (5) 


Hence,  the  central  deflecting  force  Fc  is  proportional  to  the 
square  of  the  cosine  of  the  latitude  and  diminishes  the  observed  force 
of  gravity  at  the  surface. 
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If  the  earth  were  a  homogeneous  sphere  the  effect  of  the  tan- 
gential component  Ft  upon  liquid  particles  on  the  surface  would  be 
to  force  them  towards  the  equator  and  thus  increase  the  equatorial 
and  diminish  the  polar  diameter.  The  fact  that  the  earth  is  not  a 
sphere  thus  indicates  that  the  now  solid  portions  may  once  have 
existed  in  a  plastic  condition.  The  equatorial  diameter  is  found  to 
exceed  the  polar  by  about  26  miles.  The  ratio  of  this  difference  to 
the  equatorial  diameter,  called 

the  ellipticity  of  the  earth,  is  >v  Xffi^ 

about  ^^0-  The  earth  is  con- 
sidered then  as  an  ellipsoid  of 
revolution  with  this  ellipticity, 
so  that  the  direction  of  the  ob- 
served force  of  gravity  or  of  the 
plumb-line  AP  (see  following 
figure)  is  always  normal  to  the 
surface  of  the  earth  or  to  a 
water-level  and  hence  does  not 
pass  through  the  centre  of 
figure  C  except  at  the  equator 
and  the  poles. 

The  force  of  attraction  mG 
is  then  resolved  into  two  com- 
ponents, one  mg  normal  to  the 
surface  and  one  Fn  along  BP. 
This  latter  is  the  deflecting  force 
necessary  to  keep  the  particle 
on  the  latitude  circle  whose 
radius  is  BP  =  r  cos  A.  The 
former  is  balanced  by  the  press- 
ure of  the  earth  upon  the  par- 
ticle. There  is  then  no  result- 
ant tangential  force  Ft  and  no  tendency  of  the  particle  at  P  to 
move  towards  the  equator. 

Let  r  be  the  radius  vector  for  any  point  P  whose  latitude  is 
PCE  =  A,  and  let  0  be  the  angle  of  the  normal  AP  to  the  surface 
with  r.    Then  we  have  for  the  earth  regarded  as  a  spheroid 


f^mroo^cosX 


mG- 


mg 

cos  0' 


(1) 


and  as  before 

Fn  =  mro)^  cos  X (3) 

We  have  then  from  the  figure 
Fc  =  Fn  cos  ?i—Fn  siu  A  tan  0  =  mrca"  cos  X  (cos  A  —  sin  A  tan  <p) ;    (3) 


Ft  = 


Fn  sin  A      1 


sin2A 


cos  0        2  cos  0  ' 


(4) 


and  from  (1)  and  (3) 

mg  =  mG  cos  0  —  mroo'  cos  A  cos  0  (cos  A  —  sin  A  tan  <f>).    .     (5) 

We  have  also  the  tangential  component  of  the  pressure  mg  equal 
and  opposite  to  Ft ,  so  that  there  is  no  resultant  tangential  force. 
Since  in  the  case  of  the  earth  the  deviation  from  a  sphere  is  small. 
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the  angle  <P  is  very  small,  and  equations  (1)  to  (5)  reduce  to  equa- 
tions (1)  to  (5),  page  18.  We  can  then  practically  treat  the  earth 
as  a  sphere  of  mean  radius  r  and  neglect  the  tangential  component 
Ft. 

Cor.  1.  If  we  take  the  mean  radius  r  =  3960  miles  and  T  =  86164 
seconds,  we  have 

47rV 

-=^  =  roo)^  =  0.111255  ft.-per-sec.  per  sec (6> 

We  have  then  from  (5),  page  18,  for  the  total  acceleration  of 
gravity  G  at  any  point  P  in  latitude  A 

G  =  g  +  0.111255  cos"'  A, (7> 

where  g  is  the  observed  acceleration  of  gravity  at  P. 

At  the  poles  A  =  90°  and  G  =  g,  or  the  observed  acceleration  of 
gravity  at  the  poles  is  equal  to  the  total  central  acceleration  G  of 
the  earth  considered  as  a  homogeneous  sphere. 

At  the  equator  A  =  0,  and  the  observed  value  of  g  at  the  equator 
at  sea-level  is  about  32.09022  ft.-per-sec.  per  sec.  Hence  from  (7)  we 
obtain 

G  =  32.20148  ft.-per-sec.  per.  sec (8) 

The  central  deflecting  force  at  any  point  is,  from  (3),  page  18, 
and  (6), 

i^c  =  0.111255m  cos' A (9> 

At  the  equator  we  have  the  central  deflecting  force,  from  (9> 
and  (8), 

FcE  =  0.111255m  =  ^mG (10) 

That  is,  the  central  deflecting  force  at  the  equator  is  about  1/289 
of  the  total  force  of  grainty. 

CoR.  2.  To  find  the  time  of  rotation  To  of  the  earth  in  order 
that  a  particle  at  any  point  P  may  have  no  weight,  i.e.  exert  no 
pressure  on  the  surface,  we  have  from  (3),  page  18,  by  putting 
Fc  =  mGand  T=T^, 


G  =  -y=^  cos'  A,     or    To  =  y  —^  cos"  A. 

But  from  (10), 

47rV_J^^  ^  _  289  X  47rV 

Inserting  this  value  of  G^  we  obtain 

!ro  =  ^rcosA (11) 

At  the  equator  we  have  To  =  .-  T.  In  order,  then,  that  a  particle 

at  the  equator  may  have  no  weight  the  earth  must  rotate  in  one 
seventeenth  of  a  day. 
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EXAMPLES. 

(1)  A  string  5  feet  long  Just  breaks  with  a  weight  ofzO  lbs.  It  is 
fastened  to  a  fixed  point  at  one  end,  and  at  the  other  to  a  mass  of  5 
lbs.  which  revolves  round  the  point  in  a  horizontal  plane.  Find  the 
greatest  number  of  complete  revolutions  that  can  be  made  in  a  minute 
without  breaking  the  string,    (g  =  32.) 

Ans.  To  break  the  string  requires  a  force  of  20g  poundals.     Let  n  be  the 

number  of  revolutions  per  minute.     Then  v  =  -^^  =  ^.     The  stress  in  the 

60  6 

string  is  —  =  20^,     or     ^  =  i/20g  =  ^  .     Hence  n  =  ?J^  =  43   com- 

r  o  7t 

plete  revolutions. 

(2)  Suppose  the  mass  revolves  in  a  vertical  plane. 

Ans.    Then  at  the    lowest  point   the  stress  is  — ; \-  mg  poundals,   and 

^J^mg  =  20g,    or    v  =  ^lEg  =  ~  .     Hence  n  =  -J—^  ~  41    complete 
revolutions, 

(3)  What  portion  of  their  iveight  do  bodies  lose  at  the  equator j 
assuming  the  radius  of  the  earth  4000  miles  and  g  =  32  ft. -per- sec. 
per  sec.  f 

Ans.  About  ^g. 

(4)  Find  the  length  of  day  in  order  that  a  body  may  possess  no 
weight  at  the  equator. 

Ans.  About  one  seventeenth  of  24  hours. 

(5)  A  skater  describes  a  circle  of  100  feet  radius,  with  a  speed  of 
18  feet  per  second.    Find  his  inclination  to  the  ice. 

Ans.  About  84°  13'. 

(6)  An  engine  of  20  tons  runs  with  a  speed  of  30  miles  an  hour,  at 
a  part  of  the  track  ivhere  the  radius  of  curvature  is  10  miles.  Find 
the  pressure  against  the  rails. 

Ans.  -— -  tons. 
\bg 

(7)  What  should  be  the  difference  of  level  between  the  rails  when 
the  radius  of  curvature  of  a  railway  curve  is  300  yards,  the  breadth 
of  gauge  4:  ft.  8i  in.,  the  greatest  speed  of  a  train  45  miles  per  hour  f 

Ans.  8.6  inches. 

(8)  A  mass  of  32  lbs.  moves  in  a  circle  of  radius  4  ft.  with  a  uni- 
form speed  of  20  ft.  per  sec.  Find  the  force  directed  towards  the 
centre,    (g  =  32.) 

Ans.  poundals  or  100  lbs.  * 

(9)  A  mass  of  32  lbs.  revolves  uniformly  in  a  circle  of  radium  4 
feet,  making  48  revolutions  per  minute.    Find  the  force  directed  to- 

ivards  the  centre. 

Ans.  The  angular  velocity  is  ftj  =  1.6;r  radius  per  sec.  The  acceleration  is 
f  =  rc»2  =  about  100  ft.-per-sec.  per  sec.  The  force  is  3200  poundals  or  about 
100  pounds,  taking  ^  =  32  ft.-per-sec.  per  sec. 
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(10)  Find  the  necessary  elevation  of  the  outer  rail  on  a  railroad - 
track  on  a  curve  of  radius  r,  so  that  an  engine  weighing  m  lbs.  mov- 
ing with  a  speed  v  can  pass  without  lateral  pressure  on  the  rails  by 
the  wheel-flanges. 

Ans.  Let  E  be  the  centre  of  mass  of  the  engine  and  h  —  EB  the  distance  of 

the  centre  of  mass  above  the  rails. 

We  have  acting  at  E  the  weight  7vg 
vertical.  This  can  be  resolved  itno  a 
component  along  EB  and  a  horizontal 
component  EF.  If  there  is  no  flange 
pressure    the    component   EF  must  be 

equal  to  the  deflecting  force .    Let  a  be 

r 
the  angle  of  elevation  DAG.     Then  EF 

mv^  ,  ,  v^      BG 

=  =  mg  tan  a  or  tan  a  =  —  =  — — . 

r  gr      AG 

If  a  is  small,  ACis  practically  equal  to  AB  =  the  gauge  of  track.     Hence 
approximately, 


BC  = 


ABv'' 


For  the  standard  gauge  of  AB  =  4  ft.  8i  in.  =  56.5  inches,  taking  g 
ft.-per-sec.  per  sec.  and  v  in  ft.  per  sec.  and  r  in  feet,  v^^e  have 


32; 


BG 


'7f_ 
4r 


inches,  nearly. 


If  ^  is  taken  in  miles  per  hour  and  r  in  feet,  we  have 


BG  =  --J —  inches,  nearly. 
4,. 


(11)  Find  the  speed  v  of  an  engine  on  a  curved  level  track  of 
radius  r  and  gauge  w  when  it  is  just  on  the  point  of  overturning ^ 
the  centre  of  mass  being  h  above  the  rails. 


Ans.  D  =  i/-~.     If  /i  is  6  ft.  and  ^  is  4  ft.  8^  in.,  we  have,  taking  g 
r      Zh 


32; 


ft.-per-sec.  per  sec,  the  speed  n  —  3.55  4/r  ft.  per  sec,  nearly,  where  r  must 
be  taken  in  feet. 

(12)  Masses  of  8  and  4  lbs.  are  fixed  at  the  ends  of  a  horizontal 
rod.  If  the  rod  is  without  mass,  find  the  position  of  the  vertical  axis 
round  ivhich  it  must  revolve  in  order  that  the  defiecting  forces  may 
be  equal. 

Q 

Ans.  At  =-1  from  the  larger  mass. 

(13)  A  particle  of  m  lbs.  is  fastened  to  a  fixed  point  by  a  string  I 
ft  long  and  describes  a  horizontal  circle  so  that  the  string  generates 
a  right  circiUar  cone  of  vertical  angle  2B.  Show  that  the  speed  of 
the  particle  is  v  =  Vlg  s*»^'  ^  s^c  0. 

(14)  Find  the  height  h  of  a  governor  to  run  at  60  revolutions  per 
minute,    {g  —  32.) 

Ans.  A  =  9.72  inches. 
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(45)  One  end  of  a  string  21  feet  long  is  fastened  to  a  point  A  on  a 
smooth  vertical  rod,  the  other  to  a  small  ring  P  of  mass  m  lbs.  which 
slides  on  the  rod.  Another  mass  Q  of  m'  lbs.  is  fastened  to  the 
middle  point  of  the  string  and  revolves  with  a  velocity  v  ft.  per  sec. 
in  a  horizontal  circle,  so  that  the  angle  AQP  is  a  right  angle.    Show 

thatv^=^-^^^^^ 

V2  m' 

(16)  What  ought  to  be  the  difference  of  level  between  the  railSy 
when  the  radius  of  curvature  of  a  railway  curve  is  300  yards,  the 
breadth  of  gauge  4:  ft.  8i  in.,  and  the  highest  speed  of  the  train  45 
miles  an  hour  f 

Ans.  8.4  inclies. 

(17)  A  railway  car  is  going  round  a  curve  of  500  ft.  radius  at  30 
miles  an  hour.  Find  how  much  a  plummet  hung  from  the  roof  by  a 
thread  6  ft.  long  would  be  deflected  from  the  vertical  if  there  were  no 
pressure  on  the  rails  by  the  wheel-flanges. 

Ans.  About  0.72  ft, 

(18)  A  particle  is  whirled  round  horizontally  by  a  string  2 
yards  long.  What  is  the  time  of  one  revolution  when  the  tension  of 
the  string  is  4  times  the  weight  of  the  particle  f 


r    a 


Ans.  T  =  11. if  -  =  1.35  sec. 
^   9 

(19)  A  man  standing  at  one  of  the  poles  of  a  rotating  planet 
whirls  a  body  of  20  lbs.  on  a  smooth  horizontal  plane  by  a  string  1 
yard  long  at  the  rate  of  100  turns  per  minute.  He  finds  that  the 
difference  of  the  forces  which  he  has  to  exert  according  as  he  whirls 
the  body  one  way  or  the  other  is  0.01  lb.  Find  the  period  of  rota- 
tion of  the  planet. 

Ans.  13  lir.  37  min.  21.6  sec. 

(20)  A  railroad  car  is  going  round  a  curve  of  500  ft.  radius  at 
the  rate  of  30  miles  an  hour.  Find  how  much  a  plummet  hung  from 
the  roof  by  a  thread  will  be  deflected  from  the  vertical. 

Ans.  6°  51'.4. 

(21)  A  particle  of  mass  m  attached  by  an  inextensible  string  of 
length  I  to  a  flxed  point  moves  in  a  vertical  plane  in  a  circle  of 
radius  r.  Find  the  tension  T  in  any  position,  the  least  and  greatest 
values  of  T.  Show  also  that  the  least  value  of  the  speed  with  which 
a  circle  will  be  described  is  Vlg,  and  that  when  the  speed  has  this 
value  the  greatest  value  of  T  is  equal  to  six  times  the  weight  of  the 
particle. 

Ans.  Let  A  be  the  highest  point  of  the  path,  and  Pany  point,  and  6  the  angle 
subtended  by  the  arc  AP.     Let  Fbe  the  speed  at  A,  and  -o  that  at  any  point 


1)2 

P.     The  normal  acceleration  is  y.     The  vertical  acceleration  is  g.     The  vertical 

distance  fallen   from  A  is  ^(1  —  cos  0).     Hence  the  velocity  at  any  point  is 
given  by 

1)2  =  72  _^  2gl{\  -  cos  6), 

and  the  normal  acceleration  is 

-  =  -Y  +  3^(l-cose). 
The  normal  component  of  g  is  g  cos  6.     The  deflecting  force  then  is 
T4-  ing  cos  0  =  — T-  =  — J 1-  2gm{l  —  cos  0). 
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Hence 

T  =  — \-  2gm  —  dgm  cos  0. 

The  greatest  value  of  T  will  be  when  9  =  180°,  or  when  the  particle  is  at 
the  lowest  point,  and  equal  to 

The  least  value  of  T  will  be  when  Q  =  0,  or  when  the  particle  is  at  the 
highest  point,  and  equal  to 

T=-j--mg. 

Placing  this  equal  to  zero,  we  find  for  the  least  value  of  V  with  which  a 
circle  will  be  described  V  =  Vl'Q'  Substituting  this  in  the  preceding  value  of 
T,  we  find  T=6mg. 


Particle   Moving   on   the  Earth^s  Surface. — Let  the  particle  P 

instead  of  being  at  rest  on  the  surface  of  the  earth  have  a  velocity 

V  relative  to  the  earth  at  any- 
instant  in  any  direction  tangent 
to  the  earth's  surface. 

Take  the  point  P  as  origin, 
the  axis  of  X  towards  the  east, 
the  axis  of  F  towards  the  north, 
the  axis  of  Z  along  the  radius 
through  P. 

Let  Vx  and  Vy  be  the  com- 
ponents of  V  along  the  axes  of 
X  and  Y,  so  that  Vx  is  positive 
towards  the  east  and  negative 
towards  the  west,  and  Vy  is  pos- 
itive towards  the  north  and 
negative  towards  the  south. 

Let  PiP-i  =  Vyt  be  the  dis- 
tance south  along  the  meridian 
described  by  P  in  north  latitude, 
in  an  indefinitely  small  time  t. 
If  there  were  no  rotation,  PiP^ 
would  coincide  with  the  merid- 
ian through  Pi.     But  owing  to 

the  rotation  of  the  earth  this  meridian  moves  to  Pi'M,  while  Pi 

moves  to  Pa',  so  that  if  Pi'O'  is  parallel  to  the 

axis  NO,  the  angle  MO' Pi'  =  cot,  where  oo  is 

the  angular  velocity  of  rotation.     The  angle 

O'Px'P,'  =  A  =  the  latitude  of  Pi.    We  have 

then  O'Pa'  =  Vyt  sin  A  and 

MPs'  =  Vyt  sin  A  .  GDt. 
But  if  fx  is  the  acceleration  due  to  rotation 

of  P  with  reference  to  the  meridian  M,  we 

have 


MP, 


\ut^ 


Vycot"^  sin  A. 


Hence  we  have  for  the  acceleration  of  P  with 

reference  to  the  meridian  M,  due  to  rotation  and  the  velocity  Vy , 

fx  =  2G0Vy  sin  A 


(1) 
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Equation  (1)  is  general  if  we  take  Vy  positive  towards  the  north 
and  negative  towards  the  south,  and  A  positive  or  negative  accord- 
ing as  the  point  is  north  or  south  of  the  equator.  Thus  in  the  figure 
Vy  is  south  or  negative,  and  hence  for  north  latitude  fx  is  negative 
or  towards  the  west.     (Compare  page  216,  Vol.  I,  Kinematics.) 

Again,  let  Pi  Pa  =  Vxt  be  the  distance  east  described  by  P  in 
north  latitude  in  an  indefinitely  small  time  t.    The  meridian  moves 
to  M  while  Pi  moves  to  P2,  so  that  the 
angle  MPiPi  =  cot.    We  have  then  N 

MPs  =  Vxt .  Got, 

and  its  projection  on  the  meridian  is 
MP2  sin  ^.  =  GoVxt"^  sin  A  towards  the  south. 
Iffy  is  the  acceleration  of  P  with  reference 
to  the  meridian,  due  to  rotation  and  the 
velocity  Vx ,  we  have 

^fyf^^  —  GjVx^^sinA,  or  fy  =  —  2coVx8inA.. 

Equation  (2)  is  general  if  we  take  Vx  positive  towards  the  east, 
negative  towards  the  west,  latitude  north  positive,  south  negative, 
and  fy  positive  towards  the  north,  negative  towards  the  south. 

Again,  we  have  in  the  preceding  figure  for  the  projection  of  MP^ 
along  the  radius  r,  MPi  cos  A  =  coVxt^  cos  A  upwards.  If  fz  is  the 
radial  acceleration  due  to  rotation  and  the  velocity  Vx  of  P  with 
reference  to  the  meridian,  we  have 


Jzt''  =  oaVxt^  cos  A,     or    fz  =  2goVx  COS  A. 


(3) 


But  we  also  have  the  acceleration  of  P  with  reference  to  the 


meridian  when  there  is  no  rotation,  —  =  -^ 

r 


+  V 


due  to  the  veloc- 


ity V,  and  also  the  downward  acceleration  g  due  to  gravity.  Hence 
the  total  radial  acceleration  of  P  with  reference  to  the  meridian,  due 
to  rotation  and  the  velocities  Vx  and  Vy ,  is 


f^=-Q'r 


Vx^  +  V</' 


+  2oaVx  cos  A. 


(4) 


moves  to  P2',  so  that  if 


Equation  (4)  is  general  if  we  take 
Vx  positive  towards  the  east,  negative 
towards  the  west,  and  Vy  positive  \^ 
wards  the  north,  negative  towards  the 
south,  A  positive  for  north,  negative 
for  south  latitude,  and  fz  positive  up- 
wards, negative  downwards, 

Deviation  of  a  Falling  Body  by 
Reason  of  the  Rotation  of  the  Earth. 
— Let  a  particle  be  projected  up- 
wards along  the  radius  of  the  earth 
with  a  relative  velocity  Vz,  and  let 
P1P2  =  Vzt  be  the  distance  described  in 
an  indefinitely  small  time  t.  If  there 
were  no  rotation.  Pi  Pa  would  coincide 
with  the  radius  through  Pi.  But 
owing  to  the  rotation  of  the  earth  the 
meridian  moves  to  PiM  while  Pi 
Pi  O'  is  parallel  to  the  axis  NO,  the  angle 
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MOP-i  =  aat,  where  go  is  the  angular  velocity  of  rotation.  The 
angle  OPiP%=  90  —  A,  where  A  is  the  latitude  of  Pi.  We  have  then 
O'Pa'  =  Vzt .  cos  A  and 

MPi'  =  —  Vzt  cos  A .  Got. 

But  if  fx  is  the  acceleration  due  to  rotation  of  P  with  reference 
to  the  meridian,  we  have 

MP^'=  \fxf  =  -  VzVgo  cos  A. 

Hence  we  have  for  the  acceleration  in  longitude  of  P  with  refer- 
ence to  the  meridian^  due  to  rotation  and  the  velocity  Vz , 

(1) 


fx=  —  2cjVz  cos  A. 


Equation  (1)  is  general  if  we  take  Vz  positive  upwards  and 
negative  downwards,  north  latitude  positive,  south  latitude  nega- 
tive, and/a;  positive  towards  the  east,  negative  towards  the  west. 

For  a  falling  body,  then,  Vz  is  negative  and  we  have /x  essentially 
positive  or  towards  the  east.  Hence  a  falling  body  falls  to  the  east 
of  the  point  vertically  beneath  it  at  the  start. 

Let  t  be  the  time  of  fall.  Then  if  the  particle  starts  from  rest,  we 
have  for  the  height  of  fall 


-gt\    or    t  =  y^ 


2h 
9 


(2> 


The  resultant  acceleration  at  any  point 
of  the  path  is  then 


But 


i/g^  +  f:,^  =  4/gr«  4-  ^v'go'  cos'  a 

27t 


For   ordinary 


60  X  60  X  24 
falls,  then,  we  may  neglect  4v^go^  cos'  A, 
and  we  have  practically  the  acceleration 
at  any  point  of  the  path  equal  to  g.  The 
velocity  at  any  point  of  the  path  is  then 
practically  v  =  gt,  and  from  (1) 

f cc  =  2a)gt  cos  X (3) 

The  mean  acceleration  is  then 

-fx  =  Gogt  cos  A, 


and  the  final  velocity  in  longitude  is  then  -fxt  =  aogf  cos  A.    The 

velocity  in  longitude  varies  then  as  the  square  of  the  time,  or  as 
the  ordinate  to  a  parabola.    The  mean  velocity  in  longitude  is  then 

-Gogf  cos  A,  and  hence  the  distance  in  longitude  is 


X  =  ^Gogt*  cos  A. 
Inserting  the  value  of  t  from  (2),  we  have 


X  =  ^goo  cos  A 
o 


/(fy=^-vf «> 
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Equation  (4)  gives  the  deviation  in  longitude  of  a  falling  body  by 
reason  of  the  earth's  rotation.  It  is  always  towards  the  east  or 
positive.  For  a  body  projected  vertically  upwards  it  is  towards 
the  west. 

[Equation  (4)  is  deduced  by  Calculus  as  follows.    From  (3) 

A  =  ^  =  ^Gogt  cos  X. 
Integrating  and  making  Vx=^  when  ^  =  0,  we  have 

dX  ^O  T 

Vx  =  -^rr  =  a>ffi   COS  X. 
dt 

Integrating  again  and  making  x  =  0  when  ^  =  0,  we  have 


X  =  -001 


cos  X. 


Substituting  the  value  of  t  from  (2),  we  obtain  (4). 

[Foucault's  Pendulum.  —  Let  a  pendulum  AB  of  length  I  swing  in 
any  plane  through  the  vertical  APC.  Take  the  point  of  suspension  A  as 
origin,  the  axis  of  X  towards  the  east,  the  axis  of  Y  towards  the  north, 
the  axis  of  Z  vertical  as  shown  in  the  figure. 


Let  the  angle  of  the  pendulum  at  any  instant  with  the  vertical  be  0, 
and  let  Vx^  Vy ,  Vz  be  the  components  along  the  axes  of  its  velocity  at  that 
instant.     Let  x,  y,  z  be  the  co-ordinates  of  the  end  B  at  that  instant. 

Then  the  pendulum  AB  makes  angles  with  the  axes  of  X^  F,  Z,  given 
respectively  by 

X  ^       y  z 

cos  a  =  y,      cos  0  =  y,      cos  C  =  y. 

L  i  V 

If  we  regard  the  pendulum  AB  as  a  simple  pendulum,  i.e.,  a  massless 
string  with  a  particle  B  of  mass  m  at  the  extremity,  the  tension  of  the 
string,  if  v  is  the  velocity  at  any  instant, 


T  =:  mg  COS  (p  +  —r-  =  mg  cos  (p  + 


m{Vx^  +  Vy''  +  Vz^) 

I 


(1> 
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The  acceleration  along  the  axis  of  Xot  the  mass  B  with  reference  to  A 
due  to  rotation  and  the  velocities  Vy  and  Vz  is,  from  (1),  page  24,  and  (1), 
page  26, 

2a)Vy  sin  A.  —  2gdVz  cos  X. 


"We  have  then  for  the  force  on  B  parallel  to  the  axis  of  X 


m^^  =  Ty  +  2ma){Vy  sin  \  —  Vz  cos  A) (2) 


The  acceleration  along  the  axis  of  Y  with  reference  to  A  due  to  rotation 
and  the  velocity  Vx  is,  from  (2),  page  25, 

—  2coVx  sin  A.. 

We  have  then  for  the  force  on  B  parallel  to  the  axis  of  Y 

m-^  =T^-  —  2mGDVx  sin  A (3) 

The  acceleration  along  the  axis  of  Z  with  reference  to  A  due  to  rotation 
and  the  velocity  Vx  is,  from  (3),  page  25, 

2goVx  cos  A. 

We  have  then  for  the  force  on  B  parallel  to  the  axis  of  Z 

(Pz  2 

tn—-  =  T- mg  +  2?nGoVx  cos  A (4) 

ctt  I 

Equations  (2),  (3)  and  (4)  are  the  differential  equations  of  the  motion 
of -B. 

In  order  to  find  the  motion  of  the  projection  of  J5  on  a  horizontal  plane, 

multiply  (2)  by  y  and  (3)  by  x  and  subtract,  and  we  have,  since  Vy  =  -^, 

(Xt 

dx  dz 

dt  dt 

d^y         d'x  „      .    ^f  dx     ,     dy\    ,   ^     dz 

^d  -  yw  -  -  ^"^ «'" H"^  "■  ^dt)  +  ^'^yjt  "''^-  ■  ('> 

Let  s  be  the  distance  of  the  horizontal  projection  of  B  from  A,  so  that 

s  =  I  cos  <p. 
Then 

X'  +y^  =:  s% 

J— X    or,  differentiating  and  dividing  by  dt, 

SI  dx         dy       ds 

""w  +  yTt^'df 

Let  s  make  the  angle  6  with  the  axis  of  X.    Then 
i»  =  5  cos  0,        y  =  s  sin  6, 
and  from  equation  (25),  page  84,  Vol.  I,  Kinematics,  we  have,  since 

TtYdi) 
=  the  horizontal  acceleration  perpendicular  to  s,  from  (5), 

dls'—] 

^  ,   ^^  =  —  2Gos^sm  A  +  2(»y-^  cos  A (6) 

dt  dt  dt 


d'^y        ^      d^x    .    ^        1' 

— ~  cos  0 sin  6  =  — 

df"  df"  sdt 
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If  we  suppose  a  very  long  pendulum  with  small  arc  of  vibration,  so 
that  z  is  very  small  and  can  be  neglected,  equation  (6)  becomes 


Integrating,  we  have 


=  —  2ffi>5—  sin  X. 
dt  dt 


do 

s'—  =  —  Gos^  sin  X  +  Const. 
ctv 

dB 
But  s-      is  the  horizontal   velocity  perpendicular   to  5,   and   hence 

CLZ 

db 
^ —  is  the  moment  of  this  velocity  with  reference  to  the  axis  of  Z.    Let 

s  =  Si  at  the  start,  and  let  this  moment  be  zero  when  s  =  Si ,  that  is,  let 
the  pendulum  swing  at  the  start  either  in  the  plane  of  YZ  or  J^Z.  Then 
we  have 

Const.  =  GoSi'  sin  X, 
and 

dB 

s^  -r-  =  GO  sin  X  {si*  —  s^). 

If  in  addition  the  initial  position  of  the  pendulum  coincides  with  the 
vertical,  Si  =  0,  and  we  have  for  the  horizontal  angular  velocity 

dB 

-  =-oosmX.     ........     (7> 

The  minus  sign  in  equation  (7)  indicates  that  the  angular  velocity  is 
from  east  through  south  to  west  in  north  latitude,  or  clockwise  to  one 
facing  the  north. 

From  (7)  we  have,  if  6  =  0  when  ^  =  0,  for  the  angle  of  s  with  the 
axis  of  X 

B  =  —  tao  sin  X (8> 

In  24  hours,  then,  the  angle  of  s  with  the  axis  of  X,  if  the  pendulum 
starts  from  A  in  the  preceding  figure  and  swings  initially  along  AA''  east 
and  west,  will  be  3;r  sin  X.  At  the  pole,  then,  s  will  describe  a  complete 
circle.  At  the  equator  s  will  not  deviate  from  its  initial  direction.  In 
latitude  30°  north,  6  in  24  hours  will  be  tt  radians  or  180°  from  east  to  west, 
or  clockwise  to  one  facing  the  north.  In  latitude  30°  north,  B  in  24  hours 
will  be  180°  counter-clockwise  to  one  facing  the  north. 

EXAMPLES. 

(1)  A  locomotive  weighing  27  tons  runs  at  the  rate  of  45  miles 
per  hour  on  a  straight  track  in  latitude  30°  north.  Find  the 
pressure  on  the  rails  (a)  when  it  runs  north;  (b)  south;  (c)  east ; 
(d)  west    (g  =  33.) 

Ans.  {a)  290  poundals  or  about  9  pounds  on  the  east  rail;  (b)  the  same  on. 
the  west  rail;  (c)  the  same  on  the  south  rail;  {d)  the  same  on  the  north  rail. 

(2)  In  the  preceding  example  let  the  latitude  be  30°  south. 

Ans.  (a)  290  poundals  or  a])out  9  pounds  on  the  west  rail;  (b)  the  same  on 
the  east  rail;  (c)  the  same  on  the  north  rail;  (d)  the  same  on  the  south  rail. 

(3)  In  example  (1)  find  the  vertical  pressure  on  the  rails  when  the 
locomotive  runs  (a)  north ;  (b)  south  '  (c)  east ;  (d)  west,  {r  =  3960 
miles.) 
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Ans,  (a)  Less  by  12.6  poundals  or  about  0.4  pounds;  (&)  the  same;  (c)  less 
by  515  poundals  or  about  16  pounds;  (d)  increased  by  490.2  poundals  or  about 
15.3  pounds. 

(4)  Find  the  velocity  of  a  body  in  order  that  it  may  have  no 
weight  when  it  moves,  in  latitude  60°,  (a)  north;  (&)  south;  (c)  east; 
(d)  ivest     (r  =  3960  miles,  g  =  32.) 

Ans.  (a)  and  (&)  about  5  miles  per  sec;  (c)  about  4.85  miles  per  sec; 
(d)  about  5.14  miles  per  sec. 

(5)  A  particle  in  latitude  30°  north  has  a  velocity  of  60  feet  per 
sec.  and  moves  on  a  perfectly  smooth  horizontal  plane.  Disregard- 
ing resistance  of  the  air,  find  the  acceleration  and  the  distance 
described  in  latitude  and  longitude  in  4  seconds  (a)  when  the 
velocity  is  north;  (6)  south;  (c)  east;  (d)  west,    (r  =  3960  miles.) 

Ans.  (a)  fx  =  0.00436  ft.-per-sec.  per  sec.  east,  distance  240  ft.  north  and 
0.035  ft.  east. 

(6)  /a,  =  0.00436  ft.-per-sec.  per  sec.  west,  distance  240  ft.  south  and  0.015 
ft.  west. 

(c) /j,  =  0.05236  ft.-per-sec.  per.  sec.  south,  distance  240  ft.  east  and 
0.42  ft.  south. 

(d)  fy  =  0.05236  ft.-per-sec.  per  sec.  north,  distance  240  ft.  west  and 
0.42  ft.  north. 

(6)  A  cannon-ball  is  fired  in  latitude  30°  north  with  a  velocity  of 
1440  ft.  per  sec.  Neglecting  resistance  of  the  air,  find  the  accelera- 
tion and  distance  described  in  latitude  and  longitude  in  4  seconds^ 
(a)  when  the  velocity  is  north;  (b)  south;  (c)  east ;  (d)  west. 

Ans.  (a)  fx  —  0.10472  ft.-per-sec.  per  sec.  east,  distance  5760  ft.  north  and 
0.84  ft.  east. 

{b)  fx  =  0.10472  ft.-per-sec.  per  sec.  west,  distance  5760  ft.  south  and 
0.84  ft,  west. 

(c)  fy  =  0.15272  ft.-per-sec.  per  sec.  south,  distance  5760  ft.  east  and  1.22 
ft.  south. 

(d)  fy  =  0.15272  ft.-per-sec.  per  sec.  north,  distance  5760  ft.  west  and  1.22 
ft.  north. 

(7)  A  particle  in  latitude  60°  north  falls  from  rest  a  distance  of 
1296  ft.  to  the  ground.  Find  the  deviation  in  latitude,  disregarding 
resistance  of  the  air. 

Ans.  0.2827  ft.  towards  the  east. 

(8)  In  latitude  30°  north,  find  the  angular  velocity  of  rotation  of 
the  plane  of  a  pendulum. 

Ans.  0.0000363  radians  per  sec.  in  a  direction  clockwise  to  one  facing  the 
north.     The  plane  rotates  through  180°  in  24  hours. 

(9)  A  locomotive  weighing  32  tons  runs  at  the  rate  of  45  miles  per 
hour  in  latitude  30°  north  in  a  direction  S.  30°  E.  on  a  curve  of  one 
mile  radius  in  a  counter-clockwise  direction  to  one  looking  north. 
Find  the  pressure  on  the  outer  rail. 

Ans.  1868  pounds.  If  we  disregard  rotation  of  the  earth,  the  pressure 
would  be  1848  pounds. 

(10)  In  the  preceding  example  suppose  the  direction  is  clockwise 
to  one  looking  north. 

Ans.  1825.6  pounds. 
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Impulse. — Let  a  uniform  force  be  F  acting  in  any  direction  and 
the  time  of  its  action  be  t.  Then  we  call  the  quantity  Ft  the 
impulse  of  the  force  in  that  direction,  and  denote  it  by  <^. 

We  have  then 

4»  =  Ft. 

The  direction  of  the  impulse  is  the  same  as  the  direction  of  the 
force. 

Hence,  impulse  is  the  product  of  a  uniform  force  by  its  time  of 
action,  and  it  acts  in  the  direction  of  the  force. 

Line  Representative  of  Impulse. — Impulse  then  has  magnitude 
and  direction,  and  we  can  represent  it  by  a  straight  line  like  force. 
The  principles,  therefore,  of  pages  70,  84,  95,  Vol.  I,  Kinematics, 
hold  good  for  impulse  as  well  as  force,  and  we  can  resolve  and 
combine  impulses,  and  have  the  "triangle  and  polygon  of  im- 
pulses" as  well  as  of  forces. 

Unit  of  Impulse. — If  [F]  is  the  unit  of  force  and  F  the  number 
of  units  of  uniform  force,  [T]  the  unit  of  time  and  t  the  number  of 
units  of  time,  [<t>]  the  unit  of  impulse  and  4>  the  number  of  units  of 
impulse,  we  have  by  definition 

ci»[ii>]  =  i^[i^]x^[n 

We  have  then  the  numeric  equation 

provided  that 

[<!>]  =  [F]  X  [T]. 

The  unit  of  impulse  is  then  the  impulse  of  one  unit  of  uniform 
force  acting  for  one  unit  of  time. 

The  English  absolute  unit  of  impulse  is  therefore  the  poundal- 
second,  or  the  impulse  of  a  uniform  force  of  one  poundal  acting  for 
one  second.    We  may  write  it  "jpdZ. -sec." 

The  C.  G.  S.  absolute  unit  of  impulse  is  the  dyne-second,  or  the 
impulse  of  a  uniform  force  of  one  dyne  acting  for  one  second.  We 
may  write  it  ''dyne-sec.''^ 

In  gravitation  units  we  have  then  the  pound-second  (lb. -sec.)  or 
the  gram-second  (gr.-sec). 

When,  then,  we  say  that  "the  impulse  in  any  direction  on  a 
particle  is  <1>  =  Ft,^^  we  mean  that  a  uniform  force  F  acts  in  that 
direction  for  t  seconds,  and  that  this  impulse  is  the  same  as  that  of 
a  uniform  force  of  <t>  units  acting  in  that  direction  for  one  second. 
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Momentum. — Let  the  mass  of  a  particle  be  m,  and  its  velocity  in 
any  direction  be  v.  Then  we  call  the  quantity  mv  the  momentum 
of  the  particle  in  that  direction,  and  denote  it  by  n. 

We  have  then 

n  =  mv. 

The  direction  of  the  momentum  is  the  same  as  the  direction  of 
the  velocity. 

Hence,  the  momentum  of  a  particle  in  any  direction  is  the 
product  of  its  mass  by  its  velocity  in  that  direction. 

Line  Representative  of  Momentum. — Momentum  then  has  mag- 
nitude and  direction,  and  we  can  represent  it  like  velocity  by  a 
straight  line.  The  principles,  then,  of  pages  70,  84,  95,  Vol.  I,  Kine- 
matics, hold  good  and  we  can  resolve  and  combine  momentums 
and  have  the  "triangle  and  polygon  of  momentum"  as  well  as  of 
velocity  and  force. 

Unit  of  Momentum. — If  [M]  is  the  unit  of  mass  and  m  the  num- 
ber of  units  of  mass,  [V]  the  unit  of  velocity  and  v  the  number 
of  units  of  velocity,  [N]  the  unit  of  momentum  and  n  the  number 
of  units  of  momentum,  we  have  by  definition 

n[N]  =  rn[M]  x  v[V]. 

We  have  then  the  numeric  equation 

n  =  mv, 
provided  that 

[N]  =  [M]  X  [VI 

The  unit  of  momentum  is  then  the  momentum  of  one  unit  of 
mass  moving  with  one  unit  of  velocity.  We  may  call  a  unit  of 
velocity,  or  one  unit  of  length  per  unit  of  time,  a  '^velo.''^ 

The  English  unit  of  momentum,  then,  is  the  pound-velo  (Ib.-velo), 
or  the  momentum  of  a  mass  of  one  pound  moving  with  a  velocity 
of  one  foot  per  second. 

The  C.  G.  S.  unit  of  momentum  is  then  the  gram-velo  (gr.-velo) 
or  the  kilogram-velo  {kil.-velo),  that  is,  the  momentum  of  a  mass 
of  one  gram  or  one  kilogram  moving  with  a  velocity  of  one  centi- 
metre per  sec.  A  committee  of  the  British  Association  have  pro- 
posed for  this  the  name  bole. 

Relation  between  Impulse  and  Momentum. — A  force,  as  we  have 
seen  (page  2),  is  uniform  when  it  does  not  change  in  magnitude  or 
direction.  When  either  the  magnitude  or  the  direction  changes  it 
is  variable. 

Let  a  particle  of  mass  m  have  the  initial  velocity  Vi  in  any  given 
direction,  and,  under  the  action  of  a  uniform  torcePy  acting  in  that 
direction  during  the  time  t,  acquire  the  final  velocity  v  in  that  di- 
rection. Then  the  path  of  the  particle  is  a  straight  line,  the  motion 
is  uniformly  accelerated,  and  (page  51,  Vol.  I,  Kinematics)  the 
uniform  acceleration  is 

V  —  Vi 

J~      t     ' 
Hence  by  the  equation  of  force  (page   2) 

Fu=  mf  = ; — -,    or  FJ  =  my  —  mvu    ...    (1) 
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Dividing  by  f,  we  obtain 

_       mv  —  mvi 

Fu  = 1 (2) 

But  we  have  defined  Fut  as  the  impulse  <|>  of  a  uniform  force  F^ 
acting  for  a  time  t,  and  the  direction  of  the  impulse  is  the  direction, 
of  this  force.  Also  by  definition  mvi  is  the  initial  and  mv  the  final 
momentum  in  the  direction  of  Vi  and  v.     Hence, 

For  rectilinear  motion  under  the  action  of  uniform  force — 

1.  The  change  of  momentum  in  any  direction  for  any  time  t  is 
equal  to  the  impulse  <t>  =  FJ;  of  the  uniform  force  Fn  acting  in  that 
direction  for  that  time. 

2.  The  time-rate  of  change  of  momentum  in  any  direction  for  any 
time  t  is  equal  to  the  uniform  force  acting  in  that  direction  during 
that  time. 

If  we  take  m  in  pounds  and  v  and  Vi  in  feet-per-second,  equations 
(1)  and  (2)  give  <f>  =  F^t  in  poundal-seconds  and  Fy  in  poundals. 
For  gravitation  measure  we  must  divide  by  g  in  feet-per-sec.  per 
sec.  to  obtain  pound-seconds  and  pounds.  So  also  if  we  take  m  in 
grams  and  v  and  Vi  in  centimetres  per  second  we  obtain  <}>  in  dyne- 
seconds  and  Fu  in  dynes.  For  gravitation  units  we  must  divide  by 
g  in  centimetres-per-sec.  per  sec.  to  obtain  gram-seconds  and  grams. 

If  <|>  comes  out  minus,  Vi  is  greater  than  v  and  the  impulse  and 
force  are  opposite  to  ?;i. 

A  variable  force  may  be  considered  as  uniform  during  an  indefi- 
nitely small  time. 

Let  then  a  particle  of  mass  m  be  acted  upon  by  a  variable  forces 
during  the  time  t,  and  have  the  initial  velocity  Vi.  The  path  of  the 
particle  is  now  a  curve. 

Let  Pi,  Pa,  Pa,  etc.,  be  points  of  the  path  and  Vi,Vi,V3,  etc., 
the  corresponding  velocities,  and  the  corresponding  times  of  passing; 
from  Pi  to  Pa,  Pa  to  Pa,  ctc,  bc  ti,  ta, 
t3,  etc. 

Let  the  variable  force  acting  upon  the  '         ^i' 

particle  be  resolved  into  a  normal  and  a 
tangential  component.  The  normal  com- 
ponent causes  no  change  of  speed  (page 
15).  Let  the  tangential  component  be 
Fi,  Fi,  Fa,  etc.,  at  the  points  Pi ,  Pa ,  Pa , 
etc.   If  the  times  ti,  ti,ta,  etc.,  are  taken  '  ^r^ 

indefinitely  small,  then  the  small  arcs 

Pi  Pa ,  PaPs ,  etc.,  are  practically  straight  lines,  the  projection  of  Vi 
upon  PiPa  is  practically  equal  to  Vi,  oi  v-z  upon  P2P3  practically 
equal  to  Vi,  and  the  forces  Pi,  Pa,  etc.,  in  these  directions  are  each 
practically  uniform.    We  have  then,  if  v  is  the  final  velocity, 

Fdi  =  m(v2  —  Vi),    Futi  —  m{Va  —  Ua),    Fda  —  m(Vi  —  va),  etc.,  .  .  . 

Fntn  =  m(V  —Vn-i). 

Summing  all  these  impulses,  we  have 

Filh  +  Paf a  +  Fata  +  etc.  . .  .  +  Fntn  =  mv  —  mvi , 

or 

2Ft  =  mv  —  mvi. 

We  see,  then,  that  in  any  case,  whether  the  force  is  uniform  or 
variable,  and  whatever  the  path, 
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The  sum  of  all  the  actual  impulses  along  the  path  is  equal  to  the 
change  of  momentum  in  the  path. 

Let  the  sum  of  all  these  impulses  be  equal  to  the  impulse  «|>  of  an 
equivalent  uniform  force  Ftc  acting  for  the  given  time  t  =  ti  +  tt  + 
^3  +  .  .  .  tn.    Then  we  have 

<|>  =  Fut  =  mv  —  mvi, (3) 

and 

_,       mv  —  mvi 

Fu= -^ (4) 

Let  the  forces  Fi ,  F^ ,  Fa ,  etc.,  acting  along  the  path  be  constant 
in  magnitude  and  each  equal  to  the  tangential  force  Ft.  Then  we 
have 

Ft{ti  +  t-t  +  ta  +  .  .  .  tn)  =  mv  —  mvi , 

or,  since  t  is  the  entire  time, 

Fit  =  mv  —  mui, (5) 

or 

^^^rnv-mv, ^^^ 

Hence  in  all  cases,  however  the  actual  force  may  vary — 

1.  The  change  of  momentum  in  the  path  in  any  time  is  equal  to 
the  sum  of  all  the  actual  impulses  along  the  path — or  is  equal  to  the 
sum  of  the  impulses  along  the  path  of  an  equivalent  tangential  force 
Ft  of  constant  magnitude — or  is  equal  to  the  impulse  ^  =  Fut  of  an 
equivalent  uniform  force  Fu  acting  for  that  time. 

2.  The  time-rate  of  change  of  momentum  in  the  path  gives  either 
the  equivalent  uniform  force  Fu  or  the  equivalent  tangential  force  of 
constant  magnitude  Ft ,  which,  acting  for  that  time,  would  cause 
that  change  of  momentum. 

[In  calculus  notation  the  rate  of  change  of  speed  at  any  point  of  the 

di) 
path  at  any  instant  (page  25,  Vol.  I,  Kinematics)  is  — ,  and  this  is  the 

at 

magnitude  of  the  tangential  acceleration  at  that  point.     We  have  then  for 

the  tangential  force  at  that  point 

^'=-f w 

The  impulse  of  this  force  is 

Ftdt  =  mdv (2) 

The  impulse  of  an  equivalent  uniform  force  Fu  for  the  same  time  is 
Fudt,  and  if  this  impulse  is  taken  equal  to  the  impulse  of  the  tangential 
force  for  the  same  time,  we  have 

Fudt  =  mdv. 

Integrating  (1)  and  assuming  Ft  constant  in  magnitude,  we  have 

Fit  =  mv  +  Const. 

liv  =  Vi  when  ^  =  0,  we  have  Const.  =  —  mvi ,  and  hence  for  any 
time  t 

Ftt  =  mv  —  mvi. 

This  is  equation  (6)  just  found. 
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In  the  same  way  we  find 

Fut  =  mv  —  mvu 
This  is  equation  (3)  just  found. 

Cor.  1.  From  equation  (4)  we  see  that  as  the  time  t  decreases 
the  uniform  force  Fu  must  increase  for  the  same  change  of  mo- 
mentum. If  t  is  zero,  Fu  becomes  infinitely  gi-eat.  That  is,  a  given 
change  of  momentum  requires  time,  and  the  less  the  time  the  greater 
must  be  the  uniform  force  to  produce  the  change. 

Cor.  2.  If  the  time  is  one  second  and  the  initial  velocity  Vi  =  0, 
or  the  final  velocity  v  =  0,  we  have,  from  (4)  or  (6), 

^  =Ft,    OT    Fu  ^  — =  Ft. 


1  sec  1  sec 

That  is,  the  momentum  mv  is  numerically  equal  to  the  uniform 
force  Fu  or  the  tangential  force  Ft  of  constant  magnitude  which, 
acting  respectively  in  the  direction  of  the  velocity  or  along  the  path 
in  the  direction  of  motion,  would  give  the  particle  its  velocity  v 
starting  from  rest  in  one  second ;  or  which,  acting  respectively 
opposite  to  the  velocity  or  along  the  path  opposite  to  the  motion, 
would  bring  the  particle  to  rest  in  one  second. 

Impulsive  Force. — The  form  of  the  equation  of  motion  given  by 
equation  (4), 

^       mv  —  mvi 
Fu  = J , 

is  convenient  when  the  magnitude  of  the  force  is  great  and  its  time 
of  action  small,  as  in  cases  of  impact,  collision,  etc. 

Such  forces  are  therefore  called  impulsive  forces.  As  we  have 
seen,  however,  equation  (4)  holds  whatever  the  time,  and  hence  the 
restriction  of  the  term  "impulsive  force"  to  one  whose  time  of 
action  is  very  short  is  simply  a  matter  of  convenience.* 

Newton's  Laws  of  Motion.— In  1687  the  facts  of  motion  of  ma- 
terial particles  were  stated  by  Newton  in  the  form  of  three  laws 
known  as  Newton's  Laws  of  Motion.  Simple  as  these  laws  appear, 
the  science  of  Dynamics  made  no  essential  progress  until  they  were 
recognized. 

These  laws  are  statements  of  facts  of  nature,  not  a  priori  deduc- 
tions, and  their  proof  is  found  in  the  accord  of  the  results  deduced 
from  them  with  observed  phenomena.  The  proof  thus  furnished  in 
Dynamics  and  Astronomy  is  of  such  a  nature  that  these  laws  are 
regarded  as  rigorously  true,  and  deductions  made  from  them  are 
accepted  even  when  such  deductions  cannot  be  tested  directly  by 
experiment. 

The  two  centuries  which  have  elapsed  since  the  statement  of  these 
laws  by  Newton  have  not  made  necessary  any  additions  or  modifi- 
cations except  in  the  terms  employed. 

Newton's  First  Law  of  Motion.  —  This  law  was  expressed  by 
Newton  as  follows  : 

Lex  I.   Corpus  omne  perseverare  in  statu  suo  quiescendi  vel 

*The  term  "  impulse  "  is  unfortunately  applied  by  some  writers  to  a  short- 
lived force  itself,  instead  of  the  term  impulsive  force  as  used  above.  This  makes 
it  necessary  to  speak  of  the  "  impulse  of  an  impulse  "  when  we  wish  to  speak 
of  impulse  as  used  above.  The  term  "  impulsive  force  "  has  also  been  used  to 
denote  the  impulse  of  a  short-lived  force  as  used  above,  thus  leaving  no  term  to 
denote  the  short-lived  force  itself. 
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movendi  uniformiter  in  directum,  nisi  quatenus  illud  d  viribus 
impressis  cogitur  statum  suum  mutare. 

Every  body  continues  in  its  state  of  rest  or  of  uniform  motion  in 
a  straight  line,  except  in  so  far  as  it  may  be  compelled  to  change 
that  state  by  impressed  forces. 

This  first  law  asserts,  then,  the  property  of  inertia  for  all  bodies. 
It  also  implicitly  defines  force  as  that  which  causes  a  material  par- 
ticle to  change  its  motion  either  in  direction  or  speed.  Thus  it 
states  that  no  body  can  change  the  direction  or  speed  of  its  own 
motion  of  rectilinear  translation.  This  is  the  property  of  inertia 
(page  1,  Vol.  II,  Statics).  It  also  states  that  such  a  change  is  due 
to  "impressed,"  that  is  external,  force,  or  the  influence  of  other 
bodies. 

Whenever,  then,  we  find  all  the  particles  of  a  body  moving  with 
uniform  speed  in  a  straight  line,  we  know  that  either  it  is  not  acted 
upon  by  external  forces,  or  else  these  forces  must  mutually  balance 
and  the  body  moves  as  if  they  did  not  exist. 

Whenever  the  speed  of  a  particle  changes  or  the  direction  of 
motion  changes,  we  know  that  some  external  influence  or  force 
causes  the  change. 

Taking  velocity,  then,  as  defined  (page  42,  Vol.  I,  Kinematics),  the 
law  states  that  change  of  velocity  of  a  particle  is  due  to  force  and 
this  force  is  due  to  the  influence  of  external  bodies.  Without  such 
influence  the  velocity  is  uniform.  Force,  then,  is  proportional  to 
acceleration,  using  the  term  acceleration  as  defined  on  page  48,  VoL 
I,  Kinematics. 

The  law  is  in  direct  contradiction  to  the  tenets  of  the  ancient 
philosophers,  who  maintained  that  circular  motion  was  ' '  perfect  '* 
and  "natural."    There  can  be  no  circular  motion  without  force. 

Newton's  Second  Law  of  Motion. — The  phrase  "except  in  so 
far"  prepares  the  way  for  the  statement  of  the  second  law  : 

Lex  II.  Mutationem  motus  proportionalem  esse  vi  motrici  im- 
pressw,  et  fieri  secundum  lineam  rectam  qud  vis  ilia  imprimitur. 

Change  of  motion  is  proportional  to  the  motive  force,  and  takes 
place  in  the  direction  of  the  straight  line  in  which  the  force  acts. 

By  "motion"  Newton  here  refers,  not  to  velocity  as  we  have 
defined  it,  but  to  mass-motion  or  what  we  have  designated  as 
momentum,  and  his  "change  of  motion"  is  what  we  have  called 
impulse.  This  law,  then,  is  the  statement  of  the  equation  Fut  = 
m{v  —  Vi),  and  asserts  that  the  change  of  momentum  is  propor- 
tional to  the  force  which  produces  it  and  is  in  the  same  direction. 
This  second  law  tells  us  then  how  to  measure  force  when  it  exists. 

Newton's  Third  Law  of  Motion. — When  one  body  presses  against 
or  pulls  another,  it  is  itself  pressed  or  pulled  by  this  other  with  an 
equal  force  in  the  opposite  direction. 

When  one  body  has  its  momentum  changed  in  direction  or 
amount  by  impact,  the  other  body  has  its  momentum  changed  by 
the  same  amount  in  the  opposite  direction.  For  at  each  instant  dur- 
ing impact  the  forces  between  them  are  equal  and  opposite.  When 
one  body  attracts  another,  this  other  always  attracts  it  with  equal 
and  opposite  force. 

Taking  into  account,  then,  the  entire  phenomenon  of  the  mutual 
action  and  reaction  between  two  portions  of  matter,  we  have  the 
third  law  of  Newton  : 

Lex  III.  Actioni  contrariam  semper  et  cequalem  esse  reactionem, : 
give  corporum  duorum  actiones  in  se  mutud  semper  esse  oequales  et  in, 
partes  contrarias  dirigi. 

To  every  action  there  is  always  an  equal  and  contrary  reaction: 
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or  the  mutual  actions  of  any  two  bodies  are  always  equal  and  oppo- 
sitely directed. 

Stress. — The  exertion  of  force  upon  a  body  is  thus  only  one  side 
of  the  entire  phenomenon,  which  is  the  simultaneous  exertion  of 
equal  and  opposite  forces  between  two  bodies. 

When  we  fix  our  attention  upon  one  only  of  these  bodies  and, 
disregarding  the  other,  consider  only  its  action  upon  the  first,  we 
call  this  action  force.  But  when  we  have  both  bodies  in  mind  and 
"wish  to  be  understood  as  viewing  this  force  as  one  of  the  two 
mutual,  equal  and  opposite  actions  between  two  bodies  or  between 
two  parts  of  the  same  body,  we  call  it  a  stress. 

When  the  stress  is  such  as  to  make  the  bodies  move  towards  one 
another  or  to  resist  extension  it  is  attraction  or  tensile  stress. 
When  its  effect  is  to  increase  their  distance  or  to  resist  compression 
it  is  repulsion  or  compressive  stress. 

In  this  sense  we  always  speak  of  the  stress  in  a  body  or  the 
stress  between  two  bodies,  the  prepositions  "in"  and  "between" 
indicating  at  once  that  one  of  the  mutual  actions  between  two 
bodies  or  parts  of  the  same  body  is  meant. 

Stress  as  thus  used  is  then  always  internal,  while  force  is  always 
-external,  to  the  body  or  system  under  consideration.  (See  page  7, 
Tol.  II,  Statics.) 

External  Stress. — There  is  a  sense,  however,  in  which  we  may 
speak  of  stress  on  sl  body  and  thus  consider  it  as  external,  which 
need  never  be  confounded  with  that  just  given. 

Force  is  often  exerted  upon  some  portion  of  the  bounding  sur- 
face of  a  body  and  acts  then  over  an  area.  In  such  case  the  num- 
ber of  units  in  its  magnitude  divided  by  the  number  of  units  in  this 
area  gives  the  number  of  units  of  force  per  unit  of  area. 

When  a  force  thus  acts  we  may  speak  of  it  as  the  stress  on  the 
body,  and  of  the  force  per  unit  of  area  as  the  unit  stress. 

This  use  of  the  word  stress  is  convenient  and  leads  to  no  con- 
fusion. When  necessary  to  discriminate  we  may  call  it  external 
stress,  but  in  general  such  distinction  is  unnecessary,  as  the  use  of 
the  prepositions  "on"  and  "in"  sufficiently  indicate  the  sense  in 
which  the  term  is  used. 

EXAMPLES. 

[See  page  97,  Vol.  I,  for  equations  of  motion  of  a  point.] 

(1)  A  ball-player  catches  a  ball  moving  with  a  velocity  of  50  ft. 
per  sec.  The  mass  of  the  ball  is  5i  oz.  If  the  space  in  which  the 
ball  is  brought  to  rest  is  6  inches,  what  is  the  pressure  on  the  hands, 
supposed  uniform  f     What  is  the  time  of  stoppage  f 

Ans.  We  have 

vt  ^       ^>^2        1 

The  pressure  isF='^  =  ^^^H^  ^^  =  859f  poundals  or  about  26.85  lbs., 
taking  g  =  82  ft.-per-sec.  per  sec. 

(2)  An  80-ton  gun  on  a  smooth  horizontal  plane  fires  horizontally 
a  shot  of  56  lbs.  with  a  velocity  V  of  1800  ft.  per  sec.  Find  the 
velocity  of  recoil,  v. 

Ans.  Mass  of  gun  =  80  X  2240  =  179200  lbs.  If  the  velocity  is  imparted 
in  the  time  t,  the  uniform  force  which  would  give  that  velocity  in  that  time, 
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,    ,.      ,             ..    .-u     -u.-mV     56X1800      100800 
Ltartmg  from  rest,  to  the  snot  is = = poundals.     Since 

,.  ^         ,.  ,        ,         1792001)      100800  9  , 

action  and  reaction  are  equal,  we  have = ,  or  v  =:  r-^  ft.  per  sec. 

t  t  lb 

(3)  A  man  whose  weight  is  150  lbs.,  moving  on  a  bicycle  with  a 
speed  of  22  ft.  per  sec.  and  wishing  to  right  his  bicycle,  which  is 
leaning  to  one  side,  turns  the  wheel  so  that  in  1/10  sec.  his  direction 
of  motion  is  changed  30°.  What  is  the  force  which  acts  to  right  the 
bicycle  f 

Ans.  The  rate  of  change  of  momentum  in  the  original  direction  of  motion 

.    m(vi-v)      150(22  -  32  cos  30°)      .„.„„  ,,        ^,^,  ,     ..         „^ 

is = ^^ ^  =  16500  poundals  or  515f  pounds,  if  ^  =  33i 

t  1 

10 
ft.-per-sec.  per  sec.     This  force  in  the  original  direction  of  motion  changes  the 
velocity  of  the  mass  in  that  direction,  and  since  action  and  reaction  are  equal 
this  force   acting  in  the  original  direction  of  motion  on  the  wheel  acts  to- 
right  it. 

(4)  A  stream  of  water  whose  cross-section  is  a  and  velocity  7> 
meets  a  surface  moving  in  the  same  direction  with  a  velocity  c. 
Disregarding  friction,  what  is  the  pressure  exerted  on  the  surf  ace 
by  the  stream  f 

Ans.  Let  the  water  pass  off  the  surface  in  a  direction  making  an  angle  a 
with  the  direction  of  motion.  The  volume  of 
water  in  any  time  t  is  avt.  If  ;k  is  the  density  or 
mass  of  a  unit  of  volume  of  water,  the  mass  in 
this  time  is  }^avt  =  m. 

The  velocity  relative  to  the  surface  just  before 
impact,  in  the  direction  of  motion,  is  v  —  c.  After 
impact  the  velocity  relative  to  the  surface  in  the 
direction  of  motion  is  {v  —  c)  cos  a.  We  have 
then  the  pressure  F  equal  to  the  rate  of  change  of 
momentum  in  the  direction  of  motion,  or 


or  injgravitation  units 


F— =  xav{v  —  c)(l  —  cos  a), 


F='^^^{v~c){\-cosa). 


(5)  A  mass  of  10  lbs.  under  the  action  of  a  uniform  force  receives 
in  3  seconds  an  integral  acceleration  in  the  direction  of  the  force  of 
6  ft.  per  second.     What  is  the  force  f 

Ans.  The  acceleration  is  2  ft.-per-sec.  per  sec.     The  force  is  10  X  2  =  20 

20 
poundals,  or  the  weight  of  —  lbs. 

(6)  A  uniform  force  of  200  dynes  changes  the  velocity  of  a  body 
moving  in  a  straight  line  from  250  to  300  metres  per  sec.  in  1  minute. 
Find  the  mass  of  the  body. 

Ans.  2.4  grams. 

{T)  A  mass  of  10  lbs.  moving  in  a  straight  line  ivith  a  velocity  of 
'.  per  sec.  is  broi 
at  is  the  force  f 


Zft.  per  sec.  is  brought  to  rest  by  a  uniform  opposing  force  in  2  sec^ 


Ans.  15  poundals,  or  the  force  of  gravity  upon  —  lbs. 
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(8)  A  rifle-bullet  weighing  one  ounce  is  shot  into  a  hlocTc  of  wood 
weighing  5S  pounds,  and  gives  the  block  a  velocity  of  2  ft.  per  sec. 
in  1  sec.     What  was  the  velocity  of  the  bullet  f 

Ans.  1698  ft.  per  sec.  The  mass  of  tlie  bullet  should  be  added  to  that  of 
the  block. 

(9)  A  ship  weighing  336,000  lbs.  runs  upon  a  rock  with  a  velocity 
of  16  miles  an  hour.  Assuming  the  force  of  stoppage  as  uniform 
and  the  time  of  stoppage  2  sec,  what  is  this  force  f 

Ans.  3942400  poundals,  or  the  force  of  gravity  upon lbs.     Taking 

^  =  32  ft.-per-sec.  per  sec,  123200  pounds. 

(10)  A  mass  moving  in  a  straight  line  with  a  velocity  of  3  ft.  per 
sec,  is  brought  to  rest  by  a  uniform  opposing  force  of  one  pound  in 
2  sec.    Assuming  g  =  2>2  ft.-per-sec.  per  sec,  what  is  the  mass  f 

Ans.  21i  pounds. 

(11)  A  uniform  force  of  10  lbs.  acts  for  2  sec.  upon  a  mass  of  10 
lbs.  and  then  ceases.  With  what  velocity  will  the  mass  continue  to 
move  in  the  direction  of  the  force  f 

Ans.  2g  ft.  per  sec. 

(12)  A  mass  of  20  lbs.  moving  with  a  velocity  of  15  ft.  per  sec.  in 
a  straight  line  is  found  after  3  sec.  to  be  moving  m  the  same  direc- 
tion with  a  velocity  of  5  ft.  per  sec.  What  is  the  retarding  force^ 
assuming  it  uniform  f 

661- 
Ans.  66f  poundals,  or  the  force  of  gravity  upon  — -  pounds. 

(13)  A  baseball  weighing  5^  oz.  is  dropped  from  the  top  of  a 
tower  1000  ft.  high.  What  uniform  pressure  must  a  catcher  apply 
to  it  in  order  to  bring  it  to  rest  in  5  feet  f 

Ans.  68.75  lbs.  if  ^  =  32  ft.-per-sec.  per  sec. 

(14)  How  long  must  a  uniform  force  of  14  lbs.  act  on  a  mass  of 
1000  tons  (2240  lbs.)  to  give  it  a  velocity  of  one  foot  per  second f 
(g  =  32  ft.-per-sec.  per  sec.) 

Ans.  5000  sec. 

(15)  Calculate  in  pounds  the  uniform  moving  force  which,  acting 
for  a  minute  upon  the  mass  of  a  ton  (2240  lbs.),  will  get  up  in  it  a 
velocity  of  30  miles  an  hour,     (g  =  32  ft.-per-sec.  per  sec.) 

Ans.  50  pounds. 

(16)  A  body  of  3  lbs.  mass  is  falling  at  the  rate  of  100  ft.  per  sec. 
Find  the  uniform  force  that  will  stop  it  in  2  seconds;  in  2  feet, 
(g  =  32  ft.-per-sec  per  sec) 

Ans.  4i^lbs.;  234f  lbs. 

(17)  A  cannon-ball  of  1000  grams  mass  is  discharged  with  a 
velocity  of  45000  centimetres  per  sec.  from  a  cannon  the  length  of 
whose  barrel  is  200  centimetres  ;  show  that  the  mean  force  exerted  on 
the  ball  is  5.0625  x  10'  dynes. 

(18)  It  was  found  that  when  1  foot  was  cut  off  from  the  barrel  of 
a  gun  firing  a  projectile  of  100  lbs.  the  velocity  was  changed  from 
1490  to  1330  ft.  per  sec  ^how  that  the  total  pressure  at  the  muzzle 
was  about  315  tons  (2240  lbs.),     (g  =  32  ft.-per-sec.  per  sec) 

(19)  A  particle  of  10  lbs.  mass  has  an  initial  velocity  of  20  ft.  per 
sec  towards  the  north  and  is  acted  upon  by  two  uniform  forces. 
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one  of  100  poundals  in  a  direction  northeast,  and  the  other  of  the 
same  magnitude  in  a  direction  northwest.  Find  its  velocity  after 
1  minute. 

Ans.  The  resultant  force  is  141.41  poundals  acting  towards  the  north.  We 
liave  then  (page  34)  Ft  =  m{v  -  Vi),  or  141.41  X  60=10(«-20).  Hence 
-»  =  868.5  ft.  per  sec.  towards  the  north. 

(20)  A  particle  of  mass  m  is  moving  towards  the  east  with  a 
velocity  v.  Find  the  uniform  force  necessary  to  make  it  move 
towards  the  north  with  an  equal  velocity  in  t  seconds. 

Ans.  In  the  time  t  the  velocity  towards  the  east  becomes  zero.  The  im- 
pulse of  the  constant  force  towards  tlie  west  must  then  be  (page  32)  mi}.  The 
impulse  of  the  constant  force  towards  the  north  is  also  mv.     The  impulse  of  the 

resultant  force  is  then  Ft  —  mxi^%.    Hence  ^=  — - —  towards  the  northwest. 

(21)  A  uniform  force  of  20  poundals  acts  for  5  sees,  on  a  par- 
ticle of  mass  10  lbs.  The  initial  velocity  is  4:  ft.  per  sec,  making  an 
angle  of  60°  with  the  direction  of  the  force.  Find  the  velocity  at  the 
end  of  the  time. 

Ans.  The  force  in  the  direction  of  the  initial  velocity  is  20  cos  60°  =  10 

poundals,  and  at  right  angles  20  sin  60°  =  20y  -^  =  10 1/3  poundals.     Since 

M  =  miv  —  -Kj)  in  the  direction  of  the  force  (page  34),  we  have  for  the  veloc- 
ity in  the  direction  of  the  force 

10  X  5  =  10(«  —  4),     or    ^  =  9  ft.  per  sec, 

and  for  the  velocity  at  right  angles  10|/3  X  5  =  10^,  or  '»  =  54/3  ft.  per  sec. 
The  resultant  velocity  is  then  4/I56  =  2|/39  ft.  per  sec,  and  it  makes  with 

the  initial  velocity  an  angle  whose  sine  is  — -=^ 
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CHAPTER  IV. 

WORK.     POWER. 

WOEK.  UNIT  OF  WORK.  WORK  OP  THE  RESUI^TANT.  WORK  AND  MOMEN- 
TUM. WORK  OP  A  TANGENTIAL  PORCE  OF  CONSTANT  MAGNITUDE. 
WORK  OP  VARIABLE  PORCE  IN  GENERAL.  WORK  UNDER  GIVEN  FORCES. 
POWER.      UNIT  OP  POWER.      EFFICIENCY.      MECHANICAL  ADVANTAGE. 

Work. — A  force,  as  we  have  seen  (page  2),  is  uniform  when 
it  does  not  change  in  magnitude  or  direction.  When  either  the 
magnitude  or  direction  changes  it  is  variable. 

When  a  uniform  force  F  acts  upon  a  particle  in  any  given  direc- 
tion and  the  displacement  of  the  particle  along  the  line  of  the  force 
is  s,  the  product  Fs  is  called  work.  If  the  displacement  s  is  in  the 
same  direction  as  the  force,  work  is  said  to  be  done  by  the  force. 
If  the  displacement  s  is  opposite  in  direction  to  the  force,  work  is 
said  to  be  done  against  the  force.  In  the  first  case  the  work  is 
positive  (+),  in  the  second  case  negative  (— ).  In  both  cases  the 
magnitude  of  the  force  is  given  by  Fs. 

Thus  let  a  uniform  force  F  act  upon  a  particle  Pi ,  and  let  the 
displacement  (page  34,  Vol.  I,  Kinematics)  during  the  action  of  the 
force,  ivhatever  the  path  of  the  particle  may 
be,  be  PiP,  =  d. 

Let  this  displacement  make  the  angle  0 
with  the  uniform  force.  Then  the  displace- 
ment along  the  line  of  the  force  is 

Pin  =  s  =  d  cos  6. 

The  work  of  F  is  then  by  definition 

W=  ±Fs=  ±Fdco9e, 

the  (+)  sign  being  used  when  the  displacement  is  in  the  direction 
of  the  force,  as  in  the  figure,  and  the  (— )  sign  when  it  is  opposite 
to  that  direction. 

But  we  see  that  FcosO  is  the  component  of  the  force  F  along 
the  line  of  the  displacement. 

We  can  then  define  work  generally  as  follows : 

Work  is  the  product  of  a  uniform  force  by  the  component,  along 
the  line  of  that  force,  of  the  displacement  of  the  particle  on  which 
the  force  acts;  or,  the  product  of  the  displacement  by  the  com- 
ponent, along  the  line  of  the  displacement,  of  a  uniform  force. 

Cor.  1.  We  see  at  once  that  work  is  independent  of  time.  A 
given  uniform  force  and  displacement  give  the  same  work  no  mat- 
ter whether  the  time  in  which  the  displacement  takes  place  is  large 
or  small.  It  is  also  independent  of  the  path.  For  the  same  uniform 
force  and  the  same  displacement  the  work  is  the  same  whatever 
the  path  of  the  particle. 

Cor.  2.  The  work  done  in  raising  a  body  is  equal  to  the  weight 
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of  the  body  which  acts  at  the  centre  of  mass  (page  18,  Vol.  II, 
Statics)  multiplied  by  the  vertical  displacement  of  the  centre  of 
mass.  This  work  is  done  against  the  weight  and  is  therefore  neg- 
ative. 

Also,  the  work  of  lowering  a  body  is  equal  to  its  weight  multi- 
plied by  the  vertical  displacement  of  its  centre  of  mass.  This  work 
is  done  by  the  weight  and  is  therefore  positive. 

If  m  is  the  mass,  then  mg  is  the  weight.  If  s  is  the  vertical  dis- 
placement, then  the  work  in  general  is 

W=  ±  mgs. 

For  the  same  weight  and  the  same  vertical  displacement  this 
work  is  the  same,  whatever  the  time  of  displacement  and  whatever 
the  path  of  the  centre  of  mass. 

Units  of  Work.— If  [F]  is  the  unit  of  force  and  i^the  number  of 
units,  [L]  the  unit  of  distance  and  s  the  number  of  units  of  displace- 
ment in  the  direction  of  the  force,  we  have 

W[_W]=F[F]xs[L\, 
or 

W=Fs    if    [W]  =  iF\L\. 

The  unit  of  work  is  then  the  unit  of  force  acting  through  the 
unit  of  distance. 

The  English  absolute  unit  of  work  is  thus  the  foot-poundal,  or  a 
constant  force  of  one  poundal  acting  through  one  foot. 

The  C.  Gr.  S.  absolute  unit  of  work  is  a  constant  force  of  one  dyne 
acting  through  one  centimetre.    It  is  called  an  erg. 

A  multiple  of  the  latter  equal  to  10,000,'000  ergs,  or  10^  ergs,  is 
used  in  electrical  measurements  and  called  a  Joule,  after  Dr.  James 
Prescott  Joule. 

In  English  gravitation  units  we  have  the  foot-pound.  This  is  the 
unit  commonly  adopted  in  engineering  calculations.  It  is  the  work 
of  raising  one  pound  through  the  vertical  distance  of  one  foot 
against  the  force  of  gravity.  It  is  then  a  variable  amount  of  work, 
since  the  weight  of  one  pound  varies  at  different  localities. 

If  in  the  corollary  of  the  preceding  article  we  take  s  in  feet  and 
m  in  pounds,  we  obtain  work  in  foot-poundals.  To  reduce  to  foot- 
pounds we  must  divide  by  g. 

For  work  in  gravitation  units,  or  foot-pounds,  we  have  then 

W=m8, 

where  m  is  the  mass  in  pounds  and  s  the  vertical  displacement  in 
feet. 

Work  of  the  Resultant  Equal  to  the  Work  of  the  Components. — 
Let  Fi,  Fi,  Fz,  Fig.  1,  be  any  number  of  forces  in  a  plane  acting 

upon  a  point  P  which  undergoes 
F^o.  2.  the  displacement  D  in  the  direc- 

tion PD. 

Let  OFi ,  FrF^ ,  F^Fs ,  Fig.  2, 
be  their  line  representatives. 
Since  forces  can  be  combined  like 
displacements,  the  resultant  is 
given  in  magnitude  and  direction 
by  OF3  =  E  (page  59,  Vol.  II, 
Statics). 

Draw  OD  parallel  to  PD,  and  let  a,  /3,  y,  0  he  the  inclinations  of 
Fi ,  i^a ,  Fa  and  R  with  the  direction  of  the  displacement  OD. 


.^ 
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Then  we  have 

Rco8Q  =  Fi  cos  a  +  FiC08/3  —  Fa  cos;^. 

That  is,  the  component  of  the  resultant  R  in  the  direction  of  the 
displacement  is  equal  to  the  algebraic  sum  of  the  components  of  the 
forces  in  this  direction. 

Multiplying  by  the  displacement  D,  we  have 

R  X  D  cos  Q  =Fi  X  D  cos  a  +  Fa  x  D  cos  /3  —  FaxD  cos  y. 

Hence,  the  work  of  the  resultant  of  any  number  of  forces  in  a 
plane  acting  on  a  point  is  equal  to  the  algebraic  sum  of  the  works 
of  the  components. 

The  same  evidently  holds  true  when  the  forces  are  not  in  a  plane. 

Cor.  Any  number  of  forces  acting  on  a  point  are  in  equilibrium 
when  the  resultant  is  zero.  In  such  case  we  have  a  system  of 
balanced  forces  and  the  motion  of  the  point  is  not  affected  by  their 
action. 

We  have  then  for  equilibrium 

0  =  Fi  X  Dcosa  +  Fi  X  DcoB/5  —  Fa  x  D  cos;r. 

Hence,  when  the  algebraic  sum  of  the  works  of  any  number  of 
forces  in  a  plane,  acting  on  a  point,  is  zero,  the  forces  are  in  equi- 
librium, the  resultant  is  zero,  and  the  motion  of  the  point  is  un- 
affected by  these  forces. 

The  same  holds  true  when  the  forces  are  not  in  a  plane.  This  is 
the  principle  of  virtual  work,  page  621,  Vol.  II,  Statics. 

Relation  between  Work  and  Momentum. — If  the  uniform  accel- 
eration in  the  direction  of  the  uniform  force  F  is  /,  and  Vi  and  v  are 
the  initial  and  final  velocities  in  the  direction  of  the  uniform  force 
during  its  time  of  action  t,  then 

^  ~       t      ' 
Hence  by  the  equation  of  force  (page  2)  the  uniform  force  F  is 

mv  —  mvi 


mf  = 


t 


If  s  is  the  displacement  in  the  direction  of  the  force,  we  have  for 
the  work  W 

__       „        mv  —  mvi  ,., 

W=  Fs  = ^ .s o    .    (1) 

In  the  same  way  if  Vi  and  v  are  the  initial  and  final  velocities 
in  the  direction  of  the  displacement  d,  and  F  is  the  component  of 
the  uniform  force  in  the  direction  of  the  displacement^  then 

Tr=.Fd=""-""'.d (8) 

Hence,  work  is  equal  to  the  time-rate  of  change  of  momentum  in 
the  direction  of  the  uniform  force  multiplied  by  the  component 
displacement  in  that  direction,  or  to  the  time-rate  of  change  of 
momentum  in  the  direction  of  the  displacement  multiplied  by  the 
displacement. 

If  we  take  s  or  d  in  feet  and  m  in  pounds,  and  Vi,  v  in  feet  per 
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second,  we  obtain  the  work  in  f  oot-poundals.  For  work  in  gravita- 
tion units  we  must  divide  by  g  in  feet-per-sec.  per  sec.  We  then 
obtain  work  in  foot-pounds. 

If  we  take  s  or  d  in  centimetres  and  m  in  grams,  and  Vi ,  u  in 
centimetres  per  second,  we  obtain  the  work  in  ergs.  For  work  in 
gravitation  units  we  must  divide  by  g  in  centimetres-per-sec.  per 
sec.     We  thus  obtain  work  in  centimetre-grams. 

Cor.  Since  Vi  and  v  are  the  initial  and  final  velocities  in  the 
direction  of  the  uniform  force  or  of  the  displacement,  the  mean 

speed  is  -^ — ,  and  the  distances  s  or  <i  passed  over  in  the  time  t 

are  then 

8  =  — g —  .  t,    or    d  =  — ^ —  .  t. 

If  we  substitute  these  values  of  s  and  d  in  (1)  and  (2),  we  obtain 
in  either  case 

W=^mv^ -Imvi' (3> 

We  see  then  again  that  the  work  is  independent  of  the  time  t 

and  of  the  path,  and  depends  simply  upon  the  initial  and  final 

velocities  Vx  and  v  in  the  direction  of  the  uniform  force  or  in  the 

direction  of  the  displacement.     (See  Cor.  1,  p.  41.) 

Equation  (3)  then  gives  the  work  in  either  direction  if  Vx  and  v 

are  the  velocities  in  that  direction.    (For  another  demonstration 

see  page  45.) 

Work  of  a  Tangential  Force  of  Constant  Magnitude. — Let  Pi ,  Pa , 

Pa,  etc.,  be  points  of  the  path  of  a  moving  particle,  and  let  the 
force  acting  upon  the  particle  be  always 
tangential  to  the  path  and  constant  in 
magnitude.  Denote  this  force  by  Ft.  This 
force  may  be  considered  as  uniform  for 
an  indefinitely  short  time.  In  this  in- 
definitely short  time  the  small  arcs  de- 
scribed, P1P2,  P-iPz,  etc.,  are  practi- 
cally straight  lines.  Denote  their  lengths 
by  Si ,  S2 ,  etc.  The  component  of  Ft  along 
P1P2    is    practically    equal    to    Ft,   along 

PjPs  the  same,  and  so  on.    We  have  then  for  the  total  work  of 

Ft  in  the  path 

W  =  Ftsx  +  F(S2  -f-  Ftsa  +  etc.  =  Ft:Ss. 
But  2s  is  equal  to  the  entire  length  of  path  s.    Therefore 

W=Fts (1) 

Hence,  the  work  of  a  tangential  force  of  constant  magnitude  is 
equal  to  the  product  of  the  force  by  the  length  of  path 

If  V I  is  the  initial  and  v  the  final  velocity  in  the  path,  and  t  the 
time  of  describing  the  path,  then,  as  we  have  seen  (page  34). 

mv  —  mvi 


t 
is  the  tangential  force  Ft  ol  constant  magnitude  which  would  give 
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the  particle  of  mass  m  the  change  of  speed  v  —  Vi.     We  have 
then  from  (1) 

TT^      mv  —  mvi 

^=  ^ .5 (2) 

For  work  in  gravitation  units  we  must  divide  by  g. 

Hence,  the  work  of  a  tangential  force  of  constant  magnitude  is 
equal  to  the  time-rate  of  change  of  momentum  in  the  path  multiplied 
by  the  length  of  path  described. 

CoR.  1.  Since  the  mean  speed  is  ^  "t  ^^ ,  the  distance  s  is  ^  .  #, 

and  we  have  from  (2) 

W=-mv^  —  -mvi^ (3) 

Here  we  see  again  that  the  work  is  independent  of  the  time  and 
path  and  depends  simply  upon  the  initial  and  final  velocities 
Vx  and  V.  (See  Cor.,  page  44,  Cor.  1,  page  41 ;  also  page  44  for 
another  demonstration.) 

CoR.  2.  If  the  path  is  a  circle  of  radius  r,  then  u  =  ra?,  where  oa 
is  the  angular  velocity,  and  we  have 

TF=  -mr'^Go^  —  -mr^aoi*. 

z  z 

Work  of  a  Variable  Force  in  General. — Let  a  particle  of  mass  m 
move  in  any  path  under  the  action  of  any  number  of  variable 
forces  during  the  time  t.  The  forces  acting  upon  the  particle  at 
any  point  of  its  path  can  be  resolved  into  a  resultant  normal  and 
tangential  component.  The  normal  component  does  no  work. 
Since  the  work  of  the  resultant  is  equal  to  the  algebraic  sum  of  the 
works  of  the  components,  the  work  of  the  variable  forces  is  equal 
to  the  work  of  the  resultant  variable  tangential  component. 

Let  Vi  be  the  initial  and  v  the  final  velocity.  Then,  as  we  have 
seen  (page  34),  the  tangential  force  of  constant  magnitude  which 
would  cause  the  given  change  of  momentum  mv  —  mvi  in  the 
path  is 

mv  —  mvi 
Ft  = ^ . 

The  mean  speed  in  the  path  is  — ^ — ^ .  Hence  the  length  of 
path  is 


8  =  "-4^.«. 


Therefore  from  (1),  page  44,  the  work  done  whatever  the 
number  of  forces,  whatever  the  time  or  path,  whether  the  forces 
are  uniform  or  variable,  is 

W=Fts  =  ^mv^ -■^mvi\     ......    (1) 

We  shall  discuss  this  result  more  at  length  under  the  head  of 
energy  in  the  next  chapter.  (See  page  44  for  another  demonstra- 
tion.) It  is  sufficient  to  call  attention  here  to  the  fact  that  this 
result  is  general  and  includes  all  cases.  (See  Cor.,  page  44,  Cor.  1, 
page  41,  Cor.  2,  page  45.) 
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[Equation  (1)  is  easily  deduced  by  the  Calculus  as  follows.    The  ac- 
celeration at  any  instant  is 

''  ~  di~W 
The  force  at  that  instant  is  then 


The  differential  of  the  work  is  then 


Integrating, 


ds 
or,  since  -—  =  t?, 


,^         d^s  ^  ds    -,fds\ 

dW  =  m—-ds  =  m--.d\  — ). 
df  dt     \dt) 


1     ds"^ 
Tr  =  -w—  +  Const., 


W  =  -mv^  +  Const. 


When  t;  =  Vi  let  W  ==  0.  Then  Const.  =  —  -  mvi^  and  we  have 

W  —  —mv^  —  —mvi^. 
2  2 

Cor.  If  the  path  is  a  circle  of  radius  r,  we  have  v  =  rao,  where 
CO  is  the  angular  velocity.     In  this  case  we  have 


W  =  —mr'a)^ 
2 


-mr^Goi^. 


Work  Done  under  Given  Forces. — (a)  Uniform  Force.— When  a 
particle  is  acted  upon  by  a  uniform  force,  the  work  done  is  the 
product  of  the  force  by  the  component  displacement  in  its  direction, 
or  the  product  of  the  displacement  by  the  component  force  in  its 
direction. 

(6)  Central  Force. — Let  O  be  the  centre  of  force,  the  force  being 
attractive  or  always  towards  the  centre  O. 
Let  BA  be  any  path  of  a  particle  from  B  to 
A.  Take  any  indefinitely  small  portion  of 
the  path  QP,  so  that  the  force  between  Q 
and  P  may  be  considered  constant  and 
equal  to  F,  its  direction  being  QO. 

With  O  as  a  centre  draw  arcs  of  circles 
through  Q,  P  and  A,  intersecting  BO  at  q,  p 
and  a.    Join  BO,  QO,  PO,  AO. 
Then  QPN  is  a  triangle  right-angled  at  N,  and  the  work  done  in 
moving  the  particle  from  ^  to  P  is 

F  X  QP  cos  NQP,    or    F  X  QN=  F  x  qp. 

Every  element  of  the  path  may  be  treated  in  the  same  way. 
Therefore  the  work  necessary  to  move  the  particle  from  B  to  A,  by 
any  path,  under  the  action  of  a  central  force  always  directed  to- 
wards O,  is  equal  to  that  necessary  to  move  it  from  5  to  a  in  the 
straight  line  BO.  This  work  is  then  independent  of  the  path,  and 
depends  only  on  the  final  and  initial  positions  and  the  magnitude 
of  the  force. 
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If  the  magnitude  of  the  force  is  constant  and  equal  to  jP,  the 
work  is  F{R  —  r),  where  R  =  BO  and  r  =  AO. 

(c)  Central  Force  Proportional  to  Distance  from  the  Centre.  —  If 
the  magnitude  of  the  force  varies  directly  as  the  distance  from  the 
centre,  let  F'  be  its  magnitude  at  any  given  distance  r'.    Then  the 

force  i^  at  A  is  given  by  i^  :  i^'  :  :  r  :  r,  or  i^  =  F'-,  and  at  B, 

W'Ti  W 

F  =  — —.     The  mean  force  is  ^—(R  +  r),  and  the  work  is 
?'  2r 

^{R  +  r){R-r\    or     TF  =  ^(i?' -  r'), 

where  R  =  BO  and  r  =  AO. 

id)  Central  Force  Inversely  Proportional  to  the  Square  of  the 
Distance  from  the  Centre. — Let  as  before  F'  be  the  force  at  a  dis- 

tance  r'.    Then  the  force  at  P  is  -y-^ ,  and  at  Q  it  is  .    Since 

F'r"^ 
QP  is  indefinitely  small,  we  can  write  for  both  of  these  -pr^ 7:777. 

The  work  in  passing  from  ^  to  P is  then y-^ 'nn^Q^  ~  ^^)'  ^^ 

F'r'^l-——  —  ^^)-    In  the  same  way  we  have  for  the  work  from  P 

to  A,  i^>"(^_^),andforthatfromBto  Q,    i^V"(i_^). 

Adding  these,  we  have  for  the  total  work  from  P  to  A 

where  R  =  BO  and  r  =  AO. 

Cor.  Hence  the  work  in  passing  from  an  infinite  distance  P  =  00 

to  a  distance  r  =  AO  is  TF  = . 


EXAMPLES. 

(1)  A  body  of  80  pounds  is  projected  along  a  rough  horizontal 
plane  with  a  speed  of  50  ft.  per  sec.  If  the  constant  retarding  force 
of  friction  is  equal  to  20  lbs.,  find  the  ivork  done  against  friction  in 
the  first  second  ;  the  total  work  done  in  coming  to  rest,     {g  =  32.2.) 

Ans.   919.5  ft. -lbs.;  3105.6  ft.-lbs. 

(2)  Show  that  the  work  done  in  drawing  a  heavy  body  up  a  rough 
inclined  plane  is  the  same  as  if  the  body  were  drawn  along  the 
equally  rough  base  and  then  lifted  through  the  vertical  height. 

(3)  The  distance  between  two  places  is  105  miles.  Train  A  stops 
at  27  stations.  Train  B  runs  through  ivithout  stopping.  The  aver- 
age resistances  to  A  and  B  with  the  brakes  off  are  equal  to  1/280 
and  1/224  of  their  respective  weights.  With  the  brakes  on,  the  resist- 
ances are  in  both  cases  1/28  of  the  respective  weights.  Suppose  the 
brakes  to  be  always  applied  when  the  speed  has  been  reduced  to  30 
miles  per  hour  and  not  before.  Find  which  train  is  more  expensive, 
and  by  how  much  per  cent. 

Ans.  Train  A,  by  9.4  per  cent. 
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(4)  Show  that,  in  the  case  of  a  particle  ivhich  is  oscillating  ivith 
a  simple  harmonic  motion,  the  work  done  during  its  motion  from  its 
extreme  position  to  its  mean  position  is  twice  that  done  during  its 
motion  from  a  distance  equal  to  three  fourths  of  its  amplitude  to  a 
distance  equal  to  one  fourth  of  its  amplitude. 

(5)  Find  the  work  done  by  the  sun^s  attraction  during  the  motion 
of  the  earth  from  Aphelion  to  Perihelion.  [Mass  of  earth  =  6.14  x 
10*'  gms.;  mass  of  sun  =  327000  times  that  of  the  earth  ;  distance  at 
Aphelion  =  1.512  x  10'*  cm. ;  distance  at  Perihelion  =  1.462  x  10'* 
cm. ;  radius  of  earth  =  6.37  x  lO^m.;  g  =  981  cm.-per-sec. per  sec; 
force  at  a  unit's  distance  {page  48,  Vol.  II,  Statics),  {M  +  mi)gri\ 
where  Mis  mass  of  sun,  m  mass  of  earth,  rx  radius  of  earth.] 

Ans.  1.79  X  1039  ergs. 

(6)  At  the  three  corners  A,  B,  C  of  a  square  ABCD  {side  —  100 
metres)  are  material  particles  of  3928,  7856  and  11784  grams.  Find 
the  work  done  against  gravitational  attraction  in  moving  1  gram 
from  the  centre  to  the  fourth  corner.     [Force  at  a  uniVs  distance 

{page  48,    Vol.  II,  Statics),  {M  +  1)^^,  where  mi  and  r-i  are  the 

mi 

mass  and  radius  of  the  earth,  and  Mthe  mass  of  the  particle  at  each 

corner,  g  =  981.] 

Ans.  7.82  X  10"*  ergs,  approximately. 

(7)  A  train  of  120  tons  (2240  lbs.)  runs  on  a  level  road,  and  the 
resistances  average  8  lbs.  per  ton.  Find  the  work  in  a  run  of  40 
miles.    (gf  =  32.2.) 

Ans.  2.03  X  lO^ft.-lbs. 

(8)  The  area  of  the  piston  of  a  steam-engine  is  A,  the  length  of 
stroke  L,  the  steam-pressure  per  unit  of  area  P,  the  number  of 
strokes  per  minute  N.    Find  the  work  per  minute. 

Ans.  P.  L.A.N. 

(9)  Find  the  work  per  stroke  of  an  engine  when  the  average 
pressure  of  steam  is  38  lbs.  per  square  inch  of  piston  area,  the  length 
of  stroke  Sfeet,  and  the  diameter  of  piston  14  inches. 

Ans.  17556  ft. -lbs.  per  stroke. 

(10)  It  is  found,  neglecting  friction,  that  a  horizontal  force  will 
move  10  lbs.  up  5  feet  of  incline  rising  1  in  4.  Find  the  work  done 
and  the  force  parallel  to  the  plane  which  will  just  support  the  weight 
of  10  lbs. 

Ans.  12.5  foot-pounds;  3.5  lbs. 

(11)  Find  the  work  done,  neglecting  friction,  in  drawing  a  car  of 
2  tons  weight,  loaded  with  30  passengers  averaging  154  pounds  eacl' 
up  a  slope  the  ends  of  which  differ  in  level  by  50  feet. 

Ans.  4.55  X  10^  ft. -lbs. 

(12)  The  grade  of  a  mountain  path  is  30°.  How  much  work 
against  gravity  is  done  by  a  man  0/168  lbs.  in  walking  a  mile  f 

Ans.  4.44  X  10^  ft.-lbs. 

(13)  Determine  the  unit  of  mass  in  order  that  the  absolute  unit  of 
work  may  be  the  foot-pound,  taking  the  second  and  foot  as  units 
and  S2.2  ft.-per-sec.  the  acceleration  due  to  gravity. 

Ans.  32.2  lbs. 

(14)  A  hole  is  punched  through  a  plate  of  wrought  iron  one  half 
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inch  thick,  the  pressure  on  the  punch  being  36  tons.    Assuming  the 
resistance  to  the  punch  uniform,  find  the  work. 

Ans.  3360  ft.-lbs. 

(15)  Find  the  ivork  done  by  a  crane  in  lifting  the  material  for  a 
stone  icall  100  feet  long,  36  feet  high  and  2  ft.  thick,  the  density  of 
the  stone  being  153  pounds  per  cubic  foot. 

Aus.  1.983  X  10^  ft.-lbs. 

(16)  A  fly-wheel  weighing  7  tons  (2240  lbs.)  turns  on  a  horizontal 
axle  1  foot,  in  diameter.  If  the  resistance  of  friction  is  3/40  of  the 
weight,  ivhat  is  the  work  done  in  10  turns  in  overcoming  friction  f 

Ans.  36,945  ft.-lbs. 

(17)  The  resistance  of  friction  along  an  inclined  plane  is  taken  at 
150  lbs.  for  each  ton  of  weight.  Find  the  work  in  drawing  2  tons 
(2240  lbs.)  up  100  ft.  of  an  incline  which  rises  1ft.  for  25  ft.  in  length. 

Ans.  47,920  ft.-lbs. 

(18)  Weights  of  10  lbs.  and  8  lbs.  are  connected  by  a  string  which 
passes  over  a  pulley.  It  is  found  that  the  heavier  weight  is  just 
less  than  necessary  to  move  the  smaller.  If  now  the  weights  are 
moved  uniformly  through  12  ft.,  find  the  work  done  against  friction. 

Ans.  24  ft.-lbs. 

(19)  The  plunger  of  a  force-pump  is  8f  inches  diameter,  the  length 
of  stroke  is  2  ft.  6  in.,  and  the  pressure  is  50  lbs.  per  square  inch. 
Find  the  work  per  stroke. 

Ans.  7516  ft.-lbs,  per  stroke. 

(20)  Find  the  equivalent  of  one  foot-poundal  in  ergs. 
Ans.  421390  ergs. 

(21)  Find  the  multiplier  by  which  ergs  are  reduxied  to  foot- 
pounds. 

Ans.  7.37  X  10-». 

{22)  A  particle  of  mass  m  moves  horizontally  in  a  circular  path 
of  radius  r  ft.  (a)  ivith  uniform  speed,  {b)  with  uniform  rate  of 
change  of  speed  a.  Find  the  work  done  in  both  cases  during  the 
motion  of  the  particle  through  a  semicircle. 

Ans.  (a)  none  ;  (6)  Tir^ma  ft.-poundals. 

(23)  In  the  preceding  example  let  the  plane  of  the  path  be  vertical, 
and  the  particle  move  from  top  to  bottom  through  a  semicircle. 

Ans.  {a)  2mgr  ft.-poundals;  (b)  2mg7' -{-  nr^ma  ft.-poundals. 

(24)  If  the  particle  move  from  right  to  left,  in  vertical  plane, 
through  a  semicircle. 

Ans.  (a)  none;  (&)  TT^-^wa  ft.-poundals. 

Rate  of  Work — Power. — Work,  as  we  have  seen,  is  independent 
of  time.  If  now  we  take  time  into  consideration,  the  time-rate  of 
Work,  or  work  per  second,  is  called  Power. 

The  mean  rate  at  which  a  force  does  work  in  a  given  time  is 
the  quotient  of  the  work  divided  by  the  time.  If  the  mean  rate 
does  not  vary,  it  is  uniform.  If  it  does  vary  with  the  time,  it  is 
variable. 

The  instantaneous  rate  is  the  mean  rate  when  the  interval  of 
time  is  indefinitely  small. 
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We  have  then 

R  = 

W 
t 

^      dW 

TInit  of  Rate  of  Work.— If  [TF]  is  the  unit  of  work,  [F]  the 
unit  of  force,  [L]  the  unit  of  distance,  and  [T]  the  unit  of  time,  we 
have  for  the  rate  of  work 


We  shall  have 


if  we  take 


F[F]8[L] 


Fs_W 


l±i\-    [T]     -  [TY 

The  unit  of  power  is  then  one  unit  of  work  per  unit  of  time. 
The  English  absolute  unit  of  power  is  then  1  ft.-poundal  per  sec, 
and  the  C.  G.  S.  absolute  unit  is  one  erg  per  sec. 

A  multiple  of  this  equal  to  10^  ergs  per  sec.  is  used  in  electrical 
measurements  and  called  the  Watt,  after  James  Watt.  The  watt 
is  therefore  one  joule  per  sec.  (page  42). 

In  gravitation  units  we  have,  in  English  measures,  the  foot- 
pound per  sec.  The  unit  employed  in  engineering  calculations  is 
550  ft. -lbs.  per  sec.  or  33000  ft. -lbs.  per  minute.  This  is  called  a 
Horse-power  and  denoted  by  H.  P. 

In  French  gravitation  units  we  have  the  metre-kilogram  per  sec, 
and  in  engineering  calculations  the  unit  is  75  metre-kilograms  per 
sec,  equivalent  to  542.486  ft.-lbs.  per  sec,  which  is  called  the  force 
de  cheval. 

Power  and  Momentum. — We  have  then 

where  R  is  the  rate  of  work  of  the  constant  force,  F  and  s  the  dis- 
placement, and  V  the  velocity  in  the  direction  of  the  force. 

If  m  is  the  mass  of  a  particle  and  /  the  acceleration  due  to  the 
force,  we  have 

R  =  mfv,    or   /  =  — . 

Hence,  the  acceleration  due  to  a  constant  force  whose  rate  of 
work  is  R  is  the  quotient  of  the  rate  of  work  divided  by  the  momen- 
tum in  the  direction  of  the  force. 

If  there  is  a  resistance  F'  to  the  force  F  in  the  opposite  direc- 
tion, and  if  the  acceleration  due  to  F'  is  /',  we  have  the  resultant 

R       F' 

acceleration  f-f'=^^-  —.    Hence 

R 


v  = 


mif-f)  +F'- 


When  /  =  /'  there  is  no  resultant  acceleration  and  v  is  uniform 
and  a  maximum. 
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Hence,  the  greatest  velocity  which  a  force  working  at  the  rate  R 

R 

can  produce  against  an  opposing  force  F'  is  equal  to  ev  . 

EXAMPLES. 

<1)  Find  the  work  done  against  gravity  in  drawing  a  car  of  2.5 
tons  (2240  lbs.),  loaded  with  30  passengers  of  154  lbs.  each,  up  an 
incline  the  ends  of  which  differ  in  level  by  120  feet,  and  also  find 
the  horse-power  if  the  time  is  half  an  hour. 

Ans.  1226.400  ft.-lbs. ;  1.34  liorse-power. 

(2)  Express  a  horse-power  and  a  force  de  cheval  in  C.  G.  S. 
absolute  units. 

Ans.  7.47  X  10'  ergs  per  sec;  7.36  X  10'  ergs  per  sec. 

(3)  Find  the  force  de  cheval  in  terms  of  the  horse-power. 
Ans.  0.987  H.  P. 

(4)  Find  the  horse-power  in  term,s  of  the  force  de  cheval. 
Ans.  1.014  force  de  cheviil. 

(5)  Find  the  horse-power  of  a  machine  which  raises  10  tons 
<2240  lbs.)  20  feet  in  2  minutes. 

Ans.  6.8  H.  P. 

(6)  If  an  engine  consumes  2  pounds  of  coal  per  horse-power  per 
hour,  hoiv  many  foot-pounds  of  ivork  will  it  perform  when  consum- 
ing 112  pounds  of  coal  f 

Ans.  110  880  000  ft.-lbs. 

(7)  If  a  pressure  of  1  ton  (2240  lbs.)  is  exerted  through  10  yards, 
hoiv  many  foot-pounds  of  work  are  done;  and  if  the  work  is  done  in 
half  a  minute,  what  is  the  horse-power  f 

Ans.  67200  ft.-lbs.;  4.07  horse-power. 

(8)  A  pumping-engine  is  partly  ivorked  by  a  weight  of  2  tons, 
tvhich  at  each  stroke  of  the  pump  falls  through  4  ft.  The  pump 
makes  10  strokes  per  mifiute.  How  many  gallons  of  water  are  lifted 
per  minute  by  the  weight  from  a  depth  of  200  ft.  f  Take  a  gallon  at 
8.355  lbs. 

Ans.  107.24  gallons. 

(9)  Calculate  the  horse-power  of  an  engine  from  the  following 
data:  stroke  24,  in.,  diameter  of  piston  16  in.,  100  revolutions  per 
min.,  average  effective  pressure  in  the  cylinder  60  lbs.  per  sq.  in. 

Ans.  146  horse-power. 

(10)  In  the  transmission  of  power  by  a  belt,  the  wheel  carrying 
the  belt  is  14  feet  in  diameter  and  makes  30  revolutions  per  minute, 
the  tension  of  the  rope  being  100  lbs.  Find  the  horse-power  trans- 
mitted. 

Ans    4  horse-power. 

(11)  What  diameter  of  cylinder  will  develop  50  horse-power  with 
a  four-foot  stroke,  40  revolutions  per  minute,  and  a  mean  effective 
pressure  of  30  lbs.  per  square  inch  above  the  atmosphere,  the  engine 
being  non-condensmg  f 

Ans.  21  inches. 

(12)  The  cylinder  of  an  engine  is  12  inches  diameter  by  20  inches 
long.  Average  pressure  60  lbs.  per  square  inch,  40  horse-power. 
Fiyid  the  rate  of  revolution. 

Ans.  58.4  revolutions  per  minute. 
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(13)  If  the  acceleration  of  a  falling  body  he  taken  as  unit  of 
acceleration,  1  ton  as  unit  of  mass,  1  horse-power  as  unit  rate  of 
work,  and  1  min.  as  unit  of  time,  find  the  desired  unit  of  length. 

Ans.  14.7  feet. 

(14)  A  mass  of  50  lbs.  is  drawn  on  a  smooth  horizontal  plane,  the 
work  being  at  the  rate  of  1/10  horse-power.  Find  the  acceleration 
when  the  speed  is  1  mile  per  hour,     {g  =  32.2.) 

Ans.  24.15  ft,  per  sec.  in  the  direction  of  motion. 

(15)  An  engine  is  employed  in  lifting  a  weight  of  112  pounds. 
If  the  engine  is  working  at  5  H.  P.  and  the  weight  has  a  speed 
of  5  ft.  per  sec,  find  its  acceleration.  At  what  H.  P.  must  the 
engine  work  to  lift  the  weight  with  a  uniform  speed  of  1  ft.  per  sec.  % 
(g  =  32.2.) 

Ans.  158.1  ft.-per-sec.  per  sec;  -H.  P. 

o 

(16)  Find  the  greatest  speed  an  engine  of  100  H.  P.  can  give  a 
train  of  70  tons  (2240  lbs.)  7nass  on  an  incline  of  1  in  100,  friction 
being  equivalent  to  a  force  of  8  pounds  per  ton.     (g  =  32.2.) 

Ans.  17.63  miles  per  hour. 

(17)  A  train  weighing  75  tons  ascends  an  incline  of  1  in  800  with 
a  uniform  speed  of  40  miles  an  hour.  Assuming  friction  to  be 
equivalent  to  a  force  of  6  pounds  per  ton,  find  the  rate  at  which  the 
engine  is  working. 

Ans.  70.4  H.  P. 

(18)  Check  this  statement :  Fifty-five  pounds  mean  effective 
pressure  at  600  ft.  piston  speed  gives  1  H.  P.  for  each  square  foot 
of  piston  area. 

Efficiency — Mechanical  Advantage. — In  a  machine  the  "moving 
force"  i^acts  at  the  "  point  of  application"  and  a  "useful"  resist- 
ance F'  is  overcome,  or  work  is  performed  at  some  other  point, 
called  the  '^  working  point. ^^  If  there  is  no  friction,  the  rate  of 
work  of  the  moving  force  F  must  always  equal  that  of  the  resist- 
ance.    Owing  to  friction  it  must  always  be  greater. 

The  ratio  of  the  rate  of  work  of  the  "  useful"  resistance  to  the 
rate  of  work  of  the  moving  force  is  called  the  efficiency  of  the 
machine. 

It  must  always  be  a  fraction  less  than  unity,  and  approaches 
unity  the  more  perfect  the  machine  and  the  less  the  friction.  If  we 
denote  it  bjr  e,  and  let  v  be  the  velocity  of  the  moving  force  F,  and 
v'  the  velocity  of  the  resistance  F',  we  have  the  efficiency 

F'v'  V 

€  =  -=^,      or     F'  =  e  -F. 
Fv  '  V 

V 

If  there  is  no  friction,   e  =  1  and  Fv  =  F'v'.     The  ratio  e-  is 

V 

called  the  mechanical  advantage  of  the  machine. 

If  F'  is  greater  than  F,  v'  must  be  less  than  v  in  nearly  the  same 

proportion,    or,  if    friction    is    disregarded,  in  exactly  the  same 

F'      V 
proportion,  that  is,  -^  =  — . 

Hence  the  familiar  maxim  that  "  what  is  gained  in  force  is  lost 
in  speed. ^^ 
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EXAMPLES. 

(1)  Two  masses  of  P  lbs.  and  Q  lbs.  are  hung  by  means  of  a 
perfectly  flexible  inextensible  string  over  a  smooth  pulley.  Dis- 
regarding friction  and  the  mass  of  the  pulley  and  rope,  discuss  the 
machine.    (See  Ex.  13,  page  9.) 

Ans.  If  jP  is  the  larger  mass,  and  if  we  disregara  friction  and  the  mass  of 
the  pulley,  the  moving  force  is  (P  —  Q)g  poundals.    The  total 
mass  moved  is  {P  +  Q)  lbs.     If  we  denote  the  acceleration  by 
/,  we  have 


iP  +  Q)f  =(P-  Q)9.     or    f=  %_^Q     ft.-per-sec.  per  sec. 
The  space  passed  over  from  rest  in  t  sec.  is  then,  for  P or  Q, 

The  velocity  starting  from  rest,  at  the  end  of  t  sec.  is,  for  P  or  Q, 
.=/*  =  ^^^ft.persec. 

The  tension  in  the  string  on  either  side  is 

T=P{g  -/)  =  Q(g  +/)  =  -|^  poundals  or  -|^  lbs. 
The  pressure  on  the  axle  is  the  sum  of  the  tensions  (see  page  9) 

(P  +  Q)g-{P-Q)f    or   ^^ibs. 

The  work  of  P  is  the  same  as  the  work  on  §,  or 


The  power,  or  rate  of  work,  is 

PQ{P  -  Q)gt  . 
550(P+^F^^""P^"^^- 

The  efl&ciency  e  =  1,  since  the  rate  of  work  of  P  equals  the  rate  of  work 
on  Q. 

V  v 

The  mechanical  advantage  e—  is  unity,  since  e  =  1  and  —  =  1. 

(2)  If  a  thread  of  a  screiv  makes  25  turns  in  3  inches,  and  the  arm 
is  24  inches,  find  the  force  to  sustain  a  weight  of  112  lbs.  {friction 
disregarded);  also  the  mechanical  advantage. 

Ans.  Let  the  moving  force  F  make  n  revolutions  per  minute.     Then  its 
27r  v^  24-  y  V 
velocity  is  -y  = inches  per  sec.     The  resistance  F'   moves  3/25 

inch  per  revolution,  or  v'  =  ^  inches  per  sec. 

Since  Fv  =  F'v',  we  have 

2^X24Xn  3^X112  ^^^  ><  ^  ^- 0.089  lb. 

60  25  X  60  '  27r  X  25  X  24 

The  efficiency  e  =  1.     F'  =  ^^  ^  ^^  ^^^F=  1256.6i/^,  or  the  mechan. 

o 

ical  advantage  is  1256.6. 
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(3)  If  the  thread  of  a  screw  is  inclined  at  an  angle  of  30°  to  the 
horizontal,  the  radius  of  the  screw  9  inches,  and  the  length  of  the  arm 
4  ft.,  find  what  force  will  sustain  1680  lbs. 

Ans.  100  lbs.     Mechanical  advantage  16.8. 

(4)  An  endless  screw  whose  pitch  is  5/8  inch  ivorks  in  a  worm- 
wheel  having  16  teeth  The  length  of  the  handle  is  10  inches.  Find 
the  mechanical  advantage. 

F'       10 
Ans.  Let  r  =  radius  of  wheel.    Then  i^  X  10  =  i^'  X  r,  or 


F 


But 


27tr  =  16  X  5",  or  r  = 


„  F'      IOtt 

Hence  -^  =  -g-, 


or  about  44  to  7. 


(5)  A  wheel  and  axle  is  used  to  raise  a  bucket  from  a  well.  The 
radius  of  the  wheel  is  15  inches,  and  while  it  makes  7  revolutions  the 
bucket,  which  weighs  30  lbs.,  rises  hh  ft.  Find  the  smallest  force  to 
turn  the  ivheel. 

Ans.  3  lbs.     Mechanical  advantage  10. 

(6)  Two  toothed  wheels  of  radius  R  and  R.  The  force  F  is  ap- 
plied at  a  distance  r  from  the  centre  of  the  first,  and  the  resistance 
F  is  applied  at  a  distance  r'  from  the  centre  of  the  second.  Find 
the  mechanical  advantage.     {Friction  neglected.) 

F'        V 
Ans.  We  must  have  Fv  =  F'v',  or  -— r  =  — .  Let 

F       V 

GO  be  the  angular  velocity  of  one  wheel  and  go'  that  of 

the  other.     Since  the  linear  velocity  of  the  point  of 

contact  is  the  same  for  both,  we  have  Hgo  =  II' oo',  or 

GO  Tt' 

— ;  —  v; .     The  velocity  of  ^  is  •y  =  tgo,  and  of  F', 
CO        R 


Hence 


TGO 

r'oo' 


r'R 


EL 
F' 


Therefore 


r  R 


(7)  In  the  system  of  pulleys  shown  in  the  figure 
find  the  mechanical  advantage,  neglecting  friction. 

Ans.  Whatever  distance   F'  may  be  raised  in  a  given 

time,  each  of  the  n  cords  will  be  shortened  by  that  much. 

■0         F' 
We  have  then  wo'  =  «?,  or  —  =  -=-  =  n,  where  n  is  the  num- 

15'  F 

ber  of  cords  at  the  lower  block. 

(8)  In  the  system  of  pulleys  shown  in  the  figure 
find  the  mechanical  advantage,  neglecting  friction. 

Ans.    Whatever    distance    F 
through  in  a  given  time, 


711 


^ 


^  y 


the  first  movable  pulley  passes  through  ^  that  distance  ;, 


second 


third 


nih. 
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Hence  «'  =  --«,  or  —  =  —  =  2",  where  n  is  the  number  of  movable  pul- 
leys. 

(9)  In  the  system  of  pulleys  shoivn  in  the  figure  find  the  mechani- 
cal advantage,  neglecting  friction. 

_  Ans.  Whatever  distance  F'  rises  in  a  given  time,  each  cord  will 

' 1^     be  shortened  by  that  distance.     Let  this  distance  be  d. 

n\        The  1st  movable  pulley  will  descend  through  distance  d; 

"  2d  through  dist.  (2  +  l)d; 

"  3d        "  "    2(2  +  1)(Z  +  cZ  =  (22  4- 2  +  l)(f; 

-  4th      "         "    2[2{2-i-l)d-i-d\  +  d  =  i2^-\-2^-\-2-{-l)d; 

"  Tith       "         "    (2"-i  +  2*^-2  +  .  .  .  2  +  l)d. 

The  force  F  will  descend  through  twice  the  distance  of  the  nth 
movable  pulley  +  d,  or 

2(2^-1  +  2"-2  +  .  .  .  2  +  1)(^  +  cZ  =  d{2^  +  2«-i  +  .  .  .  2^  +  2  + 1) 

^cZ(2«  +  i-  1). 

^      2^  +  1—1       F' 
Hence  -  = z =  -^ ,  where  n  is  the  number  of  movable  pulleys. 

(10)  A  man  weighing  175  lbs.  is  lowered  into  a  well  by  means  of  a 
unndless  the  arm  and  axle  of  which  are  30  inches  and  8  inches  di- 
ameter. Find  the  force  which  must  be  applied  to  let  him  down  with 
uniform  velocity. 

Ans.  46J  lbs. 

(11)  Suppose  we  have  four  pulleys  as  in  Ex.  (8),  three  movable 
and  one  fixed,  and  that  the  weight  is  a  man  weighing  160  lbs. 
Find  what  pull  the  man  must  exert  in  order  to  raise  himself. 

Ans.  20  lbs. 

(12)  A  weight  of  336  lbs.  is  raised  3  feet  by  means  of  a  single 
movable  pulley  the  block  of  which  has  three  sheaves.  Find  the  force 
and  the  distance  through  which  it  acts. 

Ans.  56  lbs.;  18  ft. 

(13)  In- the  system  of  pulleys  in  Ex.  (7),  rf  the  block  weighs  8  lbs. 
and  there  are  three  pulleys  in  the  lower  block,  find  the  weight  which 
a  force  of  20  lbs.  can  support. 

Ans.  112  lbs. 

(14)  Find  the  mechanical  advantage  in  a  system  of  three  pulleys 
similar  to  Ex.  (9). 

F' 

Ans.  — =7. 

(15)  The  thread  of  a  screw  makes  12  turns  in  a  foot  of  length. 
The  moving  force  is  applied  at  the  end  of  an  arm  2  feet  long.  It  is 
found  that  when  this  force  is  30  lbs.  it  can  just  raise  a  weight  of 
1200  lbs.  What  portion  of  the  moving  force  is  expended  against 
friction,  and  how  many  foot-pounds  of  work  are  performed  by  tJie 
moving  force  when  the  weight  is  raised  2  feet  f 

Ans.  22  lbs.;  2400  ft, -lbs.  of  work. 


CHAPTEE  V. 
ENERGY.    KINETIC  ENERGY. 

ENEKGY.      KINETIC   ENERGY.      ILLUSTRATIONS   OP  KINETIC   ENERGY.      BODY 
MOVING  IN  A  RESISTING  MEDIUM. 

Energy.— Work,  as  we  have  seen  (page  41),  is  done  by  a  uniform 
force  upon  a  particle  when  the  particle  has  a  component  displace- 
ment in  the  direction  of  the  force,  and  work  is  done  by  a  particle 
against  a  uniform  force  when  the  particle  has  a  component  dis- 
placement in  a  direction  opposite  to  that  of  the  force.  When  a 
particle  is  able  to  thus  do  work  against  a  force  it  is  said  to  possess 
energy,  and  the  work  it  is  capable  of  doing  is  called  its  energy. 

The  unit  of  energy  is  therefore  the  unit  of  work  (page  42). 

Kinetic  Energy.— The  work  which  a  particle  is  able  to  do  by 
reason  of  its  velocity  is  called  its  kinetic  energy. 

Determination  of  Kinetic  Energy.— Let  a  particle  of  mass  m  be 
at  rest,  and  let  it  be  acted  upon  by  a  uniform  force  F  in  any  direc- 
tion, and  at  the  end  of  any  time  acquire  the  velocity  v  in  that 
direction.     The  uniform  force  F  causes  a  uniform  acceleration 

F 

-^       m 

The  path  is  a  straight  line,  and  the  distance  described  in  the 
path,  which  in  this  case  is  the  displacement,  is  (page  51,  Vol.  I, 
Kinematics) 

This  displacement  is  in  the  direction  of  the  force.  Inserting  the 
value  of/,  we  have 

s  =  2^,     or    Fs  =  2  mv^ 

where  by  definition  Fs  is  the  work  of  the  force  F  in  giving  the 
particle  the  velocity  v,  starting  from  rest.  This  work  is  evidently 
also  the  work  which  a  particle  of  mass  m  moving  with  velocity  v 
can  do  while  coming  to  rest  against  a  uniform  opposing  force  F. 
It  is  therefore  the  kinetic  energy  of  the  particle,  or  the  work  the 
particle  is  capable  of  doing  by  virtue  of  its  velocity. 

Hence,  the  kinetic  energy  of  a  particle  is  equal  to  one  half  the 
product  of  its  mass  by  the  square  of  its  velocity. 

If  then  Vi  is  the  initial  and  v  the  final  velocity  of  a  particle 

moving  in  a  straight  line,  then  ^  mvi'  is  the  work  the  particle  can 

til 

do  by  virtue  of  its  initial  velocity,  and  ^  mv'  is  the  work  it  can  do 

56 


CHAP,  v.]  KINETIC   ENERGY.  57 

by  virtue  of  its'  final  velocity.    If  Vi  is  greater  than  v,  then  the 

difference  -mvi^  —  —mv^  is  the  work  which  the  particle  has  done 

against  uniform  opposing  force.    This  work  is  negative  (— ).    If  v 

is  greater  than  Vi ,  then     mv''  —  „mvi^  is  the  work  done  by  the 

uniform  force  upon  the  particle.    This  work  is  positive  (  +  ).    We 
have  then  in  general  for  uniform  force  and  path  a  straight  line 

^mv^  —  z'mvi'' =  W. (1) 

That  is,  the  gain  or  loss  of  kinetic  energy  is  equal  to  the  work 
done  by  or  against  the  uniform  force. 

This  work  we  see  is  independent  of  the  time  and  depends  simply 
upon  the  velocities  Vi  and  v. 

The  same  holds  true  whatever  the  path,  whatever  the  time  or 
number  of  forces  and  whether  the  forces  are  uniform  or  variable. 

Thus  let  any  number  of  variable  forces  act  upon  a  particle 
moving  in  any  path.  The  forces  acting  upon  the  particle  at  any 
point  of  its  path  can  be  resolved  into  a  resultant  normal  and 
tangential  component.     The  normal  component  does  no  work. 

Since  the  work  of  the  resultant  is  equal  to  the  algebraic  sum  of 
the  works  of  the  components  (page  43),  the  work  of  the  variable 
forces  is  equal  to  the  work  of  the  resultant  variable  tangential 
component. 

If  we  divide  the  path  into  an  indefinitely  large  number  of 
indefinitely  small  displacements,  this  tangential  component  may  be 
considered  as  uniform  during  each  displacement.  Let  then  Fi , 
F-i,  Fa,  etc.,  be  the  uniform  tangential  components  during  the 
small  displacements  Si ,  Sa ,  Sa ,  etc.,  and  let  ih  be  the  initial  velocity 
and  V2,  Va,  etc. ,  be  the  velocities  after  the  successive  displacements 
Si ,  Sa ,  etc.    Then  if  v  is  the  final  velocity,  we  have 

FiSi  =  -^mv2^  —  -^mvi^; 

FiSi  =  -^mva'^  —  -^mv^\ 
^         1      o      i      o 

FaSa  =  -^mVi^  —  -^mva^; 


-f'  nSn 

=  \mv^- 

If  TTis 

the  total  work. 

we  have  by  summation 

W-- 

1       , 

=  2^^  - 

1™"'' •       •       • 

(1) 

We  see  then  that  equation  (1)  holds  in  all  cases,  whatever  the 
time  or  path  or  number  of  forces,  and  whether  the  acting  forces 
are  uniform  or  variable.     (The  derivation  of  equation  (1)  by  calculus 

is  given  on  page  46.)    If  V\  =  0.  we  have  W  —  -^mv^. 
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In  general,  then,  kinetic  energy  gives  the  work  a  moving  particle 
can  do  against  force  by  virtue  of  its  velocity,  or  the  work  done  by 

force  in  giving  it  that  velocity.    It  is  always  given  by  -mv^  whatever 

Z 
the  time,  path  or  forces. 

The  gain  or  loss  of  kinetic  energy  is  equal  to  the  work  done  by 
or  against  the  acting  forces  whatever  the  time,  path  or  forces. 

The  product  -mv^  gives  the  work  in  foot-poundals  if  m  is  taken 

in  pounds  and  v  in  feet  per  second.  If  we  wish  the  work  in  gravi- 
tation measure,  or  in  foot-pounds,  we  must  divide  by  g  in'  feet-per- 
sec.  per  sec. 

If  we  take  m  in  grams  and  v  in  centimetres  per  second,  the 

product  ^mv'^  gives  the  work  in  ergs,  or  dyne-centimetres.     If  we 

wish  the  work  in  gravitation  measure,  or  in  gram-centimetres,  we 
must  divide  by  g  in  centimetres-per-sec.  per  sec. 

Cor.  If  the  path  is  a  circle,  we  have  v  =  roo,  where  go  is  the 
angular  velocity  and  r  is  the  radius.    The  kinetic  energy  is  then 

given  by  ^  mr'^co^,  and  we  have 

W  =  -g  wr'ttj'  —  ^mr^GOi^. 

Illustrations  of  Kinetic  Energy.— We  have  seen  (page  33)  that 
if  a  particle  of  mass  m  has  at  any  instant  the  velocity  Vi  in  any 
direction,  the  uniform  force  F  always  opposed  to  that  direction 
which  would  bring  it  to  rest  in  the  time  t  is  equal  to  the  rate  of 

change  of  momentum,   or  F  =  —r--     But  the  space  described  in 

V  1 

coming  to  rest  is  ^t  =  s.     Hence  —  Fs  =  -mvi^.    Here  we  see  that 

the  work  against  the  force  necessary  to  bring  the  particle  to  rest  is 
the  kinetic  energy,  no  matter  what  the  time  or  path  may  be. 

Again,  let  a  particle  of  mass  m  start  from  rest  with  a  constant 
rate  of  change  of  speed  a,  and  describe  the  distance  s.  Then  the 
final  speed  attained,  whatever  the  path,  is  given  (page  28,  Vol.  I, 

Kinematics)  by  v'^  =  2as.    If  we  multiply  by  -,  we  have  ^  mv"^  = 

mas.    But  ma  is  the  tangential  force  Ft,  and  FfS  is  the  work  (page 

44).      Here  we  see  that  the  kinetic  energy  -mv'^  gives  the  work 

done  by  the  force  in  imparting  the  velocity  v. 

Again,  let  a  particle  of  mass  m  be  acted  upon  by  a  force  or  accel- 
eration proportional  to  the  distance  of  the  particle  from  a  fixed 
point,  and  let  the  particle  move  from  a  distance  i^  to  a  distance  r. 
Then  we  have  (page  104,  Vol.  I,  Kinematics),  if  the  particle  starts 
from  rest,  whatever  the  path  may  be, 

v'  =  ^(R'-r'), 
r 

where  a'  is  the  rate  of  change  of  speed  at  a  given  distance  r'  along 
the  path,  and  R  and  r  are  measured  along  the  path. 
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If  we  multiply  by  — ,  we  have  -mv^  —  -— (-R*  —  f^)  =  ;r-(-R^  -  ^'), 
^  2  2r  2r 

where  F'  is  the  force  at  a  distance  r',  and  we  have  shown  (page 
47)  that  this  is  the  work  done  by  the  force  in  giving  the  velocity  v. 

Again,  let  a  particle  of  mass  m  be  acted  upon  by  a  force  or 
acceleration  inversely  proportional  to  the  square  of  the  distance 
from  a  fixed  point,  and  let  the  particle  move  from  a  distance  R  to 
a  distance  r.  Then  we  have  (page  99,  Vol.  I,  Kinematics),  if  the 
particle  starts  from  rest,  whatever  the  path  may  be, 


^  =  2ar'^[l-'-), 


where  a'  is  the  rate  of  change  of  speed  at  a  given  distance  r'  along 
the  path,  and  R  and  r  are  measured  along  the  path. 

If  we  multiply  by  — ,  we  have 

where  F'  is  the  force  at  a  distance  r',  and  we  have  shown  (page  47) 
that  this  is  the  work  done  by  the  force  in  giving  the  velocity  v. 

Thus  we  see  that  in  all  cases  -mv'^,  or  the  kinetic  energy,  gives 

2 
the  work  a  particle  can  do  in  coming  to  rest,  or  the  work  necessary 
to  give  it  the  velocity  v  no  matter  what  the  law  of  force,  time  or 
path. 

We  have  then,  generally, 

—mv'^  —    mvi^  =  W, 
Z  Z 

where  Vi  and  v  are  the  initial  and  final  velocities. 

Hence,  the  gain  or  loss  of  kinetic  energy  gives  the  tvork  done  by 
or  against  the  acting  forces  ;  and 

Work  done  by  a  force  is  positive  (+),  work  against  a  force  i& 
negative  ( —  ). 

[Body  Moving  in  a  Resisting  Medium — Coefficient  of  Resistance. 

— Let  ^  be  the  density  or  mass  of  a  unit  of  volume  of  the  medium,  and  5 
the  density  of  the  body,  considered  homogeneous. 

Consider  first  the  case  of  a  plane  surface  AB  moving  in  a  direction  at 
right  angles  to  the  surface.     Let  v  be  the  velocity  at  any  ;y  ^         ^ 

instant,  and  A  the  area  of  the  surface.  ' 

In  any  indefinitely  small  time  dt  every  particle  of  the 
medium  which  comes  in  contact  with  the  plane  has  its 
velocity  in  the  direction  of  motion  increased  from  zero 
to  V.  ^ 

The  corresponding  pressure  normal  to  the  surface  is  then  the  rate  of 
change  of  momentum  (page  33),  or  the  normal  resistance  to  motion  is 

— ,  where  m  is  the  mass  of  the  displaced  medium  in  the  short  time  dt. 

CiZ 

If  the  resistance  is  considered  constant  for  the  very  short  time  dt,  the 
distance  traversed  by  the  plane  is  -r-,  and  the  mass  of  medium  displaced 
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is  m  =  — - — ,  where  A  is  the  area  of  surface  at  right  angles  to  the  mo- 


tion. 

Therefore  the  resistance  is 


~di 


JA^ 


The  same  result  is  thus  obtained  by  the  principle  of  energy  :  To 

impart  the  velocity  v  to  the  mass  m  of  the  medium  requires  a  work  of 

Div^  vdt 

— -.     The  distance  passed  through  in  a  short  time  dt  is  -— .     The  con- 

171V 

stant  pressure  for  that  time  is  the  work  divided  by  the  distance,  or  -— . 

at 

The  volume  of  medium  moved  is  the  area  A  at  right  angles  to  the  motion 

multiplied  by  the  distance,  or ,  and  its  mass  is  w  =  .     Hence 

2  2 

the  resistance  is,  as  before, 

mv  _  /JAv^ 
'dt"     2    * 

Consider  now  a  plane  moving  in  a  direction  oblique  to  the  surface. 
^  Let  AB  move  vertically  with  a  velocity  v  and  an 

inclination  5  to  the  vertical. 

The  velocity  normal  to  the  surface  is  v  sin  6,  and 
hence  the  normal  pressure  is  as  before 

JAv'  sin*  0 


■\B 


2 


=  iV. 


The  component  of  this  pressure  in  the  direction 
of  motion  is 

„       ,^  .     ^      ^Axi"^  sin'  0      J    .    .    ^        o   •  Q « 
R  =  iV^sm  0  = =  —  AsmQ  X  v^  sm''  0. 

But  A  sin  0  is  the  projection  of  the  surface  at  right  angles  to  the 
motion. 

Consider  next  a  solid  of  revolution  moving  in  the  direction  of  its 
axis  CD.    Let  AB  be  any  element  ds  of  the  generating 
curve,  making  the  angle  0  with  CD,  and  let  its  co-ordi- 
nates be  X  and  y. 

Then  the  projection  of  AB  at  right  angles  to  the 

motion  is  27txdx  =  J.  sin  0;  and  since  sin  0  =  — — ,  we  a\ 

ds 

have  for  the  resistance  in  the  direction  of  motion 

-77  X  27txdx  X  v^  -—  =  nJv^xdx  -— . 
2  ds"  ds^ 

The  mass  of  the  solid  is  Tt8    I  x^dy. 

The  retardation  of  the  body  or  minus  acceleration  is  then 

force      ^^^'/^^^:^ 


-/  = 


n^ 


I  x'dy 
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We  see  then  that 

/  =  -  c«', 

or  the  retardation  is  directly  proportional  to  the  square  of  the  velocity. 
The  constant  c  is  called  the  coefficient  of  resistance,  and  is  given  by 

r  ^  ^^' 

.     /  xax  -T-: 

-'7^ ™ 

Since  the  effect  of  friction  has  been  disregarded,  it  is  customary  to  put 

/  =  -  ^cv\ (3> 

where  C  is  an  experimental  constant  and  c  is  given  by  (1). 
For  a  sphere  we  have 

0^^  +  y«  =  r\    |-  =  -  |-,     ds  =  \/dx'  +  dy\ 

and  hence 

dx^  1  1  y" 


ds'  dy^  ^      r" 

^  '^  dx'  ^  y' 


Substituting  in  (1),  we  have 


C  = 


/  xOr''  -  x'')dx         .   ^ 


r- 


y'')dy 


For  a  cone  we  have,  if  ?■  is  the  radius  of  base  and  h  the  height, 
y  :x::h:r,    or    ry  =  hx,    -^  =  -j-,     ds  =  ^dx"  +  dy^y 

and  hence 

dx"  1  1 


ds^        .    .df-  ?^ 

^  ^  dx'       ^  "*■  r* 


Substituting  in  (1), 

"•  xdx 


/"•  xax 


^J.  7'^  ZAr 


/   -x'dx 


J. 
If  the  cone  terminates  in  a  cylinder  of  length  I,  we  have 


c  = 


35(3Z  +  h){r''  +  m 
These  are  the  values  of  c  used  in  pages  110-113,  Vol.  I,  Kinematics. 
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For  iron  in  water  we  may  take  ^  =       7.2; 

"     "     "  air  **     *'       "    4  =  5983.28 

A 

"  mist  or  rain  in  air     "    "       "    ^=    813.82 

"  lead  in  water  •*     *'       "    J  =      l^-^S 

"     *'     "  air  "     "       *'    J  =  9423.61. 

These  are  the  values  of  -  assumed  in  page  113,  Vol.  I,  Kinematics. 

EXAMPLES. 

(1)  A  fly-wheel  has  a  mass  of  30  tons,  ivhich  is  to  be  considered  as 
distributed  around  the  circumference  of  a  circle  8  ft.  in  radius  ;  it 
makes  20  revolutions  per  minute.    Find  its  kinetic  energy. 

Ans.  292900  ft. -lbs. 

(2)  A  ball  weighing  five  ounces  and  moving  with  a  velocity  of 
1000  ft.  per  sec .  strikes  an  obstacle,  and  after  piercing  it  moves  on 
ivith  a  velocity  of  400  feet  per  sec.    Find  the  energy  lost. 

1  '^l^^O 
Ans.  131250  ft.-poundals  or  ft. -lbs. 

9 

(3)  What  constant  force  will  bring  a  car  of  5  tons^  moving  with  a 
speed  of  6  miles  per  hour,  to  rest  in  20  feet  f 

Ans.  21683  poundals  or pounds. 

(4)  How  far  will  a  car  run  on  level  rails  if  it  has  an  initial 
speed  of  10  miles  an  hour  and  friction  is  1/20  of  the  weight  f 

Ans.  66.8  feet. 

(6)  If  an  ounce  bullet  leaves  a  gun  with  a  velocity  of  800  ft.  per 
sec,  the  barrel  being  3  ft.  long,  what  is  the  accelerating  force,  sup- 
posing it  uniform  f 

Ans.  6666  poundals  or pounds. 

(6)  A  shot  of  1000  lbs.  moving  at  1600  ft,  per  sec.  strikes  a  fixed 
target ;  how  far  will  the  shot  penetrate  if  the  average  pressure  is 
12000  tons  f 

Ans.  1.49  feet. 

(7)  A  train  of  200  tons,  starting  from  rest,  acquires  a  speed  of  40 
miles  an  hour  in  three  minutes.  What  is  the  effective  moving  force, 
assuming  it  uniform,  f 

Ans.  2.03  tons. 

(8)  A  bullet  weighing  2i  oz.  leaves  a  gun  with  a  velocity  of  1550 
ft.  per  sec;  the  length  of  barrel  is  2^  feet.  Find  the  average  accel- 
erating force. 

Ans.  2332  lbs.  " 


€HAP.  v.]  EXAMPLES — KINETIC   ENERGY.  63 

(9)  A  hall-player  catches  a  hall  moving  at  50  ft.  per  sec.  The 
mass  of  the  hall  is  4  oz.  If  the  space  during  which  the  hall  is 
hr ought  to  rest  is  6  inches,  what  is  the  average  pressure  on  the 
hands  f     What  is  the  time  of  stoppage  f 

Ans.  19.4  lbs.;  1/50  sec. 

(10)  A  fly-wheel  has  a  mess  of  SO  tons,  which  may  he  considered 
as  distrihuted  along  the  circumference  of  a  circle  8  ft.  in  radius.  It 
starts  from  rest  and,  under  the  action  of  a  constant  force  applied  at 
the  extremity  of  a  crank  18  inches  long,  acquires  a  speed  of  20 
revolutions  per  minute  in  one  minute.     Find  the  force  on  the  crank. 

Ans.  3100  lbs. 

(11)  A  heavy  hody  is  projected  up  an  incline  rising  1  in  100  ;  the 
friction  against  the  plane  is  one  tenth  of  the  pressure.  Find  the  dis- 
tance it  will  travel  hefore  heing  reduced  to  rest,  the  velocity  of 
projection  heing  121  ft.  per  sec. 

Ans.  2067  feet. 

(12)  Find  the  tension  on  a  rope  which  draws  a  carriage  of  8  tons 
up  a  smooth  incline  of  1  in  5,  ^and  causes  an  increase  of  velocity  of 
S  ft.-per-sec.  per  sec. 

Ans.  169165  poundals  or  lbs. 

(13)  If  on  the  same  incline  the  rope  hreaks  when  the  carriage  has 
a  velocity  of  48.3  ft.  per  sec,  how  far  ivill  the  carriage  continue  to 
move  up  the  incline  f 

Ans.  181  feet. 

(14)  A  mass  P,  after  falling  freely  through  h  ft.,  hegins  to  pull 
up  a  heavier  mass  Q  hy  means  of  a  string  passing  over  a  smooth 
pulley.    Find  the  height  to  ivhich  Q  will  he  lifted. 

Ans.  -^ —  feet. 
q-p 

(15)  The  tractive  force  of  an  engine  is  P  tons.  If  the  weight  of 
engine  and  train  is  W  tons  and  the  frictional  resistance  n  Ihs.  per 
ton,  show  that  in  going  up  a  p-per-cent  grade  the  velocity  acquired  in 
t  seconds  from  rest  will  he  Qgtft.  per  sec,  and  the  energy  0.5  WQ^gt' 

P         t)  n 

ft. -tons,  where  <^  =  1^  "  Iqo  "  2240' 

(16)  In  a  hrake  test,  a  train  moving  22  miles  an  hour  on  a  down 
grade  of  1  per  cent  was  stopped  in  91  /(.  There  was  94  per  cent  of 
the  train  hraked.  Taking  the  frictional  resistance  as  8  Ihs.  per  ton 
of  2000  Ihs.,  find  the  net  hrake  resistance  per  ton,  and  the  grade  to 
which  this  is  equivalent,    (g  =  32.) 

Ans.  398  lbs.,  equivalent  to  19.65  per  cent  grade. 

(17)  An  engine  exerts  on  a  car  weighing  20000  Ihs.  a  net  pull  of 
2  lbs.  per  ton  of  2000  lbs.  Find  the  energy  stored  in  the  car  after 
going  2i  miles. 

Ans.  264,000  ft. -lbs. 

(18)  If  shunted  onto  a  level  side  track  where  the  frictional  resist- 
ance is  10  Ihs.  per  ton,  how  far  will  it  run  f 

Ans.  One-half  mile. 

(19)  If  the  side  track  has  a  one-per-cent  grade  f 
Ans.  One-sixtli  mile. 
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(20)  What  effect  has  the  recoil  of  a  gun  upon  its  range  f 
Ans.  Let  M  =  the  mass  of  the  gun  and  V  its  velocity  of  recoil ; 

m  =  "       "      "    "     ball    "    V    " 
If  these  velocities  are  produced  in  a  short  time  t,  the  mean  pressure  on  th& 

gun  is  — — ,  and  on  the  ball  — — .     These  must  be  equal,  and  hence 


MV  =  mv,    or     V  = 


mv 
~M' 

1  m2«2 


The  work  on  the  gun  is  then  ^-^F^  =  „ 


The  work  on  the  ball  is 
^.     Let  w  =  the  entire  work  of  the  powder.     Then 


1       ,1   mH- 

2^"  +2 -:^  =  ^' 


or 


•V: 


2w 


If  w  and  m  are  constant,  the  velocity  X)  of  the  ball  will  increase  as  M 
increases.  But  as  M  increases,  the  velocity  of  recoil  V  decreases.  Thus  ^ 
increases  as  the  recoil  diminishes.     If  M  is  infinite,  we  have  no  recoil  at  all 

/2^ 
andij  =  4/ ,  or  all  the  work  is  done  on  the  ball.     If  ilf  =  nm.  we  have 


^  =  y^' 


m  71  +  1  ■ 


Since  — —  is  always  less   than  unity,    we  see  that  -»  diminishes  as  n 

diminishes.     Theoretically,  then,  a  gun  shoots  farther  the  greater  its  mass 
and  the  less  its  recoil. 
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OHAPTEE    VI. 
KINETIC  FRICTION. 

FKICTION.  ADHESION.  KINDS  OF  FRICTION.  REACTION  OF  A  ROUGH  CURVE 
OR  SURFACE.  TRANSLATION  OF  A  BODY  ON  ANY  CURVE  OR  SURFACE. 
COEFFICIENT  OF  KINETIC  SLIDING  FRICTION.  ANGLE  OF  KINETIC  FRIC- 
TION. LAWS  OF  KINETIC  SLIDING  FRICTION.  MOMENT  AND  WORK  OF 
FRICTION.  KINETIC  FRICTION  OP  PIVOTS,  AXLES,  ROPES,  ETC.  EXPERI- 
MENTAL DETERMINATION  OF  COEFFICIENTS  OF  KINETIC  SLIDING  FRIC- 
TION. FRICTION-BRAKE  TEST.  WORK  OF  AXLE-FRICTION.  TABLE  OF 
COEFFICIENTS   OF   KINETIC   FRICTION. 

Friction.  — Every  natural  surface  offers  a  resistance  to  the  mo- 
tion of  a  body  upon  it.  Part  of  this  resistance  is  due  to  adhesioa 
between  the  body  and  surface,  and  part  is  due  to  friction. 

Friction,  then,  is  always  a  retarding  force  or  resistance,  and 
acts  always  in  a  direction  opposite  to  that  in  which  the  body  moves. 

When  one  surface  moves  upon  another,  the  surfaces  in  contact 
are  compressed  and  projecting  points  and  irregularities  are  bent 
over,  broken  off,  rubbed  down,  etc. 

The  resistance  due  to  friction,  therefore,  evidently  depends  upon 
the  materials  of  which  the  surfaces  are  composed,  and  also  upon 
the  roughness  or  smoothness  of  the  surfaces  in  contact. 

It  may  also  evidently  vary  for  the  same  surfaces,  according  to 
their  condition  or  state  or  material  constitution. 

Thus  it  may  not  be  the  same  for  surfaces  of  dry  wood  or  iron  as 
for  the  same  surfaces  under  the  same  condition  when  wet.  It  may 
not  be  the  same  for  two  surfaces  of  wood  with  their  fibres  parallel 
as  for  the  same  surfaces  under  the  same  conditions  when  their  sur- 
faces are  not  parallel. 

Unguents  also  have  a  great  influence.  Such  fluid  or  semi-fluid 
unguents  as  oil,  tallow,  etc.,  fill  up  interstices  and  diminish  the 
effect  of  irregularities  of  surfaces ;  or  a  film  of  unguent  may  be 
interposed  between  the  surfaces  and  thus  the  resistance  of  friction 
greatly  diminished. 

Adhesion. — We  must  not  confound  the  resistance  due  to  friction 
with  that  due  to  adhesion.  Adhesion  is  that  resistance  to  motion 
which  takes  place  when  two  different  surfaces  come  in  contact  at 
many  points  without  pressure.  Adhesion  increases  with  the  area 
of  the  surface  of  contact  and  is  independent  of  the  pressure,  while, 
as  we  shall  see  (page  67 j,  friction  increases  with  the  pressure  and  is 
in  general  independent  of  the  area  of  surface  of  contact. 

If,  however,  the  pressure  is  great,  adhesion  may  be  neglected 
compared  to  friction,  and  the  resistance  to  motion  is  then  practi- 
cally that  due  to  the  friction  only. 

When  the  surfaces  in  contact  are  of  the  same  kind,  we  call  the 
resistance  to  motion  cohesion  ;  when  of  different  kinds,  adhesion. 
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Kinds  of  Friction. — Surfaces  may  slide  or  roll  on  one  another. 
We  distinguish  accordingly  sliding  friction  and  rolling  friction. 

It  is  also  found  by  experiment  that  the  friction  which  just  pre- 
vents motion  is  greater  than  that  which  exists  after  actual  motion 
takes  place.  The  friction  which  just  prevents  motion  is  called 
friction  of  repose  or  quiescence,  or  static  friction.  The  friction 
which  exists  after  actual  motion  takes  place  is  called  friction  of 
motion,  or  kinetic  friction. 

We  have  then  two  kinds  of  static  friction,  viz.,  static  sliding 
friction  and  static  rolling  friction. 

We  have  also  two  kinds  of  kinetic  friction,  viz.,  kinetic  sliding 
friction  and  kinetic  rolling  friction. 

We  have  to  do  in  this  portion  of  our  work  with  kinetic  friction 
only.  We  have  already  treated  static  friction  in  Chap.  IX,  Vol.  II, 
Statics. 

Reaction  of  a  Curve  or  Surface.— When  a  particle  is  in  contact 
with  a  rigid  material  curve  or  surface,  the  pressure  which  the  curve 
or  surface  exerts  upon  the  particle  is  called  the  reaction  of  the  curve 
or-  surface. 

If  then  we  introduce  this  reaction  as  an  additional  force  in  com- 
bination with  all  the  other  forces  acting  upon  the  particle,  we  can 
remove  the  curve  or  surface  and  consider  the  motion  of  the  particle 
under  the  action  of  all  the  other  forces  and  of  this  reaction. 

The  reaction  of  the  curve  or  surface  is  a  force  internal  to  the 
system,  or  a  stress  (page  37).  All  the  other  forces  acting  upon  the 
particle  we  may  then  call  external  forces. 

Translation  of  a  Body  on  any  Curve  or  Surface. — Let  a  rigid 
body  ADE  move  hy  sliding  on  any  curve  or  surface,  and  touch  it 
at  many  points  Pi,  Pi,  Pa,  etc.  Let  the  reactions 
at  these  points  be  Pi,  P2,  Ps,  etc.,  and  let  the 
resultant  of  all  the  external  forces  be  P  acting 
at  A. 

Let  the  line  of  direction  P'  intersect  the  curve 
or  surface  at  P.  Then,  if  the  curve  or  surface 
resists  by  pressure  only,  this  point  P,  for  sliding 
motion  only  or  translation,  must  evidently  fall 
within  the  line  or  surface  of  contact  DE.  For  if  it  falls  outside, 
then,  since  the  resultant  reaction  must  be  inside,  the  body  will  ro- 
tate, and  we  have  sliding  and  rolling,  and  not  translation  only. 

Since  we  can  replace  the  curve  or  surface  at  any  point  of  the 
base  DE  by  its  reaction  at  that  point,  ive  can  treat  the  entire  body 
for  sliding  only,  as  a  particle  of  equal  mass  placed  at  any  one  of  its 
points  of  contact  and  acted  upon  by  the  reaction  at  that  poiyit  and 
all  the  other  forces  and  reactions,  considered  as  external  forces. 
The  motion  of  this  particle  is  the  same  as  that  of  the  body. 

Since  we  are  dealing  now  with  translation  only,  we  can  then  con- 
sider all  cases  as  the  motion  of  a  particle  on  a  curve  or  surface. 

Coefficient  of  Kinetic  Sliding  Friction.— When  one  surface  slides 
upon  another,  the  sum  of  the  frictions  at  every  point  of  contact  is 
the  total  friction,  and  the  sum  of  the  normal  pressures  at  every 
point  of  contact  is  the  total  normal  pressure. 

The  ratio  of  the  total  friction  to  the  total  normal  pressure  when 
motion,  either  sliding  or  rolling,  is  just  about  to  begin,  we  have 
called  (page  189,  Vol.  II,  Statics)  the  coefficient  of  static  friction, 
either  of  sliding  or  rolling. 

The  same  ratio,  after  motion  has  taken  place,  is  called  the  coefii 
cient  of  kinetic  friction,  either  of  sliding  or  rolling. 
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We  denote  the  coefficient  of  friction  in  general  by  fi.  We  have 
then  in  all  cases 

F 

/^  =  -,    or    F=  jiiN, 

where  i^is  the  total  friction  and  iVthe  total  normal  i)ressure  when 
motion,  either  sliding  or  rolling,  is  just  about  to  begin,  or  else  has 
taken  place. 

We  have  considered  static  friction  in  Chap.  IX,  Vol.  II,  Statics. 
We  have  to  do  in  this  portion  of  the  work  with  kinetic  friction 
only. 

When  a  body  slides  upon  a  rough  curve  or  surface,  the  motion 
of  the  body  is  that  of  any  one  of  its  points,  and,  as  we  have  just  seen, 
we  can  replace  the  body  by  a  particle  of  equal  mass  at  any  point  of 
contact,  and  acted  upon  by  the  reaction  at  that  point,  and  all  the 
other  forces  and  reactions  considered  as  external  forces.  We  have 
then  in  this  case  also 

F 

//  =  ^,    or    F=  uN, 

where  F  is  the  friction  and  N  the  normal  pressure  at  the  point  of 
contact  considered. 

Angle  of  Kinetic  Friction.— Suppose  a  body  sliding  on  a  rough 
curve  or  surface.  We  can  then  replace  it  by  a  particle  of  equal 
mass  at  any  point  of  contact  P.  Let  the  reaction  of  the  curve  or 
surface  be  R,  making  the  angle  (p  with  the  normal. 

Let  the  resultant  of  all  other  forces  acting  ^^ 

upon  the  body  be  R,  making  the  angle  a  with  «r— 
the  normal.  We  can  resolve  R  into  a  normal  i\ 
component  N'  =  R'  cos  a  in  the  plane  of  i?  j  ^ 
and  R\  and  a  tangential  component  T  =  R  sin  pL_ 
«  in  the  same  plane.  We  can  also  resolve  the  /"^ 
reaction  R  into  the  normal  component  N  =  R  / 
cos  (p,  and  the  tangential  component  F  —  R  ( 
sin  <P  in  the  same  plane. 

If  the  body  moves  on  the  curve  or  surface, 
N  must  be  always  equal  and  opposite  to  N' .  It  is  evident,  then,  that 
PT  is  the  direction  of  motion,  and  F  is  the  resistance  acting  oppo- 
site to  the  direction  of  motion,  or  the  friction  at  the  point  of  con- 
tact P;  while  the  tangential  resultant  T  —  F  \^  the  moving  force. 
We  have,  therefore, 

i^  =  -R  sin  0,    iV  =  i2  cos  0, 

and 

F 
tan  0  =  — -. 

N 

We  call  the  angle  0  which  the  reaction  R  makes  with  the  nor- 
mal in  the  plane  of  R  and  R!  the  angle  of  kinetic  friction. 

Hence,  the  tangent  of  the  angle  of  kinetic  friction  is  equal  to  the 
ratio  of  the  friction  to  the  normal  component  of  the  reaction. 

A  normal  to  a  surface  at  any  point  must  lie  in  the  radius  of 
curvature. 

A  normal  to  a  curve  at  any  point  may  have  any  direction  in  a 
plane  through  that  point  at  right  angles  to  the  tangent  at  that 
point.    The  "normal  component  of  the  reaction"  must  then  always 
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be  understood  to  mean  the  normal  component  in  the  plane  of  the 
reaction  R  and  the  resultant  R  of  all  other  forces  acting  upon  the 
body. 

We  have  just  seen  that  the  coeflacient  of  kinetic  friction  is  given 


by 

F 

We  have  then 

F 

>"  =  -^  =  tan  0,    or    F  =  uN  =  iV  tan  (f>. 

That  is,  the  coefflcient  of  kinetic  friction  is  equal  to  the  tangent  of 
the  angle  of  kinetic  friction. 

It  is  also  evident  that  ifT-F  =  0  there  is  equilibrium.  If  there 
IS  no  equilibrium  T-  F  must  be  greater  or  less  than  zero,  and 
since  N'  is  always  equal  to  iV,  the  angle  a  must  always  be  greater  or 

less  than  0,  or  -^  <  yw. 

Reaction  of  a  Smooth  Curve  or  Surface— If  the  curve  or  surface 
is  smooth  there  is  no  friction,  and  F  =  0,  0  =  0. 

A  smooth  curve  or  surface,  then,  is  one  whose  reaction  is  normal. 
It  is  incapable  of  offering  resistance  to  motion  in  any  other  than  a 
normal  direction.  In  such  case  we  have  then  R  =  N,  or  the  reac- 
tion is  equal  to  the  normal  reaction. 

Laws  of  Kinetic  Sliding  Friction.— The  laws  of  kinetic  sliding 
friction  are  the  same  as  for  static,  as  given  on  page  191,  Vol.  II, 
Statics.  Within  the  practical  limits  there  indicated  we  assume 
that 

F 

is  constant  for  the  same  two  surfaces  in  the  same  condition,  what- 
ever the  area  of  contact  and  whatever  the  total  normal  pressure. 
T6  this  we  may  add,  whatever  the  velocity,  within  certain  limits. 
If  in  any  case  these  limits  are  exceeded,  recourse  must  be  had  to 
special  experiments  for  the  value  of  /^  for  that  case. 

F 
Moment  and  Work  of  Friction. — Since,  then,  //  =  ~  is  constant 

for  the  same  two  surfaces  in  the  same  condition,  the  friction  F  at 
any  point  of  contact  is  given  by  F  =  juN,  where  N  is  the  normal 
pressure  at  that  point.  This  friction  is  always  opposite  in  direction 
to  the  motion  and  tangent  to  the  surface  at  the  point 

The  moment  of  the  total  friction  with  reference  to  any  point  is 
then  equal  to  the  algebraic  sum  of  the  moments  of  the  frictions  at 
every  point  of  contact.  If  all  these  frictions  have  the  same  lever- 
arm,  we  may  then  consider  the  total  friction  as  acting  at  any  point 
of  contact.  Thus  for  an  axle  in  a  bearing  we  may  take  the  total 
friction  as  acting  at  any  point  of  contact  tangent  to  the  axle  and 
opposite  to  the  direction  of  motion. 

The  work  done  against  friction  is  also  evidently  equal  to  the 
sum  of  the  works  done  against  the  frictions  at  every  point  of  con- 
tact. If  the  distances  passed  through  by  every  point  of  contact 
of  one  surface,   relatively  to  the  other,  are  the  same,  we  may 
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again  consider  the  total  friction  as  acting  at  any  point  of  con- 
tact. Thus  for  an  axle  in  a  bearing  we  may  take  the  total  friction 
as  acting  at  any  point  of  contact  tangent  to  the  axle  and  opposite 
to  the  direction  of  motion.  The  work  done  against  friction  is  then 
the  product  of  the  total  friction  by  the  distance  passed  through 
with  reference  to  the  bearing  of  any  "point  of  the  axle. 

Kinetic  Friction  of  Pivots,  Axles,  Ropes,  etc. — The  application 
of  the  equation 

F 
M  =  j^  =  tan  (p,    or    F  =  mN  =  N  tan  0, 

to  pivots,  axles,  ropes,  etc.,  is  then  precisely  the  same  as  for  static 
friction  (Chap  IX,  Vol.  II,  Statics).  We  have  only  to  let  ju  stand 
for  the  coefficient  of  kinetic  instead  of  static  sliding  friction. 

With  this  change  we  have  in  each  case  the  same  value  for  the 
friction  and  moment  of  the  friction  as  already  given  in  the  chapter 
cited. 

Rigidity  of  Ropes. — The  influence  of  the  rigidity  of  ropes  has 
also  been  discussed  in  Chap.  IX,  Vol.  II,  Statics.  The  same  results 
hold  good  in  this  portion  of  the  work. 

Experimental  Determination  of  Coefficients  of  Kinetic  Sliding 
Friction. — We  may  determine  the  coefficient  of  sliding  friction  by 
means  of  various  contrivances,  some  of  which  we  shall  now  de- 
scribe. 

1.  By  Moving  Sled  and  Weight. — Let  a  sled  rest  upon  a  horizontal 
plane  and  be  dragged  along  by  means  of  a  string  passing  over  a 
fixed  pulley  to  the  end  of  Avhich  a  weight  is  attached.  In  order  to 
obtain  coefficients  for  different  substances,  the  runners  and  the 
plane  can  be  covered  with  the  materials  to  be  experimented  upon. 

In  such  an  apparatus  the  mass  of  string  and  pulley  and  friction 
of  string  and  pulley  on  its  axle,  as  well  as  the  rigidity  of  the  string, 
should  all  be  insignificant,  or  else  they  must  be 
taken  into  account. 

If  we  disregard,  then,  mass  of  string  and  pul-  - 
ley,  friction  of  string  and  pulley,  and  rigidity 
of  string,  and  let  M  be  the  mass  of  the  sled  and 
P  the  mass  of  the  Aveight  in  pounds,  the  normal  I — . 

pressure  of  M  on  the  plane  is  Mg,  and  the  weight  |_^ 

is  Pg  poundals. 

When  motion  just  begins  we  have  then  for  the  coefficient  of 
static  sliding  friction,  since  the  friction  F  is  equal  to  the  weight 

^-  N~Mg-  M ^^^ 

If  Pg  is  greater  than  the  weight  just  necessary  to  start  the  sled, 
then  the  moving  force  (see  Ex.  12,  page  8)  is  Pg  —  MPg-  where  u 
is  the  coefficient  of  kinetic  sliding  friction.  The  mass  moved  is 
P  +  M.  Hence  the  uniform  acceleration  is,  by  the  equation  of 
force  (page  2), 

._Pg-MMg  P      (P  +  M)f 

^~     B  +  M    '  ^      M~       Mg      ' 
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But  for  uniformly  accelerated  motion  we  have  the  distance 
described  starting  from  rest,  in  any  time  t  (page  51,  Vol.  I,  Kine- 
matics) y 

s=W.    or  /=^. 


Substituting  this,  we  have  for  the  coefficient  of  kinetic  sliding 
friction 


P       2(P  +  M)s 


^  =  M- 


Mgt' 


(2) 


We  see  then  from  (1)  and  (3)  that  the  coefficient  of  kinetic  sliding 
friction  is  less  than  the  coefficient  of  static  sliding  friction. 

From  equation  (2),  by  noting  the  time  t  and  the  space  s  described 
in  that  time,  we  can  calculate  the  value  of  ju- 

2.  By  Sled  on  Inclined  Plane. — If  we  place  the  sled  on  an  inclined 
plane,  and  then  gradually  incline  the  plane,  and  note  the  angle  (p 
at  which  the  sled  just  begins  to  slide,  this  angle  is  the  angle  of 
repose,  and,  as  we  have  seen  (page  190,  Vol.  II,  Statics),  the  tangent 
of  this  angle  is  the  coefficient  of  static  sliding  friction. 

If  h  is  the  altitude  and  b  the  base  of  the  plane,  we  have  then  for 
the  coefficient  of  static  sliding  friction 


M  =  tan  0  = 


(1) 


If  we  allow  the  sled  to  slide  down  a  plane  whose  angle  a  is 
greater  than  this,  the  moving  force  is  Mg  sin  a  —  juMg  cos  a,  where 
JU  is  the  coefficient  of  kinetic  sliding  friction.  The  mass  moved 
is  M.    Hence 

2s 

f  =  p=  9'(sin  r  -  /^  cos  a\ 

or 

2s    ■ 

jj,  =  tan  a  —  -— .. 

gP  cos  a 


If  h  is  the  altitude,  I  the  length,  and  b  the  base  of  the  plane,, 
tan  «  =  r?  cos  "  =  y-j  and 


/^  =  ^- 


2sl 
ght' 


(2) 


Again,  we  see  from  (1)  and  (2)  that  the  coefficient  of  kinetic  is 
less  than  the  coefficient  of  static  sliding  friction. 

From  equation  (2),  by  noting  the  distance  s  described  in  the  time 
t,  we  can  calculate  n.  This  apparatus  is  free  from  the  sources  of 
error  of  the  first,  due  to  mass  of  rope  and  pulley,  friction  of  rope 
and  pulley,  and  rigidity  of  rope. 
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3.  By  Pulley  and  Axle.  —Let  the  masses  P  lbs.  and  Q  lbs.  hang 
over  a  pulley.    If  the  pulley  and  string  are  very  light  we  can  neg- 
lect their  mass  in  comparison  with  the 
masses  P  and   Q.    These  masses  should 
then  he  large. 

The  string  should  be  practically  per- 
fectly flexible,  so  that  we  can  neglect 
rigidity. 

When  the  mass  P  just  begins  to  fall, 
the  resultant  pressure  on  the  bearing,  if 
we  neglect  mass  of  rope  and  pulley,  is  Pg 
+  Qg  =  R  poundals. 

From  page  198,  Vol.  II,  Statics,  we  see 
that  for  a  new  bearing  the  friction  is 
given  by 


F  =  juR  - —  =  MgiP+  Q)  - —  poundals, 

sin  a  sm  n  ^ 

where  a  is  the  bearing  angle  AOB,  and  ju  is  the  coefficient  of  static 
sliding  friction.  Let  a  be  the  radius  of  pulley  and  r  the  radius  of 
axle.  Then  when  Pjust  begins  to  fall  we  have  equilibrium,  and  the 
algebraic  sum  of  the  moments  of  the  forces,  taking  rotation  counter- 
clockwise positive,  is  equal  to  zero.  The  moment  of  Q  is  then 
+  Qga,  and  of  the  friction  F  (page  68)  +  Fr,  since  the  friction  acts 
opposite  to  the  motion  of  the  axle.  The  moment  of  P  is  —  Pga, 
since  it  acts  to  cause  clockwise  rotation. 
Therefore,  disregarding  rigidity  of  stringy 


+  MgriP  +  Q)-r--  -  Pga  =  0, 
bin  Lt 


and  we  have  for  the  coefficient  of  static  sliding  friction 

(P—  Q)    a    sin  a 


M  = 


P+Q 


(1) 


If  P  is  greater  than  the  mass  necessary  to  just  cause  motion  to 
begin,  let  /  be  the  uniform  acceleration  of  P  and  Q.  Then,  as  in 
Ex.  13,  page  9,  the  tension  of  the  string  on  right  is  P(g  — /),  and 
on  left  Q(g  +/).  Disregarding  the  mass  of  string  and  pulley,  the 
pressure  on  the  journal  is  then 

R  =  P(g  -f)  +  Qyg  +f)  =  [{P  +  Q)g-(P-  Q)f]  poundals. 
The  friction  for  new  bearing  is  then,  as  before, 

F  =  mP^  =  ^  [(P  +  Q)g  -  (P  -  Q)f]  poundals, 
sma      sin  or 


where  ja  is  the  coefficient  of  kinetic  axle-friction. 

If  P  falls  through  the  distance  s,  the  work  it  does  is  the  tension 
on  right  multiplied  by  s,  or 

•  work  of  P  =  P(g  —f)s  ft. -poundals. 


72  KINETICS   OF   A   PARTICLE — TRANSLATION.       [CHAP.  VI. 

Let  S  be  the  angular  displacement ;  then,  disregarding  rigidity  of 
the  string,  aB  =  s,  or  0  =  -.    Any  point  of  the  journal  then  passes 

through  the  distance  rB  =  — ,  where  ?•  is  the  radius  of  the  journal. 
The  work  consumed  by  friction  is  then  (page  68) 

-mR- —  .~  =  -M  —. s[{P  +  Q)g  -  (P -  Q)f]  ft.-poundals. 

sin  a    a  a  sin  a 

The  work  of  raising  Q  is  the  tension  on  left  multiplied  by  s,  or 

—  Q{g  +f)s  ft.-poundals. 

The  minus  sign  is  used  in  both  cases  because  work  is  done 
against  friction  and  the  tension  on  left. 

Now  the  work  of  P  must  be  equal  and  opposite  to  the  work  done 
against  friction  and  the  tension  on  the  left.  Hence  the  algebraic 
sum  must  be  zero,  or 

B(g-f)s-Qi9+f)s-M-^s[{P+Q)g-{P-Q)f]=0. 

2s 
If  we  put/  =  -7j,  where  t  is  the  time  of  fall,  and  solve  for  /<,  we 
v 
obtain 

2s 

I  n  ain  nr 

(2a) 
I      roc 


Now  P  and  Q  should  be  made  nearly  equal  in  order  that  the 
motion  may  be  slow  and  the  space  s  described  in  the  time  t  accu- 
rately noted.  We  have  also  seen  that  the  mass  of  the  pulley  and 
string  must  be  small,  and  in  order  that  it  may  be  disregarded  P 
and  Q  should  be  large. 

If  these  conditions  are  complied  with,  (P  —  Q)  will  be  insignifi- 
cant compai'ed  to  P  +  ^,  and  the  second  term  in  the  denominator 
of  (2a)  can  be  disregarded.  We  have  then  for  the  coefficient  of 
kinetic  sliding  friction  the  practical  equation 


"[ 


P—  Q       2s  1  a  sin  nr  .„. 


If  the  bearing  angle  is  small,  sin  «  =  «,  nearly. 

Equation  (26)  gives  then  the  coefficient  when  the  masses  P  and 
Q  are  large  and  nearly  equal  so  that  motion  is  slow,  when  the 
mass  of  pulley  and  string  is  small  and  disregarded,  and  when 
the  string  is  practically  perfectly  flexible  so  that  rigidity  is  dis- 
regarded. 

\For  the  influence  of  rigidity  see  Chap.  IX,  Vol.  II,  Statics.)    We 
have  only  to  observe  the  distance  s  described  by  P  in  the  time  t. 

Again,  we  see  from  (1)  and  (26)  that  the  coefficient  of  kinetic  is 
less  than  the  coefficient  of  static  sliding  friction. 
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4.  By  Friction-brake.— The  friction-brake  consists  of  a  lever  AB 
of  equal  arms  AO  =  BO  =  I,  so  that  the  entire  weight  of  the  lever 

with  scale-pans  attached  acts  upon         ^ ^^      _    ^ 

the  centre  of  the  axle  O.  -.      -      - 

If  the  axle  turns,  say  counter- 
clockwise, as  indicated  in  the 
figure,  it  tends  to  turn  the  lever 
in  the  same  direction.  If  we  put 
a  mass   Q  in  the  left  pan  and  a 

mass  P  in  the  right  pan  and  make      yjCA  z_\ 

P  just  large  enough  to  keep  the     Zl — lA  /I    IN 

lever    horizontal,    we    have    the         "^ 
weights  Pg  and  ^g  and  the  fric- 
tion F  in  equilibrium. 

If  Mis  the  mass  of  the  lever  and  pans,  etc.,  the  pressure  on  the 
axle  is  (P  +  <^  +  M)g  =  R. 

For  a  new  bearing  (page  198,  Vol.  II,  Statics)  the  friction  is  then 

F  =  uR^—  =  jugiP  +  Q-^  if  )-A-, 
sm  oc       "^^^  ^  '  sm  a ' 

where  oc  is  the  bearing  angle  aOb  and  m  is  the  coefficient  of  kinetic 
sliding  friction. 

The  moment  of  the  friction  is  —  Fr,  where  r  is  the  radius  of 
axle.  The  moment  of  the  weight  Qg  is  —  Qgl,  and  of  the  weight 
Pg,  +  Pgl,  where  I  is  the  lever-arm  AO  or  BO.  When  the  lever  is 
just  horizontal  we  have  equilibrium  and 

Pgl-Qgl-Fr  =  0, 

or 

ret 
Pgl  -  Qgl  -  MgiP  +  Q  +  M)~^—  =  0, 

or  the  coefficient  of  kinetic  sliding  friction  is 

{P-Q)l  sin  a 
^~  (P+  Q  +  M)ra '     ^^^ 

Friction-brake  Test.— The  friction-brake  can  be  used  for  meas- 
uring the  work  done  by  an  engine  when  working  uniformly.  Thus 
suppose  the  axle  is  driven  by  an  engine,  and  by  means  of  a  crank 
on  the  axle  some  machine,  as  for  instance  a  pump,  is  worked. 

We  first  count  the  number  of  revolutions  n  per  minute  while  the 
pump  is  in  action.  If  then  we  disconnect  the  pump  we  shall  find 
the  axle  to  revolve  much  more  rapidly,  since  the  only  work  now 
done  by  the  engine  is  against  the  friction  of  the  bearing.  We  now 
applj^  the  brake  and  load  it  at  each  end  until  it  is  horizontal  and  the 
axle  is  slowed  up  to  its  former  speed  of  n  revolutions  per  minute. 
The  work  done  against  brake-friction  is  now  equal  to  the  work 
before  consumed  by  the  pump,  provided  the  engine  works  uni- 
formly. 

But  the  friction  is  given  (page  68)  by 

^^(P^-0£Z 
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or  in  gravitation  measure  by 


iP-Q)l 


We  have  then  for  the  work  done  in  one  revolution  27trF,  and  in 
n  revolutions  per  minute  the  work  per  minute  is  27crnF.  Taking  F 
in  gravitation  measure  or  in  pounds,  and  r  in  feet,  this  is  foot- 
pounds per  minute.  If  we  divide  by  33000,  we  obtain  (page  50) 
horse-power.    Hence 

TcrnF  _  TtniP  —  Q)l 


H.P.  = 


16500 


16500 


where  F,  P  and  Q  are  in  pounds,  I  and  r  in  feet,  and  n  is  the 
number  of  revolutions  per  minute  made  while  the  pump  was 
connected. 

Work  of  Axle-friction.  —  The  friction  upon  an  axle  in  any  case 
when  M  is  known  is  given  in  Chap.  IX,  Vol.  II,  Statics.  Thus  for  a 
new  bearing  we  have  (page  198,  Vol.  II,  Statics) 


F  =:juB 


sin  a 


where  R  is  the  resultant  pressure  on  the  axle  and  a  is  the  bearing 
angle.  If  we  substitute  this  in  the  place  of  F  in  the  preceding 
article,  we  have  the  work  per  minute 

2TtrnF  =  27t/iiRrn- 


sin  a 


and  for  the  horse-power 

H.P.  = 


TtjiiRrna 
16500  sin  a 


where  R  is  taken  in  pounds,  r  in  feet,  n  in  revolutions  per  minute. 
If  the  bearing  angle  is  small,  we  have  «  =  sin  «  nearly. 

Coefficients  of  Kinetic  Sliding  Friction.  —  The  following  tables 
give  a  few  values  of  the  value  of  jn  as  determined  by  experiment 
for  kinetic  sliding  friction  and  axle-friction. 

COEFFICIENTS  OF  KINETIC  SLIDING  FRICTION,  M  =  tan  <p. 


Substances  in  Contact. 


(Minimum 

•<Mean 

(Maximum 

•M-«+oi  ««  (  Minimum 

°^®*^1     (Maximum 

Minimum 

Mean 

Maximum 

Hemp  ropes  j  On  wood 

or  plaits     l  On  iron 

Leather  belts  (  Raw 

on  wood  or  <  Pounded. , . 
metal  (  Greasy. . . . 

Same  on  edge  for  j  Dry . . . 
piston-packing     ( Greasy 


Wood  on 
wood 


Wood  on 
metal 


Condition  of  Surfaces  and  Kind  of  Unguent. 


Dry. 


0.20 
0.36 
0.48 
0.18 
0.24 
0.20 
0.20 
0.42 
0.62 
0.45 

6.54 
0.30 

6.34 


Wet. 


0.25 


0.31 


0.24 

6.83 

6*.  36 

6'.  25 
0.31 
0.24 


Olive 
Oil. 


0.06 
0.07 
0.08 
0.05 
0.06 
0.08 

6.15 
0.16 


0.14 


Lard. 


Tallow. 


0.06 
0.07 
0.07 
0.07 
0.09 
0.11 
0.07 
0.07 
0.08 


Dry 
Soap. 


0.06 
0.07 
0.08 
0.07 
0.09 
0.11 
0.06 
0.08 
0.10 

6*.  19 

0.20 


0.14 


0.14 
0.15 
0.16 

6*.26 


0.20 


Polished 

and 
Greasy. 


0.08 
0.12 
0.15 
0.11 
0.13 
0.17 
0.10 
0.14 
0.16 
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75 


Dry 
or 
Slightly 
Greasy. 

•      Oil,  Tallow, 
or  Lard. 

Damp 

and 

Greasy. 

Ordinary 
Lubrica- 
tion. 

Thorough 
Lubrica- 
tion. 

Bell-metal  on  bell-metal 

0.097 

6'.  075 
0.075 
0.075 
0.075 

6'.  049 
0.054 
0.054 
0.054 
0.054 

"        •  *      "  cast  iron.   

Wroufflit  iron  on  bell-metal 

0.251 

0  189 

"           "     "   cast  iron 

Cast  iron  on  cast  iron 

6*137 

'*      "      "  bell-metal 

0.194 

0.161 

More  extensive  tables  will  be  found  in  treatises  on  Engineering. 
Comparing  the  values  in  the  tables  just  given  with  those  in  the 
table  given  on  page  192,  Vol.  II,  Statics,  we  see  that  the  coefficient 
of  kinetic  is  alivays  less  than  the  coefficient  of  static  sliding  friction. 

We  see  also  that  for  axle-friction  in  general  we  have  for  the 
coefficient  of  kinetic  friction : 

for  ordinary  lubrication  jx  —  0.070  to  0.080; 
for  thorough  lubrication  yu  =  0.054. 


EXAMPLES. 

(1)  A  body  of  mass  m  is  placed  upon  the  upper  side  of  a  rough 
inclined  plane  ivhich  makes  an  angle  a  with  the  horizontal  and  is 
acted  upon  by  a  uniform  force  P  ivhich  makes  the  angle  (5  with  the 
plane.  Find  the  friction,  the  work  of  friction  for  any  distance 
described  and  the  motion  of  the  body  upon  the  plane. 

Ans.  Consider  tbe  body  as  a  particle  placed  at  any  point  on  the  plane.  We 
have  acting  on  tbe  particle  tbe  weight  mg, 
tbe  force  P,  tbe  normal  reaction  N  and  tbe 
friction  F,  wbicb  latter  acts  always  opposed 
to  tbe  direction  of  motion.  Let  us  take  all 
forces  in  gravitation  measure. 

Take  OX  along  tbe  plane  upwards  and 
ON  away  from  tbe  plane  as  tbe  positive 
directions  of  X  and  T.  Then  Bx  =  90°,  By 
=  0,  and  in  gravitation  measure. 

Bx  =  P  cos  /3  —  m  sin  a, 

By  =:  P  sin  /3  —  m  cos  a,  ~ 

where  tbe  angle  /?  is  measured  from  OX  counter-clockwise.  With  this  con 
vention,  these  values  of  Bx'  and  By  are  general.  We  have  then  for  tb( 
normal  pressure  in  general 

iV  =  —  (P  sin  /?  —  m  cos  a)  =  m  cos  a  —  P  sin  /?, 
and  for  tbe  friction 

F  =  ju  (m  cos  or  —  P  sin  /3) 
acting  always  opposite  to  tbe  direction  of  motion. 


76  Kli^^ETICS   OF  A   PARTICLE— TRANSLATION.        [CHAP.  VL 

For  motion  up  tlie  plane,  we  have  for  the  tangential  component  of  the 
external  forces 

T  =  P  cos  /?  —  wi  sin  a. 

For  motion  down  the  plane 

T  =  —  P  cos  /?  -|-  w  sin  a. 
In  general,  then, 

T  =^  ±  P  cos  /?  T  m  sin  a, 

where  the  upper  signs  are  for  motion  up  and  the  lower  signs  for  motion  down 
the  plane. 

The  resultant  force  along  the  plane  is  then  in  all  cases 

T  —  F  —  ±  P  cos  /5  =F  m  sin  a  —  //(w  cos  a  —  P  sin  /J). 

The  acceleration  along  the  plane  is  then 

{T  -  F)g 


=  f=9 


± 
m 


—  cos  (i  T  sin  a\  —  yuf cos  a sin  fy\    . 

m  /  \  ^  /J 


If  in  any  case  /  comes  out  positive,  it  shows  acceleration  ;  if  negative, 
retardation.     We  see  then  that/ is  uniform. 

We  have  then  for  the  space  described  in  any  time  t  (page  51,  Vol.  I,  Kine- 
matics), if  «i  is  the  initial  velocity, 

«  =  ^1^5  +  \ft. 
For  the  final  velocity. 

For  the  work  done  against  friction,  in  gravitation  measure, 

Fs  =  fA{m  cos  a  —  P  sin  ^)s. 
For  the  work  done  by  or  against  T,  in  gravitation  measure, 

Ts  =  (P  cos  /?  —  m  sin  a)8. 
For  the  gain  or  loss  of  kinetic  energy,  in  gravitation  measure, 

-^m(«2  -  'Oi^)  =  {T-  F)s. 

(2)  A  hody  of  80  pounds  mass  is  projected  along  a  rough  horizon- 
tal plane  tviih  a  speed  of  50  ft.  per  sec.  It  slides  155.28  ft.  in  comiiig 
to  rest.  Find  the  coefficient  of  kinetic  sliding  friction,  the  retarding 
force  of  friction^  and  the  work  done  against  friction  in  coming  to 
rest. 

Ans.  M  =  ^r — ,   or  if  ^  =  32.2  ft.-per-sec.  per  sec,  ju  =  0.25.     Retarding 
4g8 

force  of  friction  is  20  lbs.;  work  done,  3105.6  ft. -lbs. 

(3)  A  body  of  80  pounds  mass  is  dragged  along  a  rough  horizon- 
tal plane  by  means  of  a  mass  of  186  pounds  attached  to  a  string 
passing  over  a  pulley  (page  8).  It  is  observed  to  slide  10  feet  in 
the  first  second,  starting  from  rest.  Disregarding  rigidity  of  string 
and  mass  and  friction  of  string  and  pulley,  find  the  coefficient  o/ 
kinetic  sliding  friction,     {g  =  32.) 

Ans.  /u  =  0.25. 
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(4)  A  body  placed  upon  a  rough  inclined  plane  whose  height  is  1 
ft.  and  base  16  inches  is  observed  to  slide  6.4  inches  in  the  first 
second  starting  from  rest.  Find  the  coefficient  of  kinetic  sliding 
friction,     (g  =  32.) 

Ans.  M  =  0.25. 

(5)  Two  masses  P  =  10  lbs.  and  Q  =  5  lbs.  hang  by  means  of  a 
string  over  a  pulley  of  radius  a  =  6  inches.  Let  the  radius  of  the 
journal  be  r  =  1  inch.  Let  P  fall  from  rest  a  distance  s  =  129.8  ft. 
in  a  time  t  =  5  seconds.  Disregarding  rigidity  of  the  string  and 
mass  of  string  and  pulley,  find  the  coefficient  of  kinetic  axle-friction.. 
Also  discuss  the  action  of  the  apparatus,     (g  =  32|.) 

Ans.  The  tension  of  string  on  the  left,  if /is  the  acceleration 
of  Q  and  P,  is 

{Qg  -f  Qf)  poundals. 
The  tension  of  string  on  the  right  is 

{Pg  -  Pf)  poundals. 

The  pressure  on  the  journal  is  then,  disregarding  the  mass  of 
string  and  pulley, 

R=Qi9+f)  +  I\9  -f)  =  \.{P+Q)9-{P-'  Q)f] poundals. 
From  page  198,  Vol.  II,  Statics,  we  have  for  a  new  hearing 
the  friction 

^  ^  ^'^^  =  ^^^^  +  ^^^  -  (^  -  ^^-^l  poundals, 

where  ju  is  the  coefficient  of  kinetic  friction  and  a  is  the  angle  of  the  bearing. 
If  a  is  small,  a:  =  sin  a  approximately. 

If  6  is  the  angular  displacement,  then,  disregarding  the  rigidity  of  the 

string,    ad  =:  8,  or  Q  =  — .     Any  point  of  the  journal  then  passes  through  the 
a 

distance  rO  =  — . 
a 

The  work  consumed  by  friction  then  is  (page  68) 

-  juP^^  .-  =  -  -^^  .  s[(P+  q)g  -  (P  -  Q)f]  ft.-poundals. 

The  work  of  raising  Q  is  the  tension  on  the  left  multiplied  by  s,  or 

—  Q{9-\-f)s  ft.-poundals. 

The  minus  sign  is  used  in  both  cases  because  work  is  done  against  friction 
and  the  left-hand  tension. 

Now  the  work  of  P  is  the  right-hand  tension  multiplied  by  s,  or 

P{g  -  f)s  ft.-poundals. 

And  this  work  must  be  equal  and  opposite  to  the  work  done  against  friction 
and  the  tension  on  the  left.     Hence  the  algebraic  sum  must  be  zero,  or 

Pig  -f)s  -  Q{g  +/)«  -  /^^^j;^«[(^  +  Q)9  -  (P  -  «)/]  =  0.  .    (D 

2.? 
From  (1),  if  we  put  /  =  -^,  we  have 

(P-0-(P+Q)^'' 


(P  +  Q)-(P-  Q)], 
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or  if  a  is  small,  a  =  sin  a:  and 


fi  = 


Inserting  P  =  10  lbs.,  Q  =  b  lbs.,  a  =  _  ft.,  r  =  —  ft.,  «  =  129.8  feet, 

<«  13 

^  =  33^  ft.-per-sec.  per  sec,  we  obtain 


M  =  0.07. 


3« 
Since /=  -j-,  we  have  from  (1) 

[(P-0-^(P+«)]< 


iP  +  Q)-^^{P-Q) 


=  0.323^  =  10.39  ft.-per-sec.  per  sec. 


i 


The  velocity  at  the  end  of  the  time  t  is  then 

i)=/if  =  51.94  ft.  per  sec. 


The  distance  8  =  -fP  =  129.8  ft.,  as  assumed. 


Tension  on  right  =  P(^-/)  =  10^ -3.23^    =  e.??^^    poundals  =  6.77  lbs. 
Tension  on  left     =  Q{g  -{-/)  =    S^r  -f  1.615^  =  6.615^  poundals  =  6.615  lbs. 
The  work  of  friction  is 


a  a 


(P-  Qlf]  =  30.285r  ft.-pdls.  =  20.28  ft. -lbs. 


Again,  the  work  of  P  =  6.77    X  129.8  =  879.136  ft.-lbs.; 

the  work  oi  Q  =  6.615  X  129.8  =  858.855  ft.-lbs. 

The  difference  of  these  works  =  20.28  ft.-lbs.  =  work  of  friction. 

879.136 


The  power  of  P  (page  49)  = 


=  175.827  ft.-lbs.  per  sec,  or 


175.827 
550 


0.319  horse-power. 


The  rate  of  work  of  the  "useful"  resistance  = '- —  =  171.771  ft.-lbs. 

5 

per  sec.     Hence  the  efficiency  of  the  machine  (page  52)  is 

171  77 


The  eflficiency  in  general  is 


P{ff-f)s       i_|_^' 
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(6)  In  the  preceding  example,  what  mass  P  will  raise  Q  =  5  lbs. 
a  distance  of  20  feet  in  3  seconds  f 


Ans. 


J: 


(P-Q) 


jur 


(p+Q)  y 


] 


(p+Q)-f-'(p 


Therefore  we  have 


Q) 


Q(9+f)  +  ~ 


+/) 


ur 
(9-f)---(9 


2s       40 
Substituting /=  —  =  -x-,  we  have  P 


f) 
6.759  lbs. 


(7)  In  a  wheel  and  axle  the  radius  of  the  wheel  is  a  =  Sft.,  of  the 
axle  b  =  2ft.  Let  r  =  1  inch  be  the  radius  of  the  journal,  and 
ju  =0.07  be  the  coefficient  of  kinetiQ  friction.  Let  the  moving  mass 
P  =  10  lbs.  and  the  mass  lifted  be  Q  =  6  lbs.  Let  P  start  from  rest 
and  fall  for  a  time  t  =  5  seconds.  Disregarding  rigidity  of  the 
string  and  the  mass  of  string  and  wheel  and  axle,  discuss  the  ap- 
paratus,    (g  =  32i.) 

Ans.  Let  /  be  the  acceleration  of  P.     Then  —  f  will  be  the  acceleration  of 

a 

Q.     Also  if  P  falls  the  distance  s,  Q  rises  the  distance  -s. 

(Xi 

We  have  then,  just  as  in  example  (5), 

Tension  on  left     =  Qig  -\ f\  poundals. 

Tension  on  right  =  P{g  — /)  poundals. 
Pressure  on  the  journal 

yR  =  (P-f  Q)g  -  (p  -  Q^)fl  poundals. 

The  friction  for  new  bearing  (page  198,  Vol.  II,  Statics)  is 
jiia 


F  = 


(P  + 


(^-«I)/J 


poundals, 


where  fj,  is  the  coefficient  of  kinetic  friction  and  a  is  the  angle  of  bearing. 
The  work  consumed  by  friction  is 


j^rs  _         jura 
a  a  sin  a 


iP-{-  Q)9 


(^-«M 


ft.  -poundals. 
h 


The  work  of  raising  Q  is  the  tension  on  left  multiplied  by  s,  or 


—  Q  —  s\g-\ /)  ft. -poundals. 

a    \         a     1 


The  minus  sign  is  used  in  both  cases  because  work  is  done  against  friction 
and  the  left-hand  tension. 

The  work  of  P  is  the  right-hand  tension  multiplied  by  s,  or 

Pig  —f)s  ft.-poundals, 
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and  this  work  must  be  equal  and  opposite  to  the  work  done  against  friction 
and  the  left-hand  tension.     Hence  the  algebraic  sum  must  be  zero,  or 


From  (1)  we  obtain  for  the  acceleration  of  P 

If  a  is  small,  sin  a=  a  and 


(1) 


/  = 


K«.^)-f(--<^) 


=  0.544^  =  17.49  ft.-per-sec.  per  sec. 


The  acceleration  of  Q  is  then 

— /=  0.363^  =  11.66  ft.-per-sec.  per  sec. 

The  velocity  of  P  at  the  end  of  the  time  t  =  b  sec.  is 
'D=ft  =  87.44  ft.  per  sec, 
and  the  velocity  of  Q  is 

—V  =  58.29  ft.  per  sec, 
a 

The  distance  s  passed  through  by  P  is 

s  =  i-/j52  =  218.59  ft., 

and  the  distance  passed  through  by  Q  is 

-s  =  145.78  ft. 
a 

Tension  on  right  =  P(g  —  f)         =  lO^r  —  5. 44^    =  4. 565^  poundals  =  4. 56  lbs. 

Tension  on  left  =  qigJ^-f^   =    5//  -  IMlg  =  6.82^  poundals  =  6.82  lbs. 

The  work  consumed  by  friction  =  4.1^  ft. -poundals        =4.1  ft. -pounds. 
The  work  of  tension  on  right      =  997.56(7  ft.-poundals  =  997,56  ft. -lbs. 
The  work  of  tension  on  left         =  993,46(7  ft, -poundals  =  993.46  ft. -lbs. 
The  difference  of  these  works     =4.1  ft. -lbs.  =  work  of  friction. 

The  power  of  P  (page  49)  =  -^ —  =  199.51  ft, -lbs.  per  sec,  or 


199,51 
550 


=  0,363  horse  power. 


The  efficiency  of  the  machine  (page  52)  is 

993.46 


997.56 


=  0.996. 
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The  eflBciency  in  general  is 


Pig  -  f)s 


/Lira 
a  sin  a 

jxra 
b  sin  a 


(8)  In  the  preceding  example  what  mass  P  will  raise  Q 
a  distance  of  20  ft.  in  3  seconds  f 

2s      40 
Ans.  s  =  20,  t  =  S,  f=^  =  -pT.     Hence 


bibs. 


f 


9 


P  = 


<(^-^^/)+f«(^-i-^) 


{g 


■f^-> 


=  4:.24:4:g  poundals  =  4.244  lbs. 


•/) 


(9)  A  friction-brake  ofM=  15  lbs.  mass  is  balanced  on  a  rotating 
shaft  of  radins  r  =  6  inches,  by  masses  o/  ^  =  10  lbs.  and  P  =lS) 
lbs.  10  oz.  Find  the  coefficient  of  kinetic  friction  and  the  friction. 
Also  if  the  shaft  makes  60  revolutions  per  minute  find  the  rate  of 
ivork  of  the  friction. 

Ans.  yu  =  0.07,  7^=  2.5  lbs.  Rate  of  work  of  friction  =  7.854  ft. -lbs.  per 
sec,  or  0.01428  horse-power. 

(10)  A  screw  of  radius  r  =  1  inch  is  acted  upon  by  a  force  oj 
P  =  n  ^^-  with  a  constant  lever-arm  of  a  =  1  ft.  and  overcomes  a 

resistance  of  Q  =  5  lbs.  If  the  angle  of  the  thread  is  a  =z  45°  find 
the  coefficient  of  kinetic  sliding  friction  if  the  number  of  revolutions 
per  minute  is  60.  Also  find  the  efficiency,  and  the  acceleration  of 
P.  Disregard  the  mass  of  the  screw,  and  take  g  =  32^  ft.-per-sec. 
per  sec. 

Ans.  Let  P  be  the  force  applied  at  the  end  of  the  arm  a,  and  let  the  radius 
of  the  screw  be  r,  the  pitch  p,  and  the  resistance  Q. 

If  N  is  the  sum  of  the  normal  pressures  and  (x  the  inclination  of  the  thread 

to  the  horizontal,  we  have  iV=  —-^,  and  the  friction 

cos  a 

F  =  uN  =  — —,  where  u.  is  the  coeflBcient  of  friction, 
cos  a 

Let  /  be  the  acceleration  of  P.     Then  the  movin 

force  is  P{g  —f)  poundals.     If  s  is  the  distance  passe 

through  by  P  in  any  time  t,  then  the  work  of  the  moving 

force  is 


I\g  —f)s  ft. -poundals. 
The  resistance   Q  is  overcome  through  the  distance 


_2_ 
27ca 


s.     The  work  of  overcoming  the  resistance  is  then 


—  -^^ .  TT-s  ft. -poundals. 
a      27C  ^ 

The  friction  is  overcome  through  the  distance  - 

CL 

overcoming  the  friction  is  then 

_  >^^^  ^^ 

cos  a  '  a  cos  a' 


cos  a 


The  work  of 
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The  minus  sign  is  used  because  work  is  done  against  friction  and  the 
resistance. 

Tlie  work  of  P{g  —  /)  must  be  equal  and  opposite  to  the  work  done  against 
friction  and  the  resistance.     Hence  the  algebraic  sum  must  be  zero,  or 


P{9  -f)s 


Qgps  _  MQgrs 

27ta       a  cos"^  a 


From  this  we  have,  since  -^  =  tan  a  and/  =  — , 
47tr  t 

r  Qr  r\       2a 


(1) 


and  from  (1),  for  the  coefficient  of  kinetic  friction, 

Pa       ,  .  /.    ,         2sPa      \  ,.. 

M  =  7=r-  cos^  a  —  sm  a  cos  all  +    ^„^   ^ 1 (3) 

Qr  \       gt^Qr  tan  ar 

For  the  efficiency  we  have 


27ca 


+  ^^S^    1  + 


(8) 


27ta    '  a  cos^  a  '   sin  a  cos  a 

If /=  0  we  have  equil^rium,  and  from  (1)  we  have  in  this  case 

a  ^  cos*  a  f 

or  the  same  as  already  found,  Ex.  (11),  page  219,  Vol.  II,  Statics. 
In  this  case  (2)  becomes  the  coefficient  of  static  friction 

Pd       „ 
ii  —  —-  cos'  a:  —  sm  a  cos  a. 
Qr 

We  see  from  (3)  that  the  efficiency  is  a  maximum  when  sin  a  cos  a  is  a 
maximum,  or  when  sin  a  =  cos  a  or  a  =  45°. 

If  /J.  is  the  number  of  revolutions  per  minute,  the  distance  5  described  in  one 
minute  is  27ran.     We  have  then 

2s_  _       4:7ran       _  itan 

gt'  ~  60  X  60  X  ^  ~  QOOg ^*^ 

Inserting  in  these  equations  the  values  o  =  1  ft.,  r  =  —  ft.,  P=  -  lb., 
^  =  5  lbs.,  a  =  45°,  ?i  =  60,  5'  =  32 J  ft.-per-sec.  per  sec,  we  have 

ju  =  0.096,     e  =  0.84,    /  =  0.007,    g  =  0.225  ft.-per-sec.  per  sec. 

(11)  A  train  runs  on  a  horizontal  track  with  the  speed  Vi ,  and 
by  the  application  of  brakes  to  the  driving-wheels  of  the  locomotive 
the  speed  is  reduced  to  the  speed  v.  Find  the  distance  and  time 
of  running  during  the  reduction  of  speed,  disregarding  all  resist- 
ances other  than  those  due  to  the  action  of  the  brakes. 

Ans.  Let  m  be  the  mass  of  the  train  in  pounds,  Vi  the  initial  and  v  the  final 
speed  in  feet  per  second,  s  the  distance  in  feet,  and  t  the  corresponding  time  in 

Let  n  be  the  number  of  driving-wheels  braked,  P  the  pressure  of  each 
brake,  and  R  the  pressure  of  each  braked  wheel  on  the  rails. 


Hence 


and 
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Let  //r  be  the  coefficient  of  kinetic  sliding  friction  for  the  wheels  and  rails, 
iind  //5  the  coefficient  of  kinetic  sliding  friction  for  the  wheels  and  brakes. 

We  may  distinguish  three  cases  : 

1st.  The  wheels  roll  without  slipping  on  the  rails. — In  this  case  we  have  the 
friction  nix^Pg  on  the  brakes  less  than  the  friction  nfXr^g  of  sliding  on  the 
rails,  or 

IUj,P<flrR.      . (1) 

When  condition  (1)  is  satisfied  the  work  of  stoppage  is  due  to  the  work  of 
friction  of  the  brakes,  and  we  have  the  change  of  kinetic  energy  equal  to  the 
work  done  against  friction,  or 

-m{v'^  —  vi^)  =  —  njUbPgs. 

'  =  -^^^jii;Pi-' ^^^ 

-     ^^     =  ^(^'  ~  ^)  (3) 

~  Vi  +  v        nUbPg 

If  the  train  is  brought  to  rest  we  have  «  =  0  in  these  equations. 

2d.  The  wheels  just  on  the  point  of  slipping  on  the  rails.— In  this  case  we 
have  the  friction  nju^Pg  on  the  brakes  just  equal  to  the  friction  7ijUrBg  of  slid- 
ing on  the  rails,  or 

JUbP=MrIi (4) 

When  condition  (4)  is  satisfied  the  work  of  stoppage  is  due  to  the  work  of 
friction  of  the  brakes,  and  we  have 

-miv"^  —  Vi'^)  =  —  njiibPgs  =  —  njUrHs. 
3 

Hence 

_  mjvi^  -  v^)  _  mjvi^  -  v^) 
*-     2nMbP9'~     2nMrBg   ' ^^^ 

_  m(vj  —  v)  _  m(vi  —  1))  xg. 

~    nMbPg    ~    nurRg 

If  the  train  is  brought  to  rest  we  have  i)  =  0  in  these  equations. 
3d.   The  wheels  slip  on  the  rails. — In  this  case  we  have  the  friction  nfJi^Pg 
on  the  brakes  greater  than  the  friction  nUrRg  of  sliding  on  the  rails,  or 

MbP>UrP a) 

When  condition  (7)  is  satisfied  the  work  of  stoppage  is  due  to  the  work  of 
friction  of  the  rails,  and  we  have 

-m{v^  —  -Bi^)  =  —  nurRgs. 
Hence 

*-    2n^rRg  ' ^^ 

t^^ll^l 

If  the  train  is  brought  to  rest  we  have  ?)  =  0  in  these  equations. 
We  see  by  inspection  that  the  distance  s  given  by  (5)  is  less  than  the  dis- 
tance s  given  by  (2)  or  (8). 
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That  is,  the  least  distance  and  time  of  stoppage  is  wlien  the  wheels  just  roll 
witJiout  sliding,  or  when 

P=  ^R. 

Mb 

If  we  take  the  coeflBcients  for  wheels  and  brakes  and  wheels  and  rails  equal 
we  have  jUb  =  Ur ,  and  the  conditions  for  the  three  cases  are  respectively 

P<B,    P  =  B,    P>  R. 

The  distance  and  [time  are  then  the  least  possible  when  P  —  R.  If  P  is 
greater  than  R,  the  wheels  slip  and  the  distance  and  time  are  greater  than 
when  P=R. 

(12)  In  the  preceding  example  suppose  the  grade  rises  hfeet  m  a 
length  of  I  feet  and  base  of  hfeet. 

Ans.  1st.    Wheels  roll  without  slipping. — In  this  case  we  have 

IUbP<Mr~R; (1> 

m(..^-.^)      .  

2g  [njiib  P  ±  -^f 

^=    /        ,      mh\' ^^> 

where  the  plus  sign  is  for  train  running  up  grade,  and  the  minus  sign  for  train 
running  down  grade.  x     i  •  i 

2d.    Wheels  just  on  the  point  of  slipping.— In  this  case  we  have 

ut,P  =  jUr\R; (4) 

2gyn^bP  ±  -y)       ^Sy^MrjR  ±  — I 

_        mjvi  -  V) M'^i  —  '^)        .  /gx 

*-     /        ^      'rnh\-     (       b  mh\' 

where  the  plus  sign  is  for  train  running  up  grade,  and  the  minus  sign  for  train 
running  down  grade. 

3d.    Wheels  slip  on  the  rails.— In  this  case  we  have 

fii,P>MrjR; C^) 

mjvi^  —  'P'O  /gx 

2g\nMrjR  ±  —f 
_         mjVi  -  ID)  ^    /p) 

g\nfirjR  ±  -J-) 

where  the  plus  sign  is  for  train  running  up  grade,  and  the  minus  sign  for  train 
running  down  grade. 
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(13)  A  train  is  running  at  the  rate  of  45  miles  per  hour.  If  the 
brakes  press  with  two  thirds  the  weight  on  the  wheels  of  the  locomo- 
tive and  if  the  locomotive  is  one  half  the  iveight  of  the  train  and  the 
coefficient  of  kinetic  sliding  friction  is  0.18,  find  the  distance  and 
time  in  coming  to  rest  on  a  horizontal  track,    (g  =  32.) 

Ans.  s  =  378^  ft.,  disregarding  all  resistances  except  that  due  to  tlie  brakes. 
t  =  11.46  sec. 

(14)  A  train  is  running  at  the  rate  of  60  miles  per  hour  on  a 
horizontal  track.  If  the  hi^ake  pressure  is  two  thirds  of  the  weight 
of  the  train,  the  coefficient  of  kinetic  sliding  friction  0.18,  and  the 
train  resistance  20  lbs.  per  ton,  find  the  distance  and  time  in  coming 
to  rest,    (g  =  32.) 

Ans.  s  =  938.5  ft.;  t  =  21.33  sec. 

(15)  If  a  force  of  20  lbs.  per  ton  of  load  is  required  to  maintain 
the  speed  of  a  train  on  a  level  track,  find  the  coefficient  of  sliding 

friction  between  the  driving-wheels  and  rails  when  a  locomotive  of 
27  tons  can  just  maintain  the  speed  of  a  train  of  252  tons. 

Ans.  /,  =  1 

(16)  A  weight  of  10  tons  is  dragged  in  half  an  hour  330  feet  up  a 
plane  inclined  30°  to  the  horizontal,  the  coefficient  of  kinetic  sliding 

friction  being  —=.    Find  the  work  expended  and  the  horse-power  of 

an  engine  by  which  the  work  could  be  done. 

Ans.  7392000  foot-pounds  ;  '7-^^  liorse-power. 

(17)  An  inclined  plane   is  partly   smooth   and  partly  rough 

iju  =  ——] ;  a  particle  slips  doivn  the  upper  smooth  part  and  moves 

on  to  the  rough  part ;  the  inclination  of  the  plane  is  30°  and  the 
length  of  the  smooth  part  is  4  feet.  Find  the  distance  described 
before  it  comes  to  rest. 

Ans.  8  ft,  on  the  rough  part. 

(18)  If  the  height  of  an  inclined  plane  is  12  feet,  the  base  16  feet, 
find  how  far  a  body  ivill  move  on  the  horizontal  plane,  supposing  it 

to  pass  from  one  plane  to  the  other  unthout  loss  of  velocity,  the 
coefficient  for  both  planes  being  1/8. 
Ans.  80  feet. 

(19)  A  heavy  slab  whose  under  surface  is  rough,  but  the  upper 
smooth,  slides  down  an  inclined  plane.  Find  the  acceleration  with 
which  a  particle  on  its  upper  surface  will  move  along  the  slab  if  the 
angle  of  inclination  of  the  plane  is  a  and  the  coefficient  ju,  the  mass 
of  the  slab  M,  and  of  the  particle  m. 

.  M-\-m 

Ans.  fj. — jrr-g  cos  a. 


CHAPTEE  VII. 

CONSERVATION  OF  ENERGY-LAW  OF  ENERGY. 

Conservative  Forces.  —  Forces  which  depend  solely  upon  the 
position  of  a  particle  are  called  conservative  forces,  because,  as  we 
shall  see  presently,  the  principle  of  conservation  of  energy  holds 
good  when  such  forces  only  exist. 

Non-conservative  Forces.— Forces  which  do  not  depend  solely 
upon  the  position  of  a  particle  are  called  non-conservative  forces, 
because  for  such  forces  the  principle  of  conservation  of  energy  no 
longer  holds. 

The  force  of  gravity  upon  a  particle  depends  solely  upon  the  posi- 
tion of  the  particle  and  is  therefore  a  conservative  force.  So  is  the 
elastic  force  of  a  spring  which  depends  solely  upon  configuration, 
and  so  also  are  the  forces  of  nature  generally.  But  an  applied  force 
which  is  independent  of  position  is  non-conservative.  The  resisting 
force  of  friction,  and  in  general  all  resistances  to  motion,  do  not 
depend  solely  upon  position  and  are  therefore  non-conservative. 

Potential  Energy. — The  work  which  a  body  is  capable  of  doing 
hy  reason  of  its  position,  under  the  action  of  its  conservative  forces 
only,  is  called  its  potential  energy. 

Thus  a  mass  which  is  suspended  at  a  distance  above  the  earth 
can  do  work  when  released.  A  bent  spring  can  do  work  when 
released,  etc. 

This  form  of  energy  is  sometimes  called  energy  of  position  or 
static  energy,  to  distinguish  it  from  kinetic  energy  (page  56),  and 
to  denote  its  independence  of  velocity. 

Conservation  of  Energy.— If  the  forces  F,,  F,,  Fs,  etc.,  act 
upon  a  particle  of  mass  m,  and  Si ,  Sa ,  Sa ,  etc.,  are  the  indefinitely 
small  displacements  in  the  direction  of  the  forces,  then,  since  the 
forces  may  be  taken  as  uniform  during  the  indefinitely  small 
displacements,  we  have  for  the  total  work  of  the  forces 

FiSi  +  F^S2  +  F3S3  +  .  .  .  =  2Fs. 

If  the  velocitjr  of  the  mass  m  is  increased  from  Vi  to  v,  we  have 
(page  57)  the  gam  of  kinetic  energy  equal  to  the  work  done  by  the 
forces,  or 

im(v'  -  v,^)  =  2Fs. 

Now  if  the  forces  depend  solely  upon  the  position  of  the  particle, 
the  work  2Fs  is  the  decrease  of  potential  energy,  taking  potential 
energy  as  just  defined. 

Hence,  the  gain  of  kinetic  energy  is  equal  to  the  loss  of  potential 
energy,  and  vice  versa. 

Let  the  sum  of  the  kinetic  and  potential  energy  at  any  instant 
be  the  total  energy  at  that  instant.  If  then  Ei  is  the  total  initial 
energy  and  E  is  the  total  final  energy,  we  must  have  the  total 
energy  before  equal  to  the  total  energy  after  displacement,  or 

(1> 


1 


E  =  Ei,    or    E-Ei=0. 
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That  is,  the  total  gain  or  loss  of  energy  when  all  the  forces 
depend  solely  upon  position  is  zero. 

This  is  called  the  principle  of  conservation  of  energy.  Since  it 
holds  only  when  all  the  forces  depend  solely  upon  position,  we 
have  called  such  forces  conservative  forces.  We  have  therefore 
defined  potential  energy  as  the  work  which  a  body  is  capable  of 
doing  by  reason  of  its  position  under  the  action  of  its  conservative 
forces  only. 

Law  of  Energy. — The  principle  of  conservative  of  energy  just 
stated  holds  good  then  only  when  all  the  forces  are  conservative 
or  depend  solely  upon  position. 

Such  forces,  as  already  stated  (page  86),  are  the  force  of  gravi- 
ty, the  force  of  elasticity,  and  in  general  all  the  forces  of  nature. 

But  for  the  resistance  of  friction,  for  resistances  generally,  and 
for  all  applied  forces  which  do  not  depend  solely  upon  position,  the 
total  gain  or  loss  of  energy  must  evidently  be  equal  to  the  work 
done  by  or  against  these  forces. 

Let  the  sum  of  the  kinetic  and  potential  energy  at  any  instant 
be  the  total  energy  at  that  instant. 

If  then  El  is  the  total  initial  and  E  is  the  total  final  energy,  and 
:sFs  is  the  algebraic  sum  of  the  works  of  those  applied  forces  which 
do  not  depend  solely  upon  position,  taking  work  positive  (+)  when 
a  force  is  in  the  direction  of  displacement  and  negative  (— )  when 
it  is  opposite  to  the  direction  of  displacement,  we  have 

E-  Ei=:  2Fs (2) 

Since  then  the  principle  of  conservation  of  energy  does  not  hold 
for  forces  which  do  not  depend  solely  upon  position,  such  forces 
are  called  non-conservative. 

Hence,  the  total  gain  or  loss  of  energy  is  equal  to  the  work  done 
by  or  against  non-conservative  forces. 

This  is  called  the  law  of  energy,  and  the  principle  of  conserva- 
tion of  energy  is  evidently  only  a  special  case,  when  there  are  no 
non-conservative  forces,  and  2Fs  =  0. 

If  the  non-conservative  forces  are  uniform  they  do  not  change 
with  the  displacement,  and 

2Fs  =  FiSi  +  FiS2  +  F3S3  4-  .  .  . 

may  be  taken  for  any  displacement  large  or  small. 

If  the  non-conservative  forces  are  not  uniform  we  must  take 
^Fs  for  an  indefinitely  small  displacement. 

Application  of  the  Law  of  Energy  to  Kinetic  Problems. — The 
law  of  energy  is  a  generalized  form  of  the  laws  of  motion  and  may 
be  applied  directly  to  the  solution  of  kinetic  problems. 

1.  Motion  of  a  Falling  Body— no  Resistances. — Let  a  particle  of 
mass  m  be  acted  upon  by  gravity  only  and  have 
the  initial  velocity  Vi  at  the  distance  Si  from  the 
earth. 

Under  the  action  of  gravity  alone  the  particle 
falls  through  the  distance  (Si  —  s)  and  acquires 
the  velocity  v  at  the  distance  s  from  the  earth. 

If  we  consider  the  force  of  gravity  mg  as  a 
force  depending  solely  upon  the  position  of  the 
particle,  which  it  really  is,  it  is  a  conservative 
force.    If  we  disregard  the  slight  change  in  g  for  ordinary  distances, 
the  initial  potential  energy  is  -1-  mgsi  and  the  final  potential  energy 


m 

^ 

^1 

Si 

A 

m        p 

' 

' 

V 

\ 
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is  +  mgs.  The  initial  and  final  kinetic  energy  is  -  mvi"  and  -  mv*.    We 

have  then  the  initial  total  energy  Ex  —  —mv^  +  mgsx  and  the  final 

total  energy  E  =  --mv^  +  mgs.  By  the  principle  of  the  conservation 

2 
of  energy,  then. 


E  -  Ei  =  0,    or 


-mu'  +  mgs  —  —mvi^  —  mgsi 
2  2 


0, 


or 


u'  =  vi'  —  2g(s  —  si). 
This  is  the  same  result  as  on  page  93,  Vol.  I,  Kinematics. 

[If,  however,  we  do  not  disregard  the  slight  change  in  g  for  ordinary 
distances,  take  the  plane  AB  at  an  indefinitely 
small  distance  ds  below  any  point  P.  Let  v  be 
the  velocity  at  the  point  P,  then  v  +  dv  is  the 
velocity  at  the  plane  AB.  The  initial  potential 
energy  is  then  +  mgds  with  reference  to  the 
plane  AB,  and  the  final  potential  energy  is  zero 
with  reference  to  this  plane.   The  initial  and  final 

kinetic  energy  is  -  mv'  and  -in{v  +  dvy.     We 

have  then  the  initial  total  energy 


h 

P 

\ 

YYi 

V 

\ 
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v'^dv 
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—I 

El  —  -mv^  +  mgds 


and  the  final  total  energy  -miv  +  dvf. 

By  the  principle  of  conservation  of  energy,  then,  JS^  —  J^i  =  0,  or 

— ?n(«  +  dvy  —  —mv^  —  mgds  =  0. 

3  ti 


Expanding  and  disregarding  dv'^,  we  have 

vdv  =  gds. 

Integrating,  we  obtain 

«j2  =  2gs  +  Const. 

Let  V  =  Vi  when  s  -\-  Si.     Then  Const.  =  Vi*  — 
before, 

v'  =  Vi"^  —  2g(s  —  Si). 


and  we  have,  as 


Again,  we  may  regard  the  force  of  gravity  mg,  since  for  ordinary 
distances  it  is  practically  constant,  as  a  force  independent  of  posi- 
tion, and  therefore  non-conservative. 

In  this  case  there  is  no  initial  potential  energy,  since  by  defini- 
tion (page  86)  potential  energy  is  the  work  which  a  body  is  capable 
of  doing  by  reason  of  its  position,  under  the  action  of  its  conserva- 
tive forces  only.    The  total  initial  energy  is  then  Ei  =  o-mui",  or 
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entirely  kinetic.    The  total  final  energy  is  E  =  ^mv',  or  also  entirely 

kinetic.  The  work  by  non-conservative  forces  is  +  mgiSi  —  s\  since 
the  force  mg  acts  in  the  direction  of  the  motion,  and  by  the  law  of 
energy  E  —  Ei  =  +  mg{si  —  s),  or  the  total  gain  of  energy  is  equal 
to  the  work  done  by  non-conservative  forces,  or  as  before 

-^v''  —  -^mvi  —  +  mg{8i  —  s),    or    v^  —  Vx  —  2g(s  —  Si). 

[(2)  Motion  of  a  Falling  Body — Resistance  of  Air  included. — Let  the 
particle  encounrter  a  resistance  to  its  motion,  due  to  the  resistance  of  the 
air,  which  varies  as  the  square  of  its  velocity.     Let  us 

denote  it  by  mcv^,  where  c  is  the  coefficient  of  resist-    m 

ance  (page  61).     This  is  a  non-conservative  force,  and        A  I 

acts  opposite  to  the  motion  of  the  particle.    Its  work         !  ^v 

is  then  —  mcv^ds.  ^^j 

Then  as  before,  if  we  treat  mg  as  a  conservative 
force,  the  total  gain  of  energy  is 


E-Ei  =  --m{v  -\-  dvy  —  l-mv'  +  mgds\ ;  ^v-{-dv 

and  since  by  the  law  of  energy  the  total  loss  of  energy  is  equal  to  the  work 
done  by  non-conservative  forces,  we  have 

~m{v  +  dvy  —  {-^mv'^  +  mgds\  =  —  mcv^ds. 

Expanding  and  neglecting  dv*, 

vdv  —  gds  =  —  eiy^ds. 


This  gives  us 


or,  since  ds  =  vdt^ 


vdv 


dv 


This  is  equation  (1)  of  page  111,  Vol.  I,  Kinematics. 
Again,  if  we  treat  mg  as  a  non-conservative  force  also,  there  is  no 
potential  energy  since  there  are  no  conservative  forces.     We  have  then 

the  initial  energy  Ei  =  -mv\  the  final  energy  E  =  --miv  +  dvy,  and  the 

algebraic  sum  of  the  works  of  the  non-conservative  forces  is  +  mgds—mcv'ds. 
Hence  by  the  law  of  energy 

E-Ei  =  2Fs, 


or 


■7zm(v  +  dvy  —  -^mv^  =  mgds  —  mcv^ds. 
We  thus  have  the  same  result  as  before.] 
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(3)  Let  two  masses  P  and  Q  hang  by  a  perfectly  flexible  inexten- 
sible  string  over  a  pulley.— Let  P  be  the  larger  mass,  and  disregard 
friction  and  the  mass  of  the  pulley  and  string. 
We  have  then  only  the  conservative  forces 
of  gravity,  and  by  the  law  of  energy 

or  the  gain  of  energy  is  zero. 

Take  the  centres  of  mass  of  P  and  Q  at  the 
same  distance  h  from  the  plane  AB,  and  let  the 
masses  start  from  rest.    The  initial  energy  is 

± then,  if  we  disregard  the  change  of  g  for  small 

A  B     distances,  Ei  =  Pgh  +  Qgh,  or  all  potential. 

At  the  end  of  the  time  t  suppose  that  P  has 
fallen  and  Q  risen  a  distance  s,  while  both  masses  have  the  veloc- 
ity V,  one  down  and  the  other,  Q,  up.    Then  the  final  energy  of  P 

is  Pg(h  —  s)  +  — y^  the  first  term  potential  and  the  second  kinetic 

energy.    The  final  energy  of  Q  is  in  like  manner  Qg{h  +  s)  +  ^v^. 
The  total  final  energy  is  then 

E  =  Pgih  -  s)  +  ~v'  +  Qg{h  +  s)  +  ^v\ 


Since  the  gain  of  energy  is  zero  when  there  are  no  non-con- 
servative forces,  we  have  E  —  Ei  =  0,  or  Ei  =  E,  or 

Pgh  +  Qgh  =  Pgih  -  s)  +  ^V  +  Qg{h  +  s)  +  -%v\ 


or 


P         0 

-  Qgs  =  2  ^'  +  Y^"' 


We  see  from  this  equation  that  the  loss  of  potential  energy  of 
the  system,  or  Pgs  —  Qgs,  equals  the  gain  of  kinetic  energy  o/  the 

P  O 

system,  or  —  u'  +  -^v\    Also  the  loss  of  potential  energy  of  P,  or 

Pgs,  equals  the  gain  of  potential  energy  of  Q,  or  Qgs,  plus  the  gain 
of  kinetic  energy  of  the  system. 

If  we  substitute  s  =  -^ft^,  v  =  ft,  where  /  is  the  constant  accelera- 
tion for  each  mass  (page  51,  Vol.  I,  Kinematics),  we  obtain 


/  = 


(P  -  Q)9 
P+Q  ' 


This  is  the  same  result  as  on  page  9,  Ex.  13,  or  page  53,  Ex.  1. 

Again,  if  we  consider  the  weights  Pg  and  Qg  as  constant  forces 
not  depending  upon  position  and  therefore  ij on-conservative,  there 
is  no  potential  energy ;  and  since  the  masses  start  from  rest  there  is 
no  initial  kinetic  energy.    The  initial  energy  Ei  is  then  zero,  while 

P        Q 

the  final  energy  is  ^  =  -g-u'  -h  ^v^.    TLe  algebraic  sum  of  the 
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works  of  the  non-conservative  forces  is  +  Pgs  —  Qgs.    We  have 
then  by  the  law  of  energy  directly,  E  —  Ei  =  2Fs,  or 

P  Q 

'jv'+  fv'=Pgs-Qgs. 

That  is,  the  gain  of  energy  of  the  system  is  equal  to  the  algebraic 
sum  of  the  works  of  the  non-conservative  forces. 

(4)  In  the  preceding  example  take  the  friction  of  the  axle  into 
account. — Let  the  friction  on  the  axle  as  found  page  77,  Ex.  5,  be 

^[P(9-f)  +  Q(9+f)l 

where  m  is  the  coefficient  of  kinetic  friction  and  ct  is  the  bearing 
angle. 

Then  if  a  is  the  radius  of  the  pulley  and  r  the  radius  of  the 
journal,  and  s  is  the  distance  through. which  P  falls,  the  work  of 
friction  is,  since  the  friction  is  opposite  to  the  motion, 

-«-17*f^(3 -/)  +  §&+/)]. 

Then,  since  the  gain  of  energy  equals  the  work  of  non-conserva- 
tive forces,  we  have,  since  as  before  disregarding  the  change  of  gr 
for  small  distances,  Ei  =  Pgh  +  Qgh,  and 

E  =  Pgih  -s)  +  jv'  +  Qgih  +  s)  +  |u'; 

Pg(h  -s)  +  jv'  +  Qg{h  +  s)  +  ^v'-Pgh-Qgh 

ra 

Reducing  this,  we  have 
Pgs  -  Qgs  =  -v"^  -f  ft;'  +  ""a'l^^^^^^  "-^^  +  ^^^  +  •^^^• 

We  see  from  this  equation  that  the  loss  of  potential  energy  of 
the  system,  or  Pgs  —  Qgs,  equals  the  gain  of  kinetic  energy  of  the 

P       Q 

system,  or  -^v"  +  -^  ^;^  plus  the  work  of  overcoming  the  friction. 

Also,  the  loss  of  potential  energy  of  P,  or  Pgs,  equals  the  gain 
of  potential  energy  of  Q,  or  Qgs,  plus  the  gain  of  kinetic  energy  of 
the  system,  plus  the  work  of  overcoming  the  friction. 

If  we  substitute  s  =  —ft^,  v  =ft,  where /is  the  constant  accelera- 
tion for  each  mass  (page  51,  Vol.  I,  Kinematics)  we  have,  when  a  is- 
small  so  that  a  =  sin  a,  approximately, 

{P  -  Q)g  -  M^(P  +  Q)g 
/= ^— • 

P+Q-M^(P-Q) 
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This  is  the  same  result  as  on  page  78,  Ex.  5. 

Again,  if  we  treat  Pg  and  Qg  as  constant  forces  not  depending 
upon  position  and  therefore  non-conservative,  there  is  no  potential 
energy,  and  the  initial  energy  is  E\  =  0,  while  the  final  energy  is 

E  =-^v''  +  ^^;^    The  algebraic  sum  of  the  works  of  the  non-conser- 
vative forces  is 

:SFs  =+Pgs-  Qgs  -  M^s[P{g  -/)  +  Q(g  +  /)]. 

We  have  then  directly  E  —  Ei  =  2Fs,  or 

^v'  +  |t;'»  =  Pgs  -  Qgs  -  u^s[P(g  -f)  +  Q(g  + /)]. 

(5)  Let  a  spring  whose  unstrained  length  is  AB  be  fixed  at  the 
end  B  and  compressed  from  A  to  C,  where  it  presses  against  a  body 
of  mass  m  perfectly  free  to  move.  Disregardi^ig  the  mass  of  the 
spring^  find  the  motion. — Let  the  force  at  any  distance  x  from  A 

be  F\  and  at  the  distance  AC  =  she  F. 

Then  we  have 


wimmmilQ  F'  :x  ::  F.  s,    or    F'  =  F- 

~^—*i  j  s 

*  The  initial  energy  is  all  potential,  or 

El  =  Fs.     The  final  energy  at  any  point 

xis  E  =  ^mv^  +  F'x.    Since  there  are  no  non -conservative  forces, 

"we  have 

E-  Ei  =  0,    or    ^ mv"  +  F'x  —  Fs  =  0. 

x' 
Inserting  F  x  =  F  —  ,  we  have 
s 

2F 

v^  =  — (s"^  —  x^). 
ms 

This  is  the  same  result  as  obtained  page  11,  Ex.  22. 

Application  of  the  Law  of  Energy  to  Static  Problems. — The  law 
of  energy  may  also  be  employed  in  the  solution  of  problems  of 
equilibrium. 

A  particle  in  equilibrium  must  either  be  at  rest  or  it  must  move 
with  uniform  velocity.  In  an  indefinitely  small  displacement,  then, 
whether  actual  or  virtual,  there  can  be  no  change  of  kinetic  energy. 
The  only  possible  change  of  energy,  then,  is  change  of  potential 
energy,  and  the  law  of  energy  (page  87)  in  this  case  becomes 

The  gain  or  loss  of  potential  energy  for  any  indefinitely  small  dis- 
placement is  equal  to  the  work  done  by  or  against  non-conservative 
forces. 

This  is  the  same  as  the  principle  of  virtual  work  (page  160,  Vol. 
II,  Statics).  If  the  non-conservative  forces  are  uniform  they  do 
not  change  with  the  displacement,  and  the  principle  then  holds 
good  for  any  displacement,  large  or  small. 
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If  Pi  is  the  initial  and  P  the  final  potential  energy,  we  then  have 

where  2Fs  is  the  algebraic  sum  of  the  works  of  the  non-conservative 
forces,  taking  work  positive  (  +  )  when  a  force  is  in  the  direction  of 
the  displacement  and  negative  (— )  when  the  force  is  opposite  to- 
the  displacement. 

If  we  have  conservative  forces  only,  we  have  then 

P-Pi  =  0; 

or,  for  any  indefinitely  small  displacement  the  potential  energy  must 
he  constant^  for  equilibrium. 

(1)  Equilibrium  of  a  Particle  on  an  Inclined  Plane.— l^et  a  par- 
ticle of  mass  m  acted  upon  by  a  force  F  be  in  equilibrium  on  a 
smooth  inclined  plane. 

Let  a  be  the  angle  of  inclination  of  the  ^^ 

plane,  and  /3  the  angle  of  i^  with  the  plane.  w  /     ^c, 

In  order  to  find  F,  suppose   a  virtual  \     /  ^^^^'^' 

displacement  Pp  z=  d  at  right  angles  to  the  V^'^^       ' 

normal  reaction  N  of  the  plane.    Then  the  ^.^7^ ^^ 

work  of  iV  during  displacement  is  zero.  ^^  ^^ 

If  we  regard  mg  as  a  conservative  force    "^^ 

or  depending    solely  upon    position,  as    it 

really  does,  then  F  and  N  are  conservative  also.      The    initial 

potential  energy  with  reference  to  p  is  then 

Pi  =  Pcos  ft  y.  d  —  mg  sin  axd. 

The  final  potential  energy  is  P  =  0.    We  have  then 

P—  Pi  =  —  Pcos  /?  X  c?  -f  mgr  sin  a  X  d  =  0,    or    F  =  — — -mg. 

cos  p 

In  order  to  find  N,  suppose  a  virtual  displacement  d  at  right 
angles  to  P,  so  that  the  work  of  F  during  displacement  is  zero. 
Then  the  initial  potential  energy  with  reference  to  the  point  P  is 
Pi  =  0.     The  final  potential  energy  is 

P  =  iVcos  /3  X  d  —  mg  cos  (/S  +  a)  x  d. 

We  have  then 

cos  f/5  -l-  <^^ 

P  —  Pi  =  NCOS  fJxd  —  mg  COS  (/3  +  a)xd  =  0,   or  N= — mg. 

cos  p 

The  same  results  are  found  by  resolution  of  forces,  page  173,  Ex. 

I,  Vol.  II,  Statics. 

If  we  regard  mg  as  non-conservative,  or  not  depending  on  posi- 
tion, as  it  practically  is,  then  F  and  N  are  non-conservative  also, 
and  we  have  the  principle  of  virtual  work  as  given  page  160,  Vol. 

II,  Statics.  In  this  case  there  is  no  potential  energy  and  the  alge- 
braic sum  of  the  works  of  the  non-conservative  forces  is  zero. 

Hence  we  have  for  the  displacement  Pp  =  d 

—  mg  sin  a  X  d  +  Fcos  /3  x  d  =  0, 
and  for  the  displacement  d  perpendicular  to  F 

+  N  cos  /3  X  d  —  mg  cos  (/3  +  a)  x  d  =  0, 
and  evidently  obtain  the  same  values  for  F  and  N  as  before. 
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(2)  Take  friction  into  account. — Let  the  coefficient  of  static  fric- 
tion be  lii.  Then  the  friction  is  /^iN  acting  always  in  a  direction 
opposite  to  the  displacement  along  the  plane. 

Take  mg  as  conservative  or  depending  upon  position  Then  N 
and  F  are.  conservative  also.  Suppose  a  virtual  displacement  d 
normal  to  the  plane.  Then  the  work  of  friction  during  displace- 
ment is  zero.    The  initial  potential  energy  is 

Pi  =  Nd  +  Fsiii  /3  X  d  —  mg  cos  a  x  d. 

The  final  potential  energy  is  P  =^  0.    We  have  then 

P  —  Pi  =  —  Nd  —  Fein  fJ  x  d  +  mg  cos  cr  x  d  =  0, 

or 

N=  mg  cos  a—  F  sin  ft. 

To  find  the  force  F  necessary  to  just  start  the  particle  up  the 
plane,  suppose  a  displacement  d  up  the  plane.  Then,  since  the 
friction  jxN  is  always  opposite  to  the  displacement,  its  work  is 
—  uNd  and  it  is  a  non -conservative  force.  We  have  for  the  initial 
potential  energy 

Pi  =  F  cos  ft  X  d  —  mg  sin  a  x  d. 
The  final  potential  energy  is  P  =  0.     Hence 

P  —  Pi  =  —  F  cos  ft  X  d  +  mg  Bin  a  x  d  =  —  juNdj 

or 

F  cos  ft  =  mg  sin  a  +  mN. 

To  find  the  force  F  necessary  to  just  start  the  particle  down  the 
plane,  suppose  a  displacement  d  down  the  plane.  Then  the  friction 
mN  is  opposite  to  the  displacement,  and  its  work  is  —juNd.  We 
have  for  the  initial  potential  energy 

Pi  =  +  mg  sin  (x  x  d  —  F  cos  ft  x  dy 

and  for  the  final  potential  energy  P  =  0.     Hence 

P  —  Pi  =  —  mg  sin  a  X  d  +  F  cos  ft  x  d  =  —  juNd, 

or 

F  cos  ft  =  mg  sin  a  —  /iN. 

These  are  the  same  results  as  found  on  page  215,  Ex.  7,  Vol.  II, 
Statics,  by  resolution  of  forces. 

If  we  regard  mg  as  non-conservative  or  not  depending  on  posi- 
tion, which  it  practically  is,  then  F  and  N  are  non-conservative 
also.  In  this  case  there  is  no  potential  energy  and  the  algebraic 
sum  of  the  works  of  the  non-conservative  forces  is  zero. 

Hence  for  a  displacement  d  normal  to  the  plane 

-f  Nd  -h  Fsin  ft  X  d  —  mg  cos  a  x  d  =  0, 

and  we  find  N  the  same  as  before. 

For  a  displacement  d  up  the  plane  we  have 

F  cos  ft  X  d  —  mg  sin  a  x  d  —  juNd  =  0. 
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For  a  displacement  d  down  the  plane 

—  F  cos  /?  X  d  +  wgr  sin  a  X  d  —  i^Nd  =  0. 
These  are  evidently  the  same  results  as  before. 

EXAMPLES. 

(1)  A  hall  weighing  5  ounces  moving  horizontally  with  a  velocity 
of  1000 /f.  per  sec.  strikes  an  obstacle,  and  after  piercing  it  moves 
on  tvith  a  velocity  of  400  ft.  per  sec.  Find  the  mean  resistance  of 
the  obstacle  if  it  is  2  inches  thick. 

Ans.  If  tlie  path  is  horizontal  and  at  a  distance  7i  from  the  ground,  the 
potential  energy  with  reference  to  the  ground  is  constant  and  equal  to  mgh. 

The   initial    energy  is    then   Bi  =  — m-Ci^  +  mgh,   and    the    final  energy  is 
£!  =  —mv^  -\-  mgJi.     Hence 

5  2 

or,  since  m  =  zra  ^^^•»  ^  —  ^^^  ^^-  P®^  ^^^'>  '^i  =  \^^Q  ft.  per  sec,  s  =  —  ft., 

i    A..4002-^.-^  .1000-^  =  ^i^,     or    i^=- 787500  poundals, 

or  F  is  equal  to  the  weight  of pounds.     The  minus  sign  indicates 

that  J^^is  opposite  to  the  direction  of  motion. 

If  the  path  were  vertically  downwards  we  have  initial  potential  energy  mgJii 

and  final  potential  energy  mgh,  and  hi  —  h  —  s.     Hence  Ei  =  —mvi'^  +  mghi , 

1  1  1 

E  =  -mv^  +  mgh,  E  -  Ei  =  -mv^  —  -mvi^  —  mg{hi  -  h)  =  Fs,  or 


a-fe-"""' 


1 4  .  1000=  -  ^^  4=  ^^F,  or  ^=  -  (787500+ ^g,)  pdl.., 

or  F  is  equal  to  the  weight  of  —  f +?«)  Po^nds.     The  minus  sign 

indicates  that  i^is  opposite  to  the  direction  of  motion. 

Again,  if  the  path  were  vertically  upwards  we  have  h  —  hi=8,  and  in  the 

same   way  ^=  —  (787500  —  —gf J    poundals,    or    equal    to    the    weight    of 

/787500       5\  ^ 

(2)  A  body  of  inass  m  is  projected  up  an  inclined  plane  ivhose 
inclination  is  oc  with  a  speed  Vi.  If  the  coefficient  of  kinetic  friction 
is  /u,  find  the  space  s  in  coming  to  rest. 

Ans.  The  normal  pressure  is  iV  =  mg  cos  a,  and  the  friction  is  jumg  cos  a. 
Assume  a  horizontal  plane  through  the  starting-point.     Then  at  the  start  the 

potential  energy  with  reference  to  this  plane  is  zero,  and  Ei  =  —mvi^.    At  the 

end  the  kinetic  energy  is  zero  and  the  potential  energy  is  mgs  sin  a  —  E. 
Hence 

E  —  El  —  mgs  sin  a  —  -^mvi^  =  —  /iimg  cos  a.  s, 
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or  \ 

^1^  =  2gs(sm  a  -\-  /n  cos  a)    and    s  =  ,7-7-: ; r. 

^  '  25'(sin  a  -{•  /J.  cos  a) 

The  general  formula  for  uniformly  accelerated  motion  is  (page  51,  Vol.  I, 
Kinematics)  -e^  =  Vi^  -\-  2fs.  In  the  present  case  ^  =  0,  and  substituting  th& 
value  of  Vi^  we  have 

25rs(sin  a -\-  jn  cos  a) -{-  2fs  =  0,     or   /  =  —  ^(sin  a  +  yu  cos  a). 

The  minus  sign  shows  retardation,  —  ^  sin  a  is  the  retardation  due  to  the 
weight,  and  —  M9  cos  a  is  the  retardation  due  to  friction . 

(3)  Find  the  height  h  to  which  a  body  weighing  2  lbs.  and  pro- 
jected vertically  upivards  with  a  speed  of  20  ft.  per  sec.  tvill  have 
risen  before  its  speed  is  reduced  to  5  ft.  per  sec. ,  assuming  the  re- 
sistance of  the  air  to  be  10  /6s.  per  unit  of  distance  described. 

2  X  20^                                           2  V  5'^ 
Ans.    Initial    energy    Bi  =  ^.      Final    energy  B  =  — \-  2gh. 

E-E.^'-^  +  2gk-'-^^  =  -l,,k.    or    A  =  fg  ft. 

(4)  Find  the  speed  v  of  a  pendulum  of  length  I  which  has  swuna 
from  its  extreme  position  through  a  given  angle.  Neglect  all 
resistances  and  mass  of  the  rod. 

Ans.  Let  G  be  the  angle  made  with  the  vertical  in  the  extreme  position,  fi 
be  the  angle  in  the  position  for  which  the  speed  is  required.  Take  a  horizontal 
plane  through  this  position.  At  extreme  position  kinetic  energy  is  zero  and 
potential  energy  with  reference  to  this  plane  is  mgl{cos  /3  —  cos  6)  =  Bi ,  where 
m  is  the  mass  of  the  bob.     At  final  position  potential  energy  is  zero  and  kinetic 

energy  is  -^mv'^  =  E.     Hence 

E—  El  =  -^mv^  —  mgl  (cos  /5  —  cos  0)  =  0,    or 


D  —  \^2gl  (cos  /5  —  cos  &), 
or  the  same  as  for  a  body  falling  freely  through  the  distance  ^(cos  /?  —  cos  6). 

(5)  A  body  of  mass  m  slides  down  a  smooth  plane  whose  inclina- 
tion is  c^.  Show  that  the  speed  attained  is  the  same  as  for  falling 
through  the  vertical  projection  of  the  space  described. 

Ans.  Let  «  be  the  space  described,  then  s  sin  a  is  the  vertical  projection  of 
this  space.  Take  a  horizontal  plane  at  this  distance  below  the  starting-point. 
Then  at  start  the  kinetic  energy  is  zero  and  the  potential  energy  with  reference 
to  this  plane  is  mgs  sin  a=  El.     At  the  end  the  potential  energy  is  zero  and 

the  kinetic  energy  is  — /w«*  =  E.     Hence 


E  -  El  =  —mv^  —  mgs  sin  or  =  0,     or    v  =  y2gs  sin  a. 

(6)  Compare  the  momentum  and  the  kinetic  energy  in  a  mass  of 
20  lbs.  having  a  speed  of  16  ft.  per  sec,  and  a  mass  of  1  oz.  having 
a  speed  of  5120  ft.  per  sec. 

Ans.  Momentum  is  320  pound-velos  in  both  cases  (page  32),  or  a  constant 
resistance  of  320  poundals  will  bring  each  mass  to  rest  in  one  second.  Kinetic 
energy  in  first  case  is  2560  ft.-poundals,  and  in  the  second  case  819200  ft.- 
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poundals,  or  320  times  as  mucli  as  in  the  first  case.     The  constant  resistance 

320 

which  will  bring  the  first  mass  to  rest  in  t  seconds  is  then  poundals,  and 

t 
the  work  whatever  the  time  is  2560  ft. -poundals.     The  constant  resistance 

300 
which  will  bring  the  second  mass  to  rest  in  t  seconds  is  also  -^  poundals,  and 

t 
the  work  whatever  the  time  is  819200  ft. -poundals. 

(7)  A  cannon-ball  of  5000  grams  is  discharged  with  a  speed  of 
500  metres  per  sec.    Find  the  kinetic  energy  in  ergs  and  in  ft. -lbs. 

Ans.  6.25  X  10^^  ergs  ;  4.61  X  10*  ft. -lbs.,  approximately. 

(8)  A  body  weighing  112  lbs.  is  lifted  20  ft.  Find  the  increase  of 
potential  energy. 

Ans.  2240  ft. -lbs. 

(9)  A  bow  1  yard  long  is  straight  when  the  string  is  just  tight, 
but  when  bent  has  the  form  of  a  circular  arc  of  1  ft.  6  in.  radius. 
The  mean  force  exerted  by  the  hand  in  bending  per  unit  of  distance 
through  which  it  has  moved  is  equal  to  the  weight  of  10  lbs.  Find 
the  potential  energy  of  the  bow.    (g  =  32.) 

Ans.  480  ft. -poundals. 

(10)  A  body  is  projected  either  vertically  upwards  or  in  any  di- 
rection. Shoiv,  by  calculating  its  kinetic  and  potential  energy  after 
any  time,  that  in  both  cases  the  energy  is  the  same  at  all  points  of 
its  path.  {Neglect  the  resistance  of  the  air  and  assume  g  to  have 
the  same  value  at  all  points  of  the  path.) 

(11)  A  meteorite  falls  in  a  straight  line  towards  the  earth  from  a 
great  distance.  Show,  by  calculating  the  changes  produced  in  its 
kinetic  and  potential  energy  between  any  two  points  of  its  path, 
that  there  is  no  change  in  its  energy.     {Neglect  resistance  of  air.) 

(12)  A  particle  weighing  1  lb.  has  a  simple  harmonic  motion  with 
a  period  of  20  sec.  and  an  amplitude  of  1  ft.  Find  (a)  its  kinetic 
energy  in  its  mean  position,  (b)  its  potential  energy  in  either  ex- 
treme position,  (c)  its  kinetic  and  potential  energy  and  their  sum, 
ivhen  at  a  distance  of  8  inches  from  the  mean  position. 

Ans.  {a)  —-r  ft. -poundals  ;  (6)  the  same;  (c)  kinetic  energy  -^^  ft. -poundals, 
/«00  doO 

potential  energy  -y^  ft. -poundals,  their  sum  t^  ft. -poundals. 

(13)  What  average  force  will  bring  to  rest  in  100  ft.  a  train  of  30 
tons  (2240  lbs,)  which  has  a  speed  of  10  miles  an  hourf  Also  what 
average  force  will  bring  it  to  rest  in  5  seconds  f 

Ans.  72277  poundals  ;  197120  poundals. 

(14)  A  horse-car  of  2240  lbs.  is  stopped  by  a  brake  10  times  in 
goijig  a  mile  ;  the  brake  stops  the  car  in  11  yards  ;  after  each  stop- 
page the  car  attains  a  speed  of  7i  miles  an  hour.  Supposing  the 
friction  to  be  a  uniform  force  of  28  lbs.,  compare  the  work  done  by 
the  horses  with  their  work  in  going  a  mile  with  uniform  speed  of  7% 
miles  an  hour,  the  track  being  level  in  both  cases. 

Ans.  The  speed  of  7^  miles  an  hour  is  11  ft.  per  sec.     No  work  is  done  by 

the  horses  while  the  brake  is  applied,  that  is,  for  330  ft.     The  work  done  in 

2240 
producing  kinetic  energy  is  ~^r—  X  H**  X  10  ft. -poundals.     The  work  against 

friction  is  28^'  X  4950  ft. -poundals. 


98  KINETICS  OF  A   PARTICLE — TRANSLATION.       [CHAP.  VII. 

Taking  g  =  32,  the  total  work  done  is  2240  X  11  X  235  ft.-poundals.  The 
work  in  going  a  mile  with  uniform  speed  is  28  X  32  X  5280  =  2240  X  11  X 
192.     These  two  are  in  the  ratio  of  235  to  192. 

If  the  track  rises  80  ft.  in  a  mile,  the  work  done  in  each  case  must  be  in- 
creased by  2240^^  X  80  ft.-poundals.  If  the  track  falls  80  ft.  in  a  mile,  the 
work  done  in  each  case  must  be  diminished  by  the  same  amount. 

(15)  Suppose  the  car  in  the  preceding  example  has  no  brake,  but 
must  be  stopped  by  the  horses.  Hoiv  much  more  ivork  tvould  the 
horses  have  to  perform  f 

Ans.  The  friction  ih  28  X  32  X  330  ft.-poundals.     The  work  of  destroying 
2240 
the  kinetic  energy  is  — ^r—  X  11^  X  10  =  2240  X  55  X  H  ft.-poundals.     The 

added  work  of  the  horses  is 

2240  X  11(55  —  12)  ft.-poundals,     or    70  X  11(55  -  12)  =  33110  ft. -lbs. 

(16)  If  the  expense  of  moving  a  train  is  proportional  to  the  work 
done,  compare  the  cost  of  getting  the  speed  of  a  train  up  from  rest 
to  45  miles  an  hour  and  at  the  same  time  going  a  mile,  with  the  cost 
of  moving  it  a  mile  with  that  uniform  speed.  The  resistance  of  fric- 
tion being  1/120  the  tveight  of  the  train.     Track  level. 

Ans.  163  to  64. 

(17)  A  vessel  full  of  water  has  a  small  orifice  at  a  distance  h  below 
the  surface.    Find  the  theoretic  velocity  of  efflux. 

Ans.  Let  v  be  the  velocity  of  efflux. 

In  a  very  small  interval  of  time  let  a  mass  of  water  represented  \ij  dbcd, 
whose  centre  of  mass  is  in  the  horizontal  through  the  centre  of  mass  of  the 

orifice,  pass  out,  and  let  the  surface  sink 
from  ah'  to  c'd'.  The  mass  of  water  repre- 
sented by  a'h'ddJ  must  be  equal  to  the  mass 
ahcd.  Call  it  m.  If  the  orifice  is  very  small 
compared  to  the  area  of  cross-section  of  the 
vessel,  the  distance  h  between  the  centres  of 
mass  of  a'h'c'd'  and  ahcd  will  be  practically 
equal  to  the  distance  from  the  top  surface  to 
the  centre  of  mass  of  the  cross-section  of  the 
orifice. 

We  have  then  potential  energy  of  a'h'c'd' 
equal  to  mgh  =  Ei,  and  kinetic  energy  of  abed 

equal  to  —mv'^  =  E.      Hence,    disregarding 

friction,  E—  Ei  =  0,  or 

mgh  =  -^mv^,    or    »  =  \/2gh. 

The  theoreiie  velocity  of  efflux  is  the  same  as  that  obtained  hy  a  hody  falling 
freely  through  the  distance  from  the  top  surface  to  the  centre  of  mass  of  the 
orifice. 

This  is  known  as  Torricelh's  principle. 

If  a  is  the  area  of  the  orifice  and  v  is  the  velocity,  the  quantity  discharged 
in  a  very  small  interval  of  time  r  is  avr.  If  y  is  the  density  or  mass  of  a  unit 
of  volume,  the  mass  discharged  ism  =  yavr.     The  kinetic  energy  of  this  mass 

is  -7/M)'  =  — ■^'0^'     The  distance  passed  through  by  each  particle  from  rest  in 

v 

attaining  this  velocity  is  —  r.     Hence,  dividing  the  kinetic  energy  by  the  dis- 
2 

tance,  we  obtain  the  pressure  P  —  yav^,  or  in  gravitation  units  P  =  2ya—. 

'^9 
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But  we  have  just  seen  that 


^9 


7i.     Hence  P  =  '^yah. 


That  is,  the  pressure  at  the  orifice  is  equal  to  twice  the  weight  of  a  column  of 
water  whose  base  is  the  orifice  and  height  h,  or  twice  the  static  pressure  when  the 
orifice  is  closed. 

Since  action  and  reaction  are  equal,  this  pressure  P  acts  in  the  opposite 
direction  upon  the  side  of  the  vessel  to  move  it. 

(18)  In  the  preceding  example  let  the  same  amount  of  water  flow 
in  at  top  as  flows  out. 

Ans.  Let  the  water  flow  in  at  top  with  a  velocity  c,  and  let  the  top  area  be 
A.     Then  in  any  small  interval  of  time  the  mass  which  enters  is  yAcr,  and 

the  kinetic  energy  at  entrance  is  ^        c^     The  potential  energy  at  entrance  is 

yAcr  .  gh.     Hence  Ei  =  c^  +  y^cr  .  gh.    The  mass  flowing  out  is  yaioty 

'vavT 
and  its  kinetic  energy  is  v"^  =  E.     The  two  masses  are  equal,  or 


yAcT  =  yavT,    or    Ac  =  av,    or    c 
We  have  then  E—  Ei  =0,  or 


av 

T 


yaw  „      yAcT  ,  .  ,  ,        «'       c* 


Inserting  the  value  of  c  =  -r-  and  reducing,  we  have 
A 

\/2gh 


V^-% 


A' 

We  see  that  when  a  is  very  small  compared  to  A,  this  reduces  to  ^  =  V^gh 
as  in  the  preceding  example.  If  the  area  of  orifice  a  =  A,  v  becomes  infinity, 
that  is,  water  must  flow  in  and  out  with  infinite  velocity  to  make  the  orifice 
run  full. 

(19)  In  the  preceding  example  let  the  vessel  move  fortvard  horizon- 
tally with  a  velocity  Ci,  while  the  water  flows  in  at  the  top  with  a 
velocity  c,  and  is  discharged  with  the  velocity  v,  making  an  angle  a 
with  the  horizontal. 

In  this  case  we  have,  just  as  in  the 
preceding  example, 

h  -^       ^ 
2g       2^' 

and  if  the  water  runs  in  as  fast  as  it  runs 
out 

Ac  =  av. 


^Ci 


The  absolute 
water  is  given  by 

C,2  =  c,'^  +  C\ 

The  absolute  velocity  of  the  departing  water  is  given  by 

w^  =  Ci^  -\-  v^  —  2cj'»  cos  a. 
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The  mass  of  water  entering  and  departing  is  yatr  —  yAcv. 

The  kinetic  energy  of  the  water  at  entrance  is  ^  ,.—  .  Ca^   The  kinetic  energy 

at  efflux  is  — g—  •  «?».     The  potential  energy  at  entrance  is  yAcrhg.     Hence 
E,  =  r^c,^  +  yAcrhg     and    B=r^.^,. 

The  energy  transmitted  to  the  vessel,  or  the  work  W  of  the  resistance  of 
the  vessel,  is  TT  =  -fi^  —  jE'i  ,  or 

^      yavT  yAcr    „  .     , 

^=-Y~  '  '^  ~      2~^''  ~  yAcrhg. 

Substituting  the  values  of  Ci^  and  ul^,  we  have,  since  yAcr  =  yaw.  and 

"'  —  o o~»  ^^^  *^®  work  of  the  resistance  of  the  vessel 

TT  =  —  yavr  ,  ciV  cos  a. 

The  minus  sign  shows  that  the  pressure  of  the  vessel  on  the  water  is  oppo- 
site to  the  motion. 

The  horizontal  pressure  in  the  direction  of  motion  of  the  vessel  is  then 
found  by  dividing  this  by  Ci  r,  or 

P  =  yav^  cos  a, 

.^  ,.           .^     av^  cos  a 
or,  in  gravitation  units, . 

If  a:  =  0,  we  have 

r^=^ya^=2y<^X 
g  ^    2g        ^ 

This  is  the  same  result  as  in  example  (17). 

The  reaction  of  a  horizontal  jet  is  equal  to  the  weight  of  a  column  of  water 
wliose  cross-section  is  that  of  the  stream  and  whose  heiglit  is  double  that  du£  to 
the  velocity/. 

(20)  A  stream  of  wafer  ivhose  cross-section  is  A  and  velocity  v 
meets  a  surfaxie  moving  in  the  same  direction  with  the  velocity  c. 
Disregarding  friction,  ivhat  is  the  pressure  in  the  direction  of 
motion  f 

Let  the  water  pass  off  the  surface  in  a  direction  making  an  angle  a  with  the 
direction  of  motion  of  the  surface. 

^_Q  The  mass  of  water  in  any  time  r  is  yAvr, 

)  1    '  where  A  is  the  area  of  jet,  v  the  velocity  and  y 

I  the  mass  of  a  unit  of  volume. 

,  La  The  kinetic  energy  in  the  water  before  meet- 

o/'r^ ^^  vAvr 

f>       ^'^^  ^^  *^^  surface  is  then  Bi  =  —- —  •  «j'. 

A  |is:=£^_^^^[ ^  ^  The  velocity  of  the  water  as  it  leaves  the 

"^"^^^^  surface  is  «  —  c  relative  to  the  surface.     The 

''^^rp >-  c  velocity  of  the  surface  is  c.     The  absolute  ve- 

'  V"  locity  of  the  water  as  it  leaves  the  surface  is 

\  then  given  by  the  resultant  of  c  and  v  —  c,  or 

v-c  {v  —  cf  +  f'^  +  2(v  —  c)c  =  «?«. 

The  kinetic  energy  of  the  departing  water  is  ^  -  w^  =z  E. 
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We  have  then  E  —  Ei  =  work  W  of  the  resistance  of  the  surface,  or 
^^  _  ^!^^(^2  _  ^2)  =  _  ^^^[2i?c  -  2c»  -  2(«  -  c)c  cos  a\ 
=  —  yA'in{^  —  cos  a)(v  —  c)c, 

And  this  is  the  work  transmitted  to  the  surface.  The  minus  sign  shows  that 
the  pressdre  of  the  surface  on  the  water  is  opposite  to  the  motion.  Divide  this 
by  the  distance  cr,  and  we  have  for  the  pressure  on  the  surface  in  the  direction 
of  motion 

P  =  }^Av{l  —  cos  a){v  —  c), 
■or,  in  gravitation  units, 

If  the  surface  moves  with  a  velocity  c  in  the  opposite  direction,  we  have 
-»  4"  '''i^  place  of  ^  —  c,  and 

vAv 

P  = (1  -  cos  a)(D  +c). 

If  the  surface  is  at  rest,  c  =  0,  and 

vAt)^ 

P=- (1-cosa). 

9 

If  in  the  latter  case  a:  =  90°,  this  becomes 

„      yA'o^      ^     ,-»' 

p  =  - —  =  2rA-. 

9  ^9 

TJie  normal  pressure  of  water  against  a  plane  surface  at  rest  is  equal  to  the 
weight  of  a  column  of  water  whose  cross-section  is  equal  to  the  cross-section  of  the 
stream,  and  whose  height  is  twice  that  due  to  the  mlocity  of  the  stream. 

If  a  =  180°  and  c  =  0,  we  have 

2yAxi^ 

or  twice  as  much  as  when  a  is  90°. 
The  work  done  on  the  surface  is 

yAvr(l  —  cos  a){v  —  c)c. 

This  is  a  maximum  when  c  =  v  —  c  or  v  =  2c.  That  is,  the  work  done  is  a 
maximum  when  the  velocity  of  the  stream  is  twice  that  of  the  surface.  The 
m  iximum  work  is  then 

^2 

yAvT{l  —  cos  a)—. 

yAvT 
It  a  =  180°  this  becomes  ^  .  v^,  or  all  the  kinetic  energy  of  the  water. 

a 

■yAw 

If  a  =  90*  it  becomes  —^ — .  d^,  or  nearly  one  half  the  kinetic  energy  or  the 

water. 

The  maximum  work  of  a  stream  of  water  striking  a  plane  surface  at  right 
■angles,  disregarding  friction,  is  only  one  half  the  kinetic  energy  of  the  water. 


CHAPTER  VIII. 
THE    POTENTIAL.* 


PBINCIPLE  OF  THE  POTENTIAL.  EQUIPOTENTIAL  SURFACE.  LINES  AND  TUBES 
OF  FORCE.  GRAVITATIONAL  POTENTIAL.  DIFFERENTIAL  EQUATIONS. 
THEOREM  OF  LA  PLACE.      POISSON'S  EXTENSION. 

The  Potential. — Let  a  particle  at  a  fixed  point  0  act  either  by  attrac- 
tion or  repulsion  upon  a  particle  at  B.    Let  BA  be  anj^  path  of  the  particle 
from  B  to  Ay  the  distance  OB  being  R  and  the  distance  OA  being  r. 
With  OA  =  ?•  as  a  radius  describe  an  arc  of  a 
circle  Aa. 
.  c  Then  the  force  upon  ^  is  a  central  force,  and 

we  have  proved,  page  46,  that  the  work  done  by 
or  against  the  central  force  while  the  particle 
moves  from  ^  to  ^  is  independent  of  the  path 
and  equal  to  that  necessary  to  move  it  from  B  to 
a,  when  Oa  =  r. 

The  fixed  particle  at   0  is  then  a  centre  of 
force,  and  the  space  surrounding  this  particle  we  call  the  field  of  force. 

If  then  we  take  any  convenient  point  of  reference  as  C,  the  work  done 
in  transferring  a  particle  of  unit  mass  from  any  point  of  the  field  to  this 
point,  or  from  this  point  to  any  point  of  the  field,  has  a  definite  value  for 
every  point  of  the  field,  no  matter  what  the  path. 

This  definite  work  for  any  given  point  of  the  field  when  the  "particle 
moved  has  a  mass  of  unity  is  called  the  potential  of  the  point. 

The  unit  of  potential  is  then  the  same  as  the  unit  of  work,  as  one  foot- 
poundal  of  one  foot-pound  or  one  erg. 

The  magnitude  of  the  potential  will  depend  upon  the  position  of  the 
point  of  reference.  The  sign  will  be  plus  or  minus,  according  as  work  is 
done  by  or  against  the  force  of  the  field.  The  potential  is  usually  denoted 
by  the  letter  V. 

Principle  of  the  Potential.— The  application  of  the  potential  rests 
upon  the  following  principle. 

Let  A  and  B  be  any  two  points  in  the  field  of  force  due  to  a  particle  at 
0,  and  let  G  be  any  point  of  reference.  Then  since  the  work  done  during 
any  displacement  is  independent  of  the  path,  the 
work  done  by  or  against  the  force  of  the  field  in 
transferring  a  unit  mass  from  J.  to  ^  is  equal  to 
the  difference  of  the  works  done  in  transferring 
it  from  Ato  G  and  C  to  B. 

If  then  Va  and  Vb  are  the  potentials  of  the 
points  A  and   J9,  the  difference  Va  ~  Vb  is   the  work   of  moving   unit 
mass  from  ^  to  jB  or  -B  to  A.    If  F  is  the  mean  force  in  the  direction  ABy 
we  have  this  work  equal  to  F  x  AB.    Hence 


Fx  AB=Va 


or    F  = 


AB 


*  This  chapter  must  be  omitted  by  those  not  familiar  with  the  calculus. 
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When  A  and  B  are  indefinitely  near,  the  mean  force  F  becomes  the 

instantaneous  force  in  the  direction  AB,  and  -  ^  ."1  ^  becomes  the  rate  of 

change  of  the  potential  of  the  point  A  per  unit  of  distance  in  the  direction 
AB.     Hence, 

The  rate  of  change  of  the  potential  of  any  point  per  unit  of  distance 
in  any  direction  is  equal  to  the  component  force  in  that  direction  which 
acts  upon  a  particle  of  unit  mass  placed  at  that  point. 

The  particle  possesses  potential  energy  at  whatever  point  of  the  field 
of  force  it  may  be  placed.  The  excess  of  its  potential  energy  at  one  point 
over  its  potential  energy  at  another  point  is  then  the  work  done  by  or 
against  the  force  of  the  field  in  moving  from  one  point  to  the  other.  This 
is  equal  to  the  difference  of  potential.  Hence  the  appropriateness  of  the 
term  "potential." 

The  theory  of  the  potential  is  of  great  use  in  magnetic  and  electrical 
investigations. 

Equipotential  Surface. — A  surface  at  every  point  of  which  the 
potential  has  the  same  value  is  called  an  equipotential  surface. 

If  then  a  particle  is  moved  from  any  point  on  such  a  surface  to  any 
other  point  on  this  surface  no  work  is  done  by  or  against  the  force  of  the 
field.  There  is  then  no  component  force  in  any  direction  tangential  to 
such  a  surface,  and  hence  no  rate  of  change  of  potential  per  unit  of  dis- 
tance in  that  direction.  The  resultant  force  at  any  point  of  such  a  surface 
is  then  normal  to  the  surface.  Thus  the  surface  of  water  at  rest  forms  an 
equipotential  surface  for  which  there  is  no  rate  of  change  of  potential,  and 
the  resultant  force  for  every  particle  on  the  surface  is  normal  to  the  surface. 
The  work  done  by  or  against  gravity  in  moving  a  particle  from  one  point 
to  another  of  such  a  surface  is  zero. 

Lines  of  Force. — Any  line  so  drawn  in  a  field  of  force  that  its  direc- 
tion at  every  point  is  the  direction  of  the  resultant  force  at  that  point  is 
called  a  line  of  force.  As  the  resultant  force  at  any  point  is  normal  to 
the  equipotential  surface  passing  through  that  point,  lines  of  force  are 
normal  to  the  equipotential  surfaces  they  meet. 

Tubes  of  Force. — If  from  points  in  the  boundary  of  any  portion  of 
an  equipotential  surface  lines  of  force  are  drawn,  the  space  thus  marked 
off  is  called  a  tube  of  force. 

Gravitational  Potential.— The  choice  of  the  point  of  reference  and 
of  the  mode  of  defining  potential  are  matters  of  convenience  and  vary 
with  the  kind  of  field  of  force  under  consideration. 

The  potential  in  a  field  of  force  due  to  the  attraction  of  gravity  is 
called  the  gravitational  potential.  The  point  of  reference  is  taken  in 
this  case  at  an  infinite  distance,  and  since  it  is  convenient  to  have  the 
potential  for  all  points  of  a  gravitational  field  positive,  and  the  force  of  the 
field  is  always  attractive,  we  define  gravitational  potential  of  a  point  as 
the  work  done  by  the  force  of  the  field  in  moving  unit  mass  from  a  point 
at  an  infinite  distance  to  the  given  point.  Or,  since  there  is  thus  a  loss 
of  potential  energy,  the  work  done  by  the  force  of  the  field  must  equal  the 
gain  of  kinetic  energy,  and  hence  we  may  also  define  gravitational  poten- 
tial of  a  point  as  the  kinetic  energy  acquired  by  unit  mass  in  falling 
from  infinity  under  the  attraction  of  a  given  mass  to  that  point. 

The  force  of  gravity  varies  inversely  as  the  square  of  the  distance, 
we  have  seen  (page  47)  that  the  work  of  such  a  force 
when  a  particle  moves  from  a  distance  i2  to  a  distance 
r  from  the  centre  of  force  is  given  by 


where  F'  is  the  force  at  a  given  distance  r'. 
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If  we  take  R  infinite,  -^  is  zero  and  this  becomes 

w=Fy\-. 

r 

If  the  mass  of  the  attracting  particle  at  0  is  m  and  of  the  moving  par- 
ticle Jf,  we  have  for  the  force  of  attraction  at  any  distance  /  (page  44, 
Vol.  II,  Statics) 

^'  =  -^. 

where  k  (page  48,  Vol.  II,  Statics)  is  given  by 


where  g  is  the  acceleration  of  gravity,  m!  the  mass  of  the  earth  and  r'  the 
radius  of  the  earth.  We  have  then  for  the  work  of  moving  a  particle  M 
from  infinity  to  the  distance  r 

W  =  kM—, 
r 

If  we  adopt  the  astronomical  unit  of  mass  (page  48,  Vol.  II,  Statics) 

m 
this  becomes  W  ~  M  — ,  and  if  we  take  the  mass  M  as  unity  we  have 

W  —  [M] — ,  where  [M]  is  the  unit  of  mass,  or  the  numerical  equation 
r 

r 
If  the  field  of  force  is  due  to  any  number  of  particles  of  masses  my , 
rrii ,  ma,  etc.,  at  distances  n,  ra ,  7-3,  etc.,  from  M^  we  have  the  numeric 
equatioft  when  M  is  unity 

17  =  2™ 
r 

The  expression  S— -  is  the  gravitational  potential  of  the  point  at  which 
the  attracted  particle  of  unit  mass  is  placed.    We  have  then 

y=^""p (1) 

or,  mathematically  defined,  tlie  gravitational  potential  of  any  point  due 
to  the  attraction  of  any  mass  is  the  sum  of  the  quotients  of  all  the  ele- 
mentary attracting  masses  divided  by  their  distances  from  the  point. 

Since  equation  (1)  gives  the  work  done  by  the  force  of  the  field  in  mov- 
ing unit  mass  from  a  point  at  an  infinite  distance  to  the  given  point,  the 
work  done  in  moving  a  mass  M'\$> 

W  =  MS^  =MV, (2) 

r 

if  we  use  the  astronomical  unit  of  mass  (page  48,  Vol.  II,  Statics),  or 

W  =  M2^  =  xrif  F, (3) 
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if  we  use  the  ordinary  unit  of  mass,  where  k  is  given  by 

.<  =  K, (4) 

where  g  is  the  acceleration  of  gravity,  m'  the  mass  and  r'  the  radius  of  the 
earth  (page  48,  Vol.  II,  Statics). 

Differential  Equations. — We  have  then  for  the  gravitational  poten- 
tial of  any  point  of  a  field  of  force  due  to  the  attraction  of  any  number  of 
particles  Wi ,  Wa ,  w« ,  etc.,  at  distances  7\  ,  ra ,  rs  from  that  point, 

7  =  2^ (1) 

From  the  principle  of  the  potential  (page  102),  if  we  take  the  point  as 
an  origin  of  co-ordinates,  we  have  for  the  component  force  in  the  direc- 
tions of  the  axes  of  X,  F,  Z^  for  a  unit  mass  at  the  point, 


Fy='^;\ (2) 

dz  ' 

where  the  astronomical  unit  of  mass  (page  48,  Vol.  II,  /Statics)  is  to  be 
used.     For  the  ordinary  unit  of  mass  we  multiply  by 

^  =  K, (3) 

■m 

where  g  is  the  acceleration  of  gravity,  m'  the  mass  and  r'  the  radius  of  the 
earth  (page  48,  Vol.  II,  Statics). 

For  a  mass  M,  then,  at  the  point  we  multiply  by  kM. 

For  the  resultant  force  on  unit  of  mass  in  the  direction  of  any  radius 
vector  from  the  point  we  have 

iJ=f, (4) 

dr 

where  the  astronomical  unit  of  mass  (page  48,  Vol.  II,  Statics)  is  to  be 
used.  For  ordinary  unit  of  mass  we  multiply  by  /<-,  and  for  any  mass  M 
at  the  point  by  kM. 

If  ds  is  an  element  of  the  path  of  the  attracted  particle  of  unit  mass, 

dv 

making  an  angle  9  with  r,  then  ds  = ,  and  we  have  for  the  component 

cos  Q 
of  the  force  tangent  to  the  path,  upon  unit  mass, 

^       dV     dV 
ds       dr 

where  the  astronomical  unit  of  mass  (page  48,  Vol.  II,  Statics)  is  to  be 
used. 

For  ordinary  unit  of  mass  we  multiply  by  tc,  and  for  any  mass  M  by 
kM. 

We  have  from  (4),  V  —  I  Rdr\  and  since  for  an  equipotential  surface 


\ 
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the  potential  has  the  same  value  at  every  point,  the  condition  for  an  equi- 
potential  surface  is 


=    CRdr  = 


(6) 


where  C  is  a  constant. 

A  surface  which  fulfils  for  each  of  its  points  this  condition  is  an  equi- 
potential  surface  for  the  system  of  attractions.  As  any  value  can  be  given 
to  G  between  its  greatest  and  least  values,  there  will  be  an  indefinitely 
great  number  of  equipotential  surfaces  corresponding  to  any  given  system 
of  attractions. 

From  equation  (5)  we  see  that  Ft  is  zero  when  6  =  90°,  and  becomes 
equal  to  the  resultant  force  -R,  equation  (4),  when  0  =  0.  That  is,  the  re- 
sultant attraction  R  is  at  right  angles  to  the  equipotential  surface.  The 
direction  of  R  is  then  a  line  of  force. 

If  dv  is  an  element  of  volume,  and  5  its  density,  we  have  for  its  mass 
m  —  ddv.  Hence  for  rectangular  co-ordi- 
nates 

F=    /*—  =     r^^^y^^  (7) 

If  we  use  polar  co-ordinates  we  have  for 
the  elementary  volume  (page  40,  Vol.  II, 
X  Statics)  dv  =  r^dr  cos  6  dB  d<f>,  and  hence 


-/// 


8r  dr  cos  B  dB  d(p.     (8) 


EXAMPLES. 

(1)  Particles  of  masses  3.928,  39.28  and  392.8  Mlograms  are  situated 
at  three  of  the  corners  of  a  square  whose  side  is  1  metre.  Find  the  poten- 
tial at  the  fourth  corner. 

Ans.  V  =^~,  and  the  astronomical  unit  of  mass  is  3928  grams  (page  48, 
Vol.  II,  Statics).     Hence  F  =  1.087  ergs. 

(2)  Find  the  potential  and  attraction  of  a  homogeneous  circular  ring 
of  radium  r  upon  a  point  C  on  the  perpendicular  to  its  plane  through  its 
centre  0. 

Ans.  Let  the  distance  of  the  point  G  from  the  centre  0  be  x.     Then  the 
distance  Gm  for  any  particle  of  the  ring  is 
j^^i  _j_  x^.     If  the  linear  density  of  the 
ring  is  d,  the  mass  is  27tr8,  and  therefore 

.  ,  ^  27trb 

the  potential  V  =  — , 

i/r2  +  x^ 
The  attraction  upon  a  unit  mass  at  G 
parallel  to  the  plane  3f  the  ring  is  then 

dV 

—-,  taking  the  astronomical  unit  of  mass  (page  48,  Vol.  II,  Statics).     But  r  is 

dr 

dV 
constant,  and  hence  -r—  =  0.   That  is,  the  sum  of  the  component  attractions  of 

the  elements  of  the  ring  in  the  plane  of  the  ring  is  zero.     The  attraction  in  the 

direction  GO  upon  a  unit  mass  at  G,  taking  the  astronomical  unit  of  mass,  is 

d  V              ^Ttvdx 
Ax  — =  — >  the  minus  sign  denoting  attraction  or  force  towards 

dX  (^2  _j_  a;2)| 

the  centre  0.     This  is  the  same  result  as  already  found,  page  51,  Vol.  II, 
Statics. 
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If  we  multiply  the  value  of  V  and  Ax  by  kM,  where  M  is  the  mass  of  any 

particle  at  0,  and  tc  is  ^—7-  (page  48,  Vol.  II,  Statics),  we  have  the  result  for 

any  mass  Jf  at  C,  using  the  ordinary  unit  of  mass. 

When  X  =  0  the  potential  at  the  centre  of  the  ring  is  F  =  27td. 

(3)  Find  the  potential  and  attraction  of  a  circular  arc  at  its  centre. 

Ans.  Let  0  be  the  angle  subtended  by  any  portion  of  the  arc  estimated 
from  its  middle  point  J).  _ 

The  length  of  any  element  is  rdO,  its  mass  is  rddS, 
where  d  is  the  linear  density,  and  the  potential  is 


_      /       rddQ  _ 
«y  —  a 


25ar, 


where  a  is  the  angle  ACD. 

This  is  independent  of  the  radius  r  of  the  arc. 

The  attraction  of  any  element  whose  mass  is  rddB  for  a  unit  mass  at  G, 

using  the  astronomical  unit  of  mass  (page  48,  Vol.  II,  Statics),  is —•     The 

rddB 
component  of  this  at  right  angles  to  CD  is  — 5—  sin  6,    and    along    CD, 


rddB 


cos  0. 


We  have  then  for  the  resultant  attraction  at  right  angles  to  CD 


=  -    1     6^0  sin  0  =  0, 


Aa:  =  - 


and  for  the  resultant  attraction  along  CD 


=  -/! 


dQ  cos  0  = sin  a, 

r 


tte  minus  sign  denoting  attraction. 

This  is  the  same  result  as  already  found,  page  50,  Vol.  II,  Statics,  for  a  unit 
mass  at  C,  using  the  astronomical  unit  of  mass.     For  any  mass  M  at  C,  using 

the  ordinary  unit  of  mass,  we  multiply  by  kM,  where  tc  =  -^-7-  (page  48,  Vol. 

II,  Statics). 

(4)  Find  the  potential  and  attraction  of  a  straight  line  upon  an 
external  point. 

Ans.  Let  AB  be  the  line  and  G  the  point.  Drop  the  perpendicular  CD, 
takfe  D  as  origin,  and  let  CD  =  y.     Then  for  any 

P  point  P  of  the    line    distant   DF  =  a;  we  have 

CP  =  r  =  ^y^  +  ^.  Let  d  be  the  linear  density. 
Then  the  mass  of  any  element  is   ddx,   and  the 

\y     \\    ^^N^  potential  is 


-'/' 


dx 


;  =  siog 


X  +  4/.«/'  4-  «^ 
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Taking  this  between  the  limits  of  aj  =  DA  =  -\-  a  and  x  =  DB  =  +  ^>  we 
have 


F  =  d  log 


The  component  attraction  upon  unit  mass  at  G  in  the  direction  of  the 
line  is 

^        dV      d_ 


+  «» 


Introducing  the  limits  -f-  a  and  -|-  6, 

For  the  component  attraction  upon  the  unit  mass  at  C  perpendicular  to  the 
line  we  have 


•      dy 


-['°4v^+.ai 


¥^ 


yx^ 


y'V'  +  % 


8x 


y^y2  +  a;» 


y      ^         y^ 
Introducing  the  limits  -f-  a  and  +  h,  we  have 

F  =  -l—^=  -  --j=Ji= ti± L^ 

»'     y\^y^j^a^     i/y'  +  by    yw^     OB]' 

Let  the  angle  BCA  =   a,    BOB  =  fi,    ACB  =  /3  -  a  =  y.      Then 
1 


cos  /i  1  cos  a  riA-  7.  /^T^     .       -o 


and 


iP'a;  =  ^(cos  /?  -  COS  aj,   i^„  =  q^U^^  «  "  sin  /J J. 
The  resultant  force  upon  unit  mass  at  G  is  then 


25     .     1 


B  =   i\/Fo?  +  i^y*  =  -  V2  -  2  cos  r  =  —  sin  -  y. 

This  is  the  same  result  as  already  obtained,  page  51,  Vol.  II,  Statics. 

The  tangent  of  the  angle   which  this   resultant   force  makes  with  the 
vertical  is 

Fx        cos  ^  —  cos  a       ^      or  4-  /5 

■  _     =  -: : — ^  =  tan  — ~ — . 

Fy        sm  a  —  sin  p  2 

Therefore  the  resultant  attraction  bisects  the  angle  AGB. 

The  results  are  all  for  unit   mass  at  G  and  astronomical  unit  of 
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(page  48,  Vol.  II,  Statics).     For  mass  M  &t  C  and  ordinary  unit  of  mass  we 
have  only  to  multiply  Fx,  Fy,  B  by  kM,  where  k  =  ^—7-  (page  48,  Vol.    II, 

Statics). 

(5)  Find  the  potential  and  attraction  for  a  circular  disk  at  a  point  on 
the  perpendicular  to  its  plane  through  its  centre. 

Ans.  Let  y  be  the  radius  and  dy  the  thickness  of  an   elementary  ring,, 
and  d  the  surface  density.     Then  the  mass  of  the  elementary  ring  is  ^n8y  dy 
If  the  distance  00  is  x,  we  have  for  the  potential  of  the  disk 


V=^7td 


I 


ya;3  +  y* 
=  2;r5(  4/a;'  +  2/'  -  a;)' 

Q 

which  for  the  limits  y  =  B  =  radius  of  ^ 

disk,  and  y  =  0  becomes 

V  =  27td{  Vx''  H-  B'  -  x). 

For  the  centre  of  the  disk  this  becomes  27tSB. 

The  potential  then  is  constant  for  x  constant.     The  component  force  upon 

unit  mass  at  0  parallel  to  the  disk  is  then  -775  =  0.     For  the  component  force 

uB 

dV  I  X         \ 

along  OOvjQ  have  Fx  —  ~r-  =  —  3;r5[l ],  the  minus  sign  de- 

dx  \         ^x'  4-  Ji^J 

noting  attraction. 

This  is  the  same  result  as  already  obtained,  page  52,  Vol.  II,  Statics. 

For  mass  M  at  0  and  ordinary  unit  of  mass  we  have  only  to  multiply 

Fx  by  kM,  where  /<■  =  ^  (page  48,  Vol.  II,  Statics). 

(6)  Find  the  potential  and  attraction  at  the  vertex  for  a  right  cone 
with  circular  base. 

Ans.  Let  the  half  angle  at  the  vertex,  OOB,  of  the  preceding  figure  be  Q. 

Then  — ==—  =  cos  6.     Hence  from  the  preceding  example  we  see  that 

i/^^T'B^ 
the  attraction  of  all  circular  elementary  slices  for  a  particle  at  0  is  the  same^ 
and  equal  to 

-  27t5dx{l  -  cos  6). 
The  total  attraction  is  then 

Fa,  =  -^^  =  -  27(8x0.  -  cos  0), 

which  for  the  limits  h  and  0  becomes 

Fx  =  -  27tdh{l  -  cos  6). 

This  is  the  same  result  as  already  obtained,  page  53,  Vol.  II,  Statics. 

For  mass  Jf  at  0  and  ordinary  units  of  mass  we  have  only  to  multiply  by 

ar'^ 
kM,  where  k  =  ^—f  (page  48,  Vol.  II,  Statics), 

We  have  then 

V  =  -  7t8x\\  -  cos  9), 

or  for  limits  0  and  h  > 

V  =  Tt8h\l  -  cos  0). 
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(7)  Find  the  potential  and  attraction  of  a  spherical  shell  at  any  point. 

Ans.  Let  r  be  the  radius  of  tlie  shell,  t  its  thickness,  p  the  distance  of  the 

point  B  from  the  centre  C,  AB=  a  —  the  distance  of  any  point  of  the  shell 

from  the  given  point  B.     Take  the  origin  at  C,  and  let  BG 

coincide  with  the  axis  of  Y. 

Then    (page    40,    Vol.    II,    Statics)    the     elementary 
Volume  is 

dv  -  tH  sin  Bd  Bd  0, 
and 

a  =  \/r-  -f  p^  —  2rp  cos  0. 
Hence,  if  8  is  the  density, 

sin  0  dO  d(p 
I       i/r^- 


V=dtr'- 


l/r*  —  2rp  cos  6  -}-  p* 
Integrating  first  with  respect  to  <p,  we  have 

sin  B  dB 


V=27t8tr^ 


1  ^'" 


2rp  cos  9  +  p'  * 


and  then  with  respect  to  0, 

27tdtr  { 


V= 


|(r2-2r/)cos0  +  /32)*|" 


27tdtrr^,_^  ,  o._  ,    .,,1 


^     L 


(7-2  +  2rp  +  p^y  -  (r2  -  2rp  + 


.')*]. 


When  the  point  B  is  within  the  shell  p  <r,  and  when  it  is  outside  of  the 
shell  p>  r. 

In  the  first  case,  when  B  is  within  the  shell,  we  have 


„     2itStrr,    .     .       , 
F=— -    ir-\-p)-{r 


'] 


p)  I  =4.itdtr  =  '^, 
r 


where  m  is  the  mass  of  the  shell.     The  resultant  force  of  attraction  is  then 

dY 
B  =  — —  =  0.     This  is  the  same  result  as  in  example    (3),  page  54,  Vol.  II, 

Statics. 


In  the  second  case,  when  B  is  outside  the  shell,  we  have 


r=?^^(r  +  p)-i,-r)y 


4L7tStr^ 


where  m  is  the  mass  of  the  shell.     The  resultant  force  of  attraction  then  is 

B  =  -^—  = r,  where  the  minus  sign  denotes  attraction. 

dp  p' 

If  we  take  the  mass  M  bX  B  and  use  the  ordinary  unit  of  mass,  we  have 

R=  —  K  — T- .    This  is  the  same  result  as  already  obtained  page  46,  Vol.  II, 

P 
Statics. 

(8)  Find  the  potential  and  attraction  of  a  thick  homogeneous  spherical 
shell  at  any  point. 
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Ans.  Let  the  external  radius  be  ri  and  the  internal  radius  ra.  Then  in  the 
preceding  example  we  can  put  t  =  dr,  and  we  have  for  the  potential  of  that 
part  of  the   shell   outside  of  the    spherical    surface    containing    the    point 

/  ^icSr  dr,  and  for  the  potential  of  that  part  of  the  shell  inside  of  the  spher- 

»p 
ical  surface  containing  the  point     /       ^^      .     Hence 


/ 


The  mass  of  the  shell  is  m  =  —x—(ri^  —  ra^). 
If  the  point  is  wholly  within  the  shell, 

F=2;r5(ri2_ra2); 

and  if  the  thickness  is  very  small,  Vi  —  r-t  =t  and  ri  -{-r^  =  2r,  and  V  =  ^TCdtr, 

dV 
as  found  in  the  preceding  example.     Also  the  attraction  is  i2  =  —  =  0,  as 

found  in  the  preceding  example. 

If  the  point  is  wholly  without  the  shell, 

47t8  m 

and  i2  = 5,  as  found  in  the  preceding  example. 

If  the  shell  becomes  a  sphere,  ra  =  0  and  7*1  =  r,  and  we  have  for  an  interior 
point 


V=27edr'         :" 
0 

> 

^=-^=- 

'^  r. 
-^P' 

4 

ere  m  =  ^itr^S.    For  an  exterior  point 

P' 

For  p  =  r  we  have  in  both  cases 

47r5r«      m 
^-     3      -  r' 

E  = 

m 

Hence  we  see  that  for  a  homogeneous  sphere  we  may  take  the  potential  and 
attraction  at  any  external  point  as  though  the  whole  mass  were  concentrated  at 
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the  centre;  while  the  attraction  at  an  interior  point  is  directly  proportional  to 
the  distance  from  the  centre.  The  first  result  has  been  proved,  page  46,  Vol. 
II,  Statics;  the  second  in  example  (4),  page  54,  Vol.  II,  Statics. 

(9)  Fi7id  the  potential  and  attraction  for  a  cylindefr  of  length  I  and 
radius  Rfov  a  point  on  the  axis  at  a  distance  dfrom  the  nearest  end. 

Ans,  We  have  found,  example  (5),  for  the  component  force  along  the  axis 

of  a  circular  disk  —  27r5(l .   J  ;  the  component  at   right   angles   to 

the  axis  being  zero.     If  the  disk  has  a  thickness  dx,  we  have  for  a  cylinder 


dx 


=  F;,  =  -  2n8  fdx(l  -  --J=]  =  -  27td(x  -  \/^  +  W)\ 


or,  taking  the  limits  d-\-l  and  d, 

Fx  =  -  27cd(l  -  ^{d-\-[)^-\-R^J^  i/d'  +  R^). 

This  is  the  same  result  as  found  on  page  52,  Vol.  II,  Statics. 
Hence 

V  =  J  -  27t8dx{x  -  |/a;2  4-  2^2) 

=  _  2;r5[|'  -  |-  i/^^TW-  f  log  (x  +  V^TR')  ]• 

The  value  of  V  is  obtained  by  taking  the  limits  d  -\- 1  and  d.     For  d  =  0 
we  have  for  the  attraction  upon  unit  mass  at  the  end  surface 


Fa:  =  -27tS{l-  Vl'  +  ^-\-R)» 


and 


V=  27td^^  |/^'2  +  i2«  _|  _  ^  log  0+  i/^H-^o]- 

The  value  for  Fx  is  the  same  as  found  on  page  52,  Vol.  11,  Statics. 

For  a  mass  M,  using  the  ordinary  unit  of  mass,  we  multiply  Fx  by  kM, 

qr"^ 
where  k  =  ^  (page  48,  Vol.  II,  Statics). 

(10)  If  the  radiics  of  the  earth  is  4000  miles,  find  the  potential  for  a 
point  on  t?ie  surface. 

Ans,  From  example  (8)  we  have  for  astronomical  unit  of  mass  F=  -7^. 


For  ordinary  unit  of  mass  we  multiply  by 


97"' 


Hence  V  =  gr  ft.  -poundals. 


or  gr  ft. -lbs.  =  4000  X  5280  =  21120000  ft.-lbs. 


(11)  Show  that  the  dimensions  of  potential  are 


[TV 


(12)  In  a  series  of  concentric  spherical  equipotential  surf  aces  show 
that  the  distance  between  any  two  is  proportional  to  the  square  of  the 
geometric  mean  of  the  distances  from  the  centime. 

Ans.  Let  7*1  and  rj,  be  the  distances  from  the  centre,  Vi  the  greater.     Then 
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if  the  field  of  force  is  due  to  tlie  attraction  of  a  particle  of  mass  m  at  the  centre^ 
the  potential  for  any  point  on  the  first  surface  is  V\  =  — ,  and  for  any  point  on 

Tfh 

the  second  surface  Fa  =  — .     The  work  done  upon  unit  mass  in  passing  from 

(1  1  \  7..   _  7.„ 

where  k  =  ^-y  (page  48,  Vol.  II,  Statics).     Therefore  ri  —  ra  =  — .  riv-i,  or 

the  distance  ri  —  ra  between  the  surfaces  is  proportional  to  rira.  But  if  cc  is  a 
geometric  mean  between  Vi  and  ra  we  have  Ti  -.  x  :\  x  :  r^ ,  or  a;^  =  rira ,  or 
X  —  ^r\r<i.  Therefore  ri^a  is  the  square  of  the  geometric  mean  of  the  dis- 
tances from  the  centre. 

It  follows  that  at  great  distances  from  the  centre  of  the  earth  the  unit  mass 
must  be  moved  a  long  distance  in  order  to  do  a  ft. -lb.  of  work. 

(13)  A  point  A  near  the  earth^s  surface  is  h  feet  above  another  such 
point  at  B.    Find  the  excess  of  the  potential  of  A  over  that  of  B. 

Ans.  From  preceding  example  Va  —  Vb  =  Km' ,  where  K  =  — -. 

We  have  ri  —  ra  =  h,  and  if  the  points  are  near  the  earth's  surface  rira  ap- 
proximately equal  to  r'*.     Hence  Va  —  Vb  =  —  gh. 

(14)  At  the  distance  of  the  moon,  240000  miles  from  the  eartKs  centre, 
find  the  shortest  distance  through  which  1  lb.  must  be  moved  to  do  1 
ft.-lb.  of  work. 

Ans.  From  example  (12)  we  have  W  =  Km— — ;—?,  or,  inserting  the  value 

of  K".  W=  ar''^- -,  where  Wis  the  work  in  ft.-poundals.     For  the  work 

riT-a 

ri  —  7*8                                                             7*1 
in  ft.-lbs.  we  have  W  =  /" ,  or  if  TT  =  1  ft.-lb.,  ri  -  ra  =  -75.. 

Taking  /  =  4000  miles  and  ri  =  240000  miles,  we  have 

240000  X  5280 
^^  ~  "*»  =  ~  4000  X  4000  X  5280  X  5280  =  ^^"^  ^*- 
"^  240000  X  5280 

The  Theorem  of  La  Place.— if  any  closed  surface  in  a  field  of  force 
is  divided  into  small  portions,  the  sum  of  the  products  of  the  areas  of  these 
portions  by  the  normal  components  of  the  forces  exerted  at  them  on  unit 
mass  is  called  the  integral  normal  attraction  over  the  surface. 

Thus  if  V  is  the  potential  for  any  point  of  the  surface,  then  if  p  is  the 

dV 
normal  to  the  surface  the  normal  force  or  unit  mass  is  iV=  -— .     If  dA  i& 

dp 
the  small  elementary  area,  the  product  JV^dA  is  the  normal  attraction  over 

the  elementary  surface  and    /  JYdA  =    I  ~z—dA  is  the  integral  normal 

attraction  over  the  whole  surface. 

Let  A  be  the  area  of  any  closed  surface,  and  w  any  attracting  mass 
■wholly  external  to  A.    Then  it  can  be  shown  that 


fmA  =  J^dA  =  0. 
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This  is  known  as  the  theorem  of  La  Place. 

Take  a  particle  of  mass  m  at  O  wholly  outside  the  closed  surface  S, 
Consider  the  elementary  cone  which  has  dA  for  its  base,  and  vertex  at  0. 


If  r  be  the  length  of  the  cone  and  da)  its  solid  angle,  its  base  is 
dA  =  r^doo  sec  0,  where  (p  is  the  angle  which  the  base  makes  with  a 

in 
normal  section  of  the  cone.    The  attraction  is  —  on  unit  mass,  and  the 

r'  ' 

m 
normal  attraction  -5-  cos  0  =  N.    Hence  NdA  =  mdoa. 

If  the  mass  m  at  0  is  wholly  without  the  surface,  every  line  drawn  from 
it  will  meet  the  surface  in  an  even  number  of  points.  If  we  take  the 
normal  attraction  as  positive  if  directed  outwards  and  negative  if  directed 
inwards,  we  have 


+  NidAx  «=  —  NidA^  =  +  IS'zdAz  =  —  N^dA^  =  mdao. 


Hence 


fmA  =   f^dA  =  0. 


Poisson's  Extension  of  La  Place's  Theorem.— If  the  point  0  is 
inside  the  surface^  the  cone  whose  vertex  is  0  will  cut  the  surface  in  what- 
ever direction  it  is  drawn  an  odd  number  of 
times.    We  have  then 

—  NxdAi  =  +  NidAi  =  —  IfadAz  =  mdoo. 

Hence 


»      Cl^dA  =  f~-dA  =    CindGo  =  -  4.itM', 

where  M'  is  the  entire  mass  within  the  sur- 
face. 
This  is  known  as  Poisson's  extension  of  La  Place's  theorem. 
Hence,  combining  the  two  theorems,  we  see  that  the  sum  of  the  at- 
tractions of  any  mass  M  estimated  along  the  normals  at  all  points  of  a 
closed  surface  is  zero  when  the  attracting  matter  M  is  wholly  external  to 
the  surface  and  equal  to  —  ^nM'  when  the  closed  surface  contains  any 
portion  M'  of  if,  or 

J*NdA  =  f^dA  =  0,     or    -  4;rif' . 

Let  a?,  y,  z  be  the  co-ordinates  of  the  attracting  particle  of  density  5. 
Then  we  can  also  write 

d-'V      d'V      dJ'V      ^  .   ^ 


dx* 


dz" 
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Thus,  let  the  surface  be  a  rectangular  parallelopipedon  whose  sides  are 
<jix,  dy,  dz.  Let  Nx,  iVy ,  iVz  be  the  normal  attractions  on  the  sides,  taken 
as  positive  in  the  positive  direction  of  x,  y,  z. 

For  the  two  faces  which  are  perpendicular  to  the  axis  of  X  we  have 

dA  =  dydz,  and  for  a  point  within  the  surface  we  have  for  the  face  on  the 

dV  dV     d^V 

left  JTx  =  -7-,  and  for  the  face  on  the  right  —Ifx=  -r^ -\ .     Hence 

dx  '^  dx      dx 

JS'xdA  over  this  pair  of  faces  is  —  --f-^dx  dy  dz.    For  the  other  pairs  of 

d'^V  d'V 

faces  we  have  in  the  same  way  ^-=-^dxdy  dz  and  —  -—  dxdydz.  Equat- 

ay  diZ 

ing  then  the  value  of  /  NdA  for  the  whole  surface  to  —  \.TtM\  that  is, 

to  —  ^.Ttdx  dy  dzd^  we  have 

d^'V  ,  d'V,  d'V     ,^^ 
dx"  ^  dy^  ^  dz"" 
If  the  point  is  external,  (J  =  0  and 

dn'   dry-   dyv_ 

dx^  ^  dy^'  '^  dz^~   ' 

EXAMPLES. 

(1)  To  find  the  attraction  of  a  sphere  or  spherical  shell  of  matter 
symmetrically  distributed  round  the  centre. 

Ans.  By  symmetry  the  attraction  is  the  same  at  all  points  of  a  spherical 
surface  and  is  in  the  direction  of  the  radius  drawn  inwards.  Let  r  be  the  radius 
of  such  a  surface.     Then 


r^fdA  =  iVT  /"dA  =  li.  4.7trK 


Equating  this  to  —  AtiM',  where  M'  is  the  mass  within  the  surface,  we  have 
for  the  attraction  on  unit  mass  at  distance  r,  using  the  astronomic  unit  of  mass 
(page  48,  Vol.  II,  Statics) 

N  in  this  case  is  the  whole  attraction  on  unit  mass  at  a  distance  r  from  the 
centre,  and  the  result  shows  that  it  is  the  same  as  the  attraction  of  a  mass  M' 
collected  at  the  centre.  If  r  is  greater  than  or  equal  to  the  radius  of  the 
sphere  or  the  external  radius  of  the  shell,  M'  will  be  the  whole  mass  of  the 
sphere  or  shell.  If  r  is  equal  to  or  less  than  the  internal  radius  of  the  shell, 
M'  is  zero.     (See  examples  (7)  ajid  (8),  pages  110,  111.) 

(2)  To  find  the  attraction  of  a  cylinder^  either  solid  or  hollow,  of  in- 
definitely great  length,  the  density  being  a  function  of  the  distance  from 
the  axis. 

Ans.  By  symmetry  the  attraction  is  the  same  at  all  points  of  a  cylindric 
surface  having  the  same  axis  as  the  given  cylinder,  and  is 
J    directed  normally  inwards.     Let  such  a  cylinder   of  radius  r 
be  cut  by  two  planes  at  unit  distance  apart,  perpendicular  to  the 


axis,  and  let  us  take    /  NdA  over  the  surface  of  the  right 

cylinder  of  unit  length  thus  enclosed.  The  value  of  N  at  any 
point  of  either  end  of  this  cylinder  is  zero,  since  the  whole 
force  is  tangential;  while  at  any  point  of  the  convex  surface 
the  force  is  normal. 

Hence  if  F  denotes  the  attraction  upon  unit  mass  at  dis- 
tance r  from  the  axis,  we  have 


/ 


NdA  =  F  X  convex  surface  =  2itrF. 
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Equating  this  to  —  AtcM',  we  have  for  the  attraction  on  unit  mass  at  dis- 
tance ?',  using  the  astronomic  unit  of  mass  (page  48,  Vol.  II,  Statics), 

^ r- 

where  M'  is  the  mass  of  unit  length  of  the  given  cylinder,  if  r  is  greater  than 
the  external  radius  R  of  the  cylinder.  If  the  cylinder  is  hollow  and  r  less  thaa 
the  internal  radius,  M'  is  zero. 

(3)  To  find  the  attraction  of  a  uniform  lamina  formed  by  two  paral- 
lel planes  extending  to  an  indefinite  distance  in  all  directions. 

Ans.  By  symmetry  the  attraction  is  normal  to  the  lamina,  and  the  same  for 
all  points  equidistant,  whether  on  the  same  or  on 
opposite  sides.  j ^ 

Consider  a  right  cylinder  with  plane  ends  of  unit  i  { 

area,  these  latter  being  parallel  to  the  lamina  and  at  J 

equal  distances  on  opposite  sides,  and  take    /  NdA  \ t 

over  its  surface.     N  will  be   zero  over  the  convex     '        J  ( 

surface  because  the  attraction  there  is  tangential.    On  i  I 

the  plane  ends  the  attraction  will  have  a  uniform 

P  .      •  I 

value  which  we  will  call  F.     Then    /  NdA  =  'iFy  • • 

and  equating  this  to  —  4;r Jf ',  we  have  for  the  attraction  on  unit  mass,  using- 
the  astronomic  unit  of  mass  (page  48,  Vol.  II.,  Statics), 

F=-27tM', 

where  M'  is  the  mass  of  unit  area  of  the  lamina. 

(4)  The  force  at  any  point  of  a  tube  of  force  varies  inversely  as  the 
normal  cross-section  at  that  point  when  there  is  no  attracting  matter 
within  the  tube. 

Ans.  If  lines  of  force  are  drawn  from  points  in  the  boundary  of  any  portion 
of  an  equipotential  surface,  the  space  thus  marked  off  is  called  a  tube  of  force. 
Any  normal  section  is  then  an  equipotential  surface.  If  we  apply  to  a  tube  of 
force  bounded  by  two  normal  sections  the  theorem 


/ 


NdA  =  -  47r Jf'  or  0. 


JV  will  vanish  over  the  sides  of  the  tube,  because  the  force  there  is  tangential. 
At  one  end  (that  for  which  V  is  greatest)  N  will  be  positive 
_  and  equal  to  the  resultant  force  Fi ;  at  the  other  end  it  will 

^l/^""^  be  negative  and  equal  to  F-i ,  taking  forces  outward  as  posi- 
tive and  inward  negative.  Hence  denoting  the  areas  of  the 
normal  sections  by  dAi  and  dA<t,  we  have 

FidAi  —  FidAi  =  -  iTtM', 

where  M'  denotes  the  mass  of  attracting  matter  contained 
within  the  tube. 

When  there  is  no  attracting  matter  within  the  tube 

FidAi  -  FidAi  =  0,    or    F,dA,  =  F^dA^\ 

that  is,  the  force  varies  inversely  as  the  cross-section  of  the  tube. 

When  a  liquid  flows  through  a  tube,  keeping  it  always  full,  the  flow  of 
liquid,  or  the  volume  that  passes  per  unit  of  time,  must  be  the  same  for  all 
sections  of  the  tube.    If  dA  be  an  element  of  any  section  and  iVthe  component 


velocity  normal  to  dA,  the  flow  across  the  section  will  be  /  NdA, 

If  we  consider  any  closed  surface  in  the  liquid,  the  flow  into  it  mu 
the  flow  out  of  it,  and  therefore  if  iVis  taken  positive  or  negative  acco 

the  flow  is  outward  or  inward,   /  NdA  over  the  whole  surface  is  zero. 
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From  tliis  analogy,  JVdA,  where  JV  denotes  the  intensity  of  the  component 
force  normal  to  the  element  dA,  is  sometimes  called  the  flow  of  force  across  the 
element.  We  can  then  say  that  the  flow  of  force  is  the  same  across  any  two 
sections  of  a  tube  of  force  not  separated  by  attracting  matter,  that  the  total 
flow  of  force  into  a  space  not  containing  attracting  matter  is  zero,  and  that  the 
total  flow  of  force  into  a  space  containing  the  quantity  of  matter  M'  is  —  AnM'. 

Faraday  used  the  expression  ' '  number  of  lines  of  force  "  to  denote  what  has 
been  called  flow  of  force.  It  is  sometimes  called  "number  of  unit  tubes  of 
force."  Hence  the  expressions  "number  of  unit  tubes  of  force  which  cut  a 
surface,"  the  "flow  of  force  across  a  surface  "  and  the  "  integral  of  normal  at- 

^Iraction  over  a  surface  "  are  all  various  names  for  the  integral  /  NdA, 
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CONSTRAINED  MOTION  OF  A  PARTICLE. 


REACTION  OF  ANY  CURVE  OR  SURFACE.  REACTION,  EXTERNAL  FORCES  ZERO. 
REACTION,  CO-PLANAR  FORCES.  REACTION,  PLANE  CURVE  IN  GENERAL. 
REACTION,  PLANE  CURVE,  CO-PLANAR  FORCES.  REACTION  DUE  TO  ROTA- 
TION OF  PATH.   CONSTRAINED  MOTION,  GENERAL  EQUATIONS. 

Reaction  of  any  Curve  or  Surface. — Suppose  a  body  sliding  upon, 
a  rough  curve  or  surface.  We  can  replace  it  (page  66)  by  a  particle 
of  equal  mass  m  at  any  point  of  contact  P  given  by  the  co-ordinates 
X,  y,  z.  Let  this  particle  have  the  velocity  v  in  the  direction  PT 
along  the  tangent  at  P.  Let  p  be  the  radius  of  curvature  at  the 
point  P. 

Let  R  be  the  reaction  of  the  curve  making  the  angle  of  kinetic 


friction  (p  with  the  normal  reaction  N.    We  can  resolve  R  then 
into  the  normal  reaction  N  and  the  friction 

F  =  mN, 

where  m  is  the  coeflacient  of  kinetic  friction.    The  friction  F  always 
acts  opposite  to  the  direction  of  motion. 

Let  the  normal  reaction  N  make  the  angles  r?p  and  i?n  with  the 
radius  of  curvature  p  and  the  perpendicular  through  P  to  the  plane 
of  fj  and  PT.  Then  we  can  resolve  the  normal  reaction  N  into  the 
reaction  Np  along  the  radius  of  curvature  and  the  reaction  Nn  at 
right  angles  to  the  plane  of  p  and  PT. 

If  the  particle  moves  on  a  surface  there  can  be  no  reaction  Nn  at 
right  angles  to  the  direction  of  motion,  hence  Nn  =  0.  For  a  sur- 
face, then,  the  resultant  R  of  all  the  external  forces  acting  on  the 
particle  must  always  lie  in  the  plane  of  T  and  />,  and  the  normal 
reaction  N=  Np  must  always  act  along  the  radius  of  curvature. 
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The  same  will  hold  true  for  a  curve  unless  the  particle  is  a  ring 
with  the  curve  passing  through  it,  or  the  curve  is  a  hollow  tube 
with  the  particle  within  it. 

Let  all  the  forces  and  reactions  upon  the  body,  except  the  friction 
and  reaction  R  at  the  point  P,  be  Fi,  Fi,  etc.,  making  with  the  co- 
ordinate axes  the  angles  {(x^ ,  ^i ,  yi),  {a^ ,  fi^ ,  y^)^  etc.  Then  the 
resultant  components  Fx,  Fy,  Fz  parallel  to  the  axes  are  given  by 

Fx  =  Fi  cos  «i  +  Fi  cos  aa  +  .  .  .  =  2F  cos  a;  \ 

Fy  =  Fi  cos  /?!  +  i^a  cos  A  +  .  .  .  =  2F  cos  /?;  l .    .    .    (1) 

Fz  =  Fi  cos  r  1  +  i^2  cos  ra  +  •  .  .  =  ^F  COS  y.  ) 

In  taking  these  algebraic  sums,  components  in  the  positive  direc- 
tions of  X,  y  and  z  are  positive,  in  the  opposite  directions  negative. 

Let  the  radius  of  curvature  p  make  the  angles  Bx,  &?/,  02  with  the 
co-ordinate  axes.  Then  we  have  for  the  component  of  the  resultant 
R'  of  all  the  external  forces  Fi,  F-i,  etc.,  along  the  radius  of 
curvature 

Fx  cos  Ox  +  Fy  cos  6y  +  Fz  cos  Oz. 

The  reaction  of  the  curve  or  surface  due  to  these  external  forces 
is  equal  and  opposite  in  direction  and  therefore  given  by 

—  (Fx  cos  Ox  +  Fy  cos  Oy  -f-  Fz  COS  Oz). 

But  we  have  seen  (page  15)  that  the  reaction  of  the  curve  due  to 

motion  on  the  curve  alone  is ,  always  acting  towards  the  centre 

of  curvature.  The  total  reaction  Np  along  the  radius  of  curvature 
is  then 

Np  =  — (Fx  COS  Ox  +  Fy  coa  Oy  +  Fz  COS  Oz)  +  — .   .    .     (2) 

In  equation  (2), always  acts  towards  the  centre  of  curvature 

and  is  therefore  always  essentially  negative.  We  take  p,  then, 
always  positive  or  away  from  the  centre  of  curvature.  We  take 
the  components  Fx  cos  Ox ,  etc. ,  positive  when  acting  away  from, 
negative  when  acting  towards,  the  centre  of  curvature.  If  Np 
comes  out  positive,  then  it  acts  away  from,  if  negative,  towards,  the 
centre  of  curvature.  For  a  particle  on  the  concave  side  Np  negative 
indicates  pressure  and  positive  Np  indicates  tension  between  the 
particle  and  curve,  and  vcie  versa  for  a  particle  on  the  convex  side. 
In  any  case,  then,  we  have  pressure  when  Np  acting  upon  the  par- 
ticle is  away  from  the  curve  or  surface. 

If  we  are  dealing  with  a  surface,  equation  (2)  gives  the  resultant 
normal  reaction  N  (figure,  page  118).  So  also  for  a  curve,  unless 
the  particle  is  a  ring  about  the  curve,  or  the  curve  is  a  hollow  tube 
with  the  particle  inside.  Only  in  this  case  can  we  have  the  normal 
reaction  Nn- 

Let  the  normal  at  P  to  the  plane  of  p  and  T  make  the  angles  ex , 
e?/,  ez  with  the  axes.  Then  the  component  of  the  resultant  R  of 
ail  the  external  forces  Fi ,  F^,  etc.,  along  this  normal  is 


Fx  cos  ex  +  Fy  COS  ey  +  Fz  COS  ez- 
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The  reaction  Nn  of  the  curve  along  this  normal  is  equal  and 
opposite,  or 

Nn^  —  {Fx  COS  Cx  +  Fy  COS  ey  +  Fz  COS  ez).       ...     (3) 

In  equation  (3)  we  take  components  in  any  one  direction  along 
the  normal  positive,  in  the  opposite  direction  negative. 
The  resultant  normal  reaction  N  is  then  given  by 


N=VN,'  +  Nn\ (4) 

making  the  angles  T/p,  77,1  with  the  radius  of  curvature  and  the 
normal  to  the  plane  of  p  and  PT  given  by 


Np  _N, 


cos  Vfi  =  -^,     COS  Vn  =  ^rr» (5) 


and  angles  vxiVvt  ^«with  the  axes  given  by 

cos  rjx  =  COS  Vp  COS  Sx  +  COS  Vn  COS  €x  ; 
COS  Vy  =  COS  Vp  COS  Oy  +  COS  7/n  COS  €y  ; 
COS  J?z  =  COS  T/p  COS  Qz  +  COS  Vn  COS  €z. 


(6) 


Let  the  tangent  T  make  the  angles  fx^  il^y,  i>z  with  the  axes. 
Then  we  have  for  the  tangential  component  of  the  external  forces 

T=Fx  cos  i^x  +  Fy  cos  ^f>y  +  Fz  cos  ^;z.    .    .    .     .    (7) 

In  equation  (7)  we  take  components  in  the  direction  of  motion 
positive,  in  the  opposite  direction  negative. 

If  there  is  friction  there  must  always  be  pressure  between  the 
particle  and  curve  or  surface,  or  the  reaction  on  the  particle  must 
always  be  away  from  the  curve  or  surface. 

We  have  then  for  the  friction,  when  there  is  any, 

F^j^N, 

where  //  is  the  coeflBcient  of  kinetic  friction.  The  direction  of  the 
friction  is  always  opposite  to  the  direction  of  the  motion.  The 
resultant  tangential  force  is  then 

T—F=T—  mNj 
or 

T  — F  =  Fx  cos  Tf>x  +  Fy  cos  7py  +  Fz  cos  Tf^z  —  mN.    .    .    (8) 

The  resultant  reaction  R  (figure,  page  118)  lies  in  the  plane  of 
JVand  T  and  makes  the  angle  of  friction  (p  with  iV,  so  that 

R  =  ^N'  +  yuW  =  NVTTV'  =  -^ (9) 

cos  <p 

It  T—  F  =  0,  we  have  equilibrium.  If  there  is  no  equilibrium, 
T  —  F  must  be  greater  or  less  than  zero,  and  hence 

^%'^ (lo) 
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For  a  smooth  curve  or  surface  ja  =  0,  F  =  0.  For  a  straight  line 
or  plane  /?  =  oo  and  =  0. 

Reaction — External  Forces  Zero.  —  If  there  are  no  external 
forces  we  have  Fx  =  0,  i^y  =  0,  Fz  =  0.  Hence  from  (3)  Nn  ~  0,  and 
from  (4)  and  (5)  N  =  Np  and  Vp  =  0,  t/^  =  90°,  or  the  normal  reaction 
lies  in  the  radius  of  curvature.    We  have  then  from  (3) 

always  acting  towards  the  centre  of  curvature.  There  can  only  be 
friction  when  there  is  pressure  between  the  curve  or  surface  and 
particle,  that  is,  when  Np  is  away  from  the  curve,  or  the  particle  is 
on  the  concave  side. 

Reaction — All  Forces  Co-planar. — If  all  the  forces  are  co-planar, 
R'  (figure,  page  118)  must  lie  in  the  plane  of  p  and  T,  and  hence  Nn  =  0 
and  N=  Np,  or  the  normal  reaction  lies  in  the  radius  of  curvature. 

Reaction — Plane  Curve  in  General. — For  a  plane  curve  in  gen- 
eral we  may  take  the  plane  of  the  curve  that  of  XY;  we  have  then 

9^  =  90°,       lPz  =  90%       €x  =  90%       €y=W,       €z  =  0.      .       .       (1) 

Hence  from  (2),  page  119, 

Np  =  -iFxC08ex+  FyC08ey)  + (3) 

r* 

From  (3),  page  120,  we  have 

Nn  =  -Fz, (3) 

and  from  (4),  page  120, 

■N  =  VNp' +  Nn\ (4) 

From  (5),  page  120,  we  have  then 

Np                           Nn  /-N 

cos  vp  =  ^j      COS  Vn   =  -j^, (5) 

and  from  (6), 

cos  Vx  =  cos  vp  COS  Ox ,     cos  Vy  =  cos  Vp  cos  Oy  ,     COS  Vz  =  COS  Vn.     (6) 

In  order  that  there  may  be  friction  there  must  be  pressure  be- 
tween the  curve  and  particle  or  N  must  act  on  the  particle  away 
from  the  curve.    We  have  then  from  (7),  page  120, 

T  =  Fx  cos  i^x  +  Fy  cos  l/^y ,  .    .    .    ,    .    .    (7) 
and  the  friction 

F=m, 

always  acting  opposite  to  the  direction  of  motion. 
The  tangential  force  is  then 

T—  F  =  Fx  cos  ^x+  Fy  cos  ^y  —  inN    ....    (8) 

If  r-  F  =  0,  there  is  equilibrium.  If  there  is  no  equilibrium, 
T  —  jP  is  greater  or  less  than  zero,  or 

T  > 

N<^' 
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If  the  curve  is  a  straight  line  ^=00, 


mv' 


=  0.     For  a  smooth 


curve  //  =  0,  jP  =  0. 

Reaction — Plane  Curve — Co-planar  Forces. — For  a  plane  curve 
when  all  the  forces  are  in  the  plane  of  the  curve,  we  have 


Fz  =  0,    and    2Vn  =  0.   .    . 
The  preceding  equation  then  becomes 

N=Np  =  —  {Fx  cos  Bx  +  Fy  cos  By)  + 


mif 


(1) 


(3) 


We  have  also 

cos  Vx  =  cos  Bx ,        cos  Vy  =  cos  By ,        cos  Vz  =  0; 

cos  t/>x  =  sin  6a;,  COS  i>y  =  COS  Bxf         COS  fz  =  0; 

T  =  Fx  sin-Bx  +  Fy  COS  Bx  ;    ,    .    .    . 
F  =  MNp', 
T-F=  {Fx  sin  Bx  +  Fy  cos  Bx)  -  fiNf.    .    . 
If  there  is  no  equilibrium, 


(3) 
(4) 


N 


^A^. 


If  the  curve  is  a  straight  line,  /o  =  oo , 
0. 


mif 


(5) 

0.    For  a  smooth 


curve  ju  =  0,  F 

Reaction  Due  to  Rotation  of  the  Path. — If  a  particle  of  mass  m 
moves  on  any  curve,  it  has  in  general  two  accelerations  with 
reference  to  the  curve,  one,  ft,  tangent  to 

the  curve  and  one,  fn  =  — ,  directed  towards 

P 
the  centre  of  curvature,   where  v  is  the 
velocity  and  p  the  radius  of  curvature. 

The  reaction  along  the  radius  of  curva- 
ture due  to  motion  in  the  curve  alone  is 


then 


mV 


The  actual  acceleration /of  the 


particle  is  the  resultant  of  ft  and/n,  or 


/=i//,«  +  /n', 

and  it  makes  the  angles  a  and  b  with  ft  and  fn  given  by 

ft  ,      fn 

cosa  =  -^,    cos6  =  y. 

The  same  holds  true  if  curve  and  particle  have  any  common 
motion  of  translation  with  or  without  acceleration. 

If,  however,  the  curve  rotates  about  an  axis  we  have  a  relative 


CHAP.  IX.]  CONSTRAINED   MOTION   ON   A   CURVE. 


123 


acceleration  due  to  rotation,  besides  the  relative  accelerations  ft 

and/n. 

Thus,  if  V  is  the  relative  velocity  in  the  curve^ 
Pi  Pa  =  vt  is  the  distance  along  the  curve  described 
by  the  point  in  an  indefinitely  small  time  t.  Let  the 
curve  rotate  with  the  angular  velocity  co  about  an 
axis  parallel  to  P'O  which  makes  the  angle  i)  with  the 
element  of  the  relative  path  PiPi.  Then  the  angle 
PiOC  =  Got,  and  while  the  particle  moves  to  P2  the 
curve  moves  to  PiC.  If  then  /,•  is  the  acceleration 
due  to  rotation  of  the  particle  with  reference  to  the 

curve,  we  have 


P2C  =  -^frt^  =  v^  sin  rp  .  Got,     or   fr=  —  2gov  sin  f. 


(1> 


Equation  (1)  gives  the  acceleration  of  the  particle  with  reference 
to  the  curve,  and  it  acts  in  the  direction  Cd  in  the  figure,  opposite 
to  the  direction  of  rotation  at  right  angles  to  the  plane  of  the  axis 
and  element  of  the  path. 

If  the  particle  is  constrained  to  remain  on  the  curve,  the  reaction 
of  the  curve  will  evidently  be  in  the  opposite  direction,  dC,  or  in 
the  direction  of  rotation  at  right  angles  to  the  plane  of  the  axis  and 
element  of  the  path. 

We  have  then  for  the  reaction  of  the  curve  due  to  rotation 


mfr  =  2mGov  sin  ^, 


(2} 


acting  in  the  direction  of  rotation  at  right  angles  to  the  plane  of  the 
axis  and  element  of  the  path. 

The  reaction  of  the  curve  due  to  rotation,  then,  is  equal  to  twice 
the  product  of  the  mass  and  relative  velocity  v,  the  angular  velocity 
GO  and  the  sine  of  the  angle  ip  which  the  element  of  the  relative  path 
makes  with  the  line  through  the  particle  parallel  to  the  axis.  Its 
direction  is  at  right  angles  to  the  plane  of  this  line  and  element,  and 
it  acts  in  the  direction  given  by  the  rotation.  (Compare  page  216, 
Vol.  I,  Kinematics  ;  also  page  24.) 

[Constrained  Motion — General  Equations.* — Suppose  a  body  sliding 
on  a  rough  curve  or  surface.  We  can  replace  it  (page  66)  by  a  particle  of 
equal  mass  m  at  any  point  of  contact  P, 
given  by  the  co-ordinates  x,  y,  z.  Let  the 
particle  have  the  velocity  v  in  the  direction 
PT  along  the  tangent  at  P.  Let  p  be  the 
radius  of  curvature  at  the  point  P. 

Let  R  be  the  reaction  of  the  curve  mak- 
ing the  angle  of  kinetic  friction  0  with  the 
normal  reaction  N.  We  can  resolve  R  into 
the  normal  reaction  iVand  the  friction 

p=>Miv; 

where  ijl  is  the  coefficient  of  kinetic  friction. 
The  friction  F  always  acts  opposite  to  the 
direction  of  motion. 


R.X 

N 

^ 

Np 

V 

\ 

1^ 

Z' 

>- 

"^ 

^ 

\ 

"A 

P 

X 

, 

*  Students  not  familiar  with  the  Calculus  should  omit  the  rest  of  this 
chapter. 
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Let  the  normal  reaction  N  make  the  angles  tfp  and  tfn  with  the  radius 
of  curvature  p  and  the  perpendicular  through  P  to  the  plane  of  p  and  PT^ 
and  the  angles  t/x,  Vy-,  Vz  with  the  axes. 

Let  iVp  be  the  component  of  the  normal  reaction  N  along  the  radius  of 
curvature,  and  let  the  radius  of  curvature  make  the  angles  6^ ,  ^y -,  ^z  with 
the  axes. 

Let  the  direction  of  motion  PT  make  the  angles  ipx^  ^y,  ^z  with  the 
axes,  so  that 

dx  dy  ,       dz 

Let  Nn  be  the  component  of  the  normal  reaction  iV^at  right  angles  to 
the  plane  of  p  and  PT^  making  the  angles  e^ ,  ^y -,  €z  with  the  axes. 

If  the  particle  moves  on  a  surface  there  can  be  no  reaction  JYn  at  right 
angles  to  the  direction  of  motion.  For  a  surface,  then,  the  normal  reaction 
JSf  must  act  along  the  radius  of  curvature  and  iV"  =  iVp. 

The  same  holds  true  for  a  curve  unless  the  particle  is  a  ring  with  the 
curve  passing  through  it,  or  the  curve  is  a  hollow  tube  with  the  particle 
inside. 

Let  all  the  forces  and  reactions  upon  the  body,  except  the  friction  and 
reaction  at  the  point  P,  be  Fiy  Fa,  etc.,  making  with  the  axes  the  angles 
(a, ,  /Si ,  yi),  (as ,  yJa ,  y-i),  etc. 

Then  the  resultant  components  Fxj  Fy^  Fz  parallel  to  the  axes  are 
given  by 

Fx  =  ^1  cos  «!  +  i^2  cos  aa  +  .  .  .  =  ^F  cos  a ;   > 

Fy=  Fi  cos  /?!  +  -Fa  cos  ^2  +  .  . .  =  :SF  cos  /? ;    I  •       •     •     (1) 

Fz  =  Fi  cos  ^1  +  ii^a  cos  ;^8  +  .  .  .  =  'SF  cos  y.    J 

The  same  conventions  as  to  signs  hold  as  in  equations  (1),  page  119. 

If  these  forces  alone  act,  we  have  unconstrained  motion. 

Motion  on  a  Curve. — If  there  is  friction,  there  must  always  be  pressure 
between  the  curve  and  particle,  or  N  must  always  act  on  the  particle  away 
from  the  curve.    The  friction  is  then 

F^mN, 

where  //  is  the  coefficient  of  kinetic  friction.    This  friction  is  always  oppo- 
site to  the  direction  of  motion,  or  is  a  retarding  force. 

We  have  then  for  the  components  along  the  axes  of  the  forces  acting  on 
the  particle 

d^x  dx   N 


d^y  dy 


d^z  dz 


(2) 


If  iVis  zero,  the  motion  is  unconstrained.    Equations  (3),  togethei  with 
the  equation  of  the  curve,  determine  the  motion. 
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Since  the  particle  is  constrained  to  move  on  the  curve,  the  motion  along 
any  normal  is  zero^    We  have  then  as  conditions  of  constraint 

dx  cos  rjx  +  dy  cos  rjy  +  dz  cos  ^^  =  0;  ] 

dx  cos  ©a;  +  dy  cos  6?,  +  tZ^  cos  9z  =  0;   >   .     .     .     .     (3) 

dx  cos  ex  +  dy  cos  €y  +  dz  cos  e^  =  0.  j 

Also,  since  the  resultant  force  at  right  angles  to  the  plane  of  p  and  PT 
is  zero  and  the  force  along  the  radius  of  curvature  always  acting  towards 

the  centre  of  curvature  is  — ,  we  have 
9 

d^x  ,  d^y  ^  d}z 

K  we  multiply  equations  (2)  severally  by  cos  Bx ,  cos  % ,  cos  Qg  and  add, 
we  have,  since 

iVp  =  iVcos  Vx  cos  6a;  +  iVcos  r}y  cos  By  +  iVcos  Vz  cos  0^, 
after  reducing  by  (3)  and  (4), 

iVp  =  —  {Fx  cos  0x  +  Fy  cos  ©2/  +  Fz  cos  ©z)  +  — .  ...    (5) 

This  is  the  same  as  equation  (2),  page  119,  and  the  conventions  for  signs 
are  the  same  as  there  indicated. 

If  we  multiply  equations  (2)  severally  by  cos  ex ,  cos  ey ,  cos  ez  and  add, 
we  have,  since 

Nn  =  iVcos  Vx  COS  ex  +  iVcos  T/y  cos  ey  +  JVcos  Ifz  COS  €z, 

after  reducing  by  (3)  and  (4), 

iVn  =  —  (Fx  cos  €x  +  Fy  cos  ey  +  i^^  cos  €z).     ...    (6) 

This  is  the  same  as  equation  (8),  page  120,  and  the  conventions  for  signs 
are  the  same  as  there  indicated. 

We  have  then,  as  on  page  120,  the  resultant  normal  reaction 

]sr=vW+'^, (7) 

making  the  angles  ^p ,  i?n  with  the  radius  of  curvature  and  the  normal  to 
the  plane  of  p  and  PT  given  by 

COS^p  =  -^,       COSVn  =  -^, (8) 

and  angles  VxyVvi  Vz  with  the  axes  given  by 

cos  Tjx  —  cos  rjp  cos  Bx  4-  cos  T/n  cos  ex\  \ 

cos  Tfy  =  cos  Tfp  cos  By  +  cos  Tfn  GOB  ey\    > (9) 

cos  Tfz  =  COS  IJp  COS  Bz   +  COS  7}n  COS  ez.    ) 
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We  have  also 


cos 


.  d  fdx\  ^  d  [dy\  ^  d  (dz\ 


where  p  is  always  to  be  taken  away  from  the  centre  of  curvature  or  posi- 
tive, and  is  given  by 

ds" 
P=  ± 


Vid'xy  +  {d'yY  +  {(Pzy 


If  we  multiply  equations  (3)  severally  by  — ,  -^,  ~  and  add,  we  have, 
since  dx^  +  dy^  +  dz^  =  ds^,  after  reducing  by  (3),  remembering  that 


/(^x   dx     d^    dy     d^z    dz\ 
^\dt'  '  ds'^  df'ds      dt^'ds)"^ 
for  the  resultant  tangential  force 


dv        ^dx       ^dy       „  dz 
If  T  is  the  tangential  component  of  the  external  forces  we  have 


di") 
n 

and 


"'d<==^-^^ 


„         dx  dv  dz 

This  is  equation  (7),  page  120. 

The  resultant  reaction  R  lies  in  the  plane  of  iVand  T,  and  makes  the 
angle  of  friction  0  with  iVso  that 


N- 


R  =  vwn^^ = Nv^  +  z^"  =  -^ (13) 

cos  (t> 

Again,  if  we  multiply  equations  (2)  severally  by  dx^  dy^  dz  and  add,  we 

dv 
have,  after  reduction  by  (3),  for  the  differential  loork^  m-^ .  dSy  since 


ljdx'+dy'+dz'\      ljds'\      1     .         , 
2-^i dt^ )=2'^W)  =  3-^^  =  ^^' 


d^x  dx  +  d^ydy  +  d'z  dz  _  1  Jdx'+dy^+dz^X      1  Jds"  \      1 
df 


mvdv  =  Fxdx  +  Fydy  +  Fzdz  -  uNds  =  {T  —  nN)ds.  .    .    (14) 
If  we  integrate  (14)  and  let  v  =  Vi  when  ^  =  0,  we  have  for  the  work 


^mif  --mvi'  =  J{  T-Mmds  =  f  {Fxdx + Fydy + F^z-fiNds). 


(15) 


CHAP.  IX.]  COJS'STRAIJS'ED   MOTION   ON   A   CURVE.  127 

That  is,  the  gain  of  kinetic  energy  is  equal  to  the  work  done  (page  87). 
Equation  (15)  gives  the  velocity  v. 

Since  ^  =  ^j  we  have  from  (15) 

dt  =  Y 3— -7^ =r~ 

L^^^  +  ^rJ  (^-M^)ds\ 

_  ds 

~T         2    /»«  =u*    •    •    (^^^ 

v.""  +  -  J^   {Fxdx  +  Fydy  +  Fzdz  -  juJVds) 


Plane  Curve  in  General.— If  the  curve  is  a  plane  curve  we  may  take 

the  plane  of  the  curve  that  of  XF.     We  have  then  dz  =  0,  cos  Qx  =  -r, 
^  ^  ds' 

cos  Oy  =  — -,  cos  Qz  =  0,  cos  €x  =  0,  cos  ey  =  0,  cos  €z  =  1.     Hence 

where  p  is  always  positive; 

Nn  =  -  Fz, (3) 

N=  ^WT~^'\ (3) 

COS  rjp  =  -^-,    cos  77n  =  -^ ; (4) 

dy  dx 

cos  ;7a;  =  COS  T/p^,     cos  t/j,  =  cos  Vp^,     cos  t/^  =  cos  tjn',    .     (5) 

The  friction  F  is  given  by 

F=nN'. (7 

The  resultant  tangential  force  is 

The  work  is 

11  P* 

^mv^  —  ^vi"  =    I  {Fxdx  +  Fydy  —  fiNds).    ,    .    .    (9) 
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We  have  from  (9) 

ds 

dt  =  F= t: — TT, =r,.    .    .     .  (10) 


{Fxdx  +  Fydy  —  jul^ds) 


J 


If  all  the  forces  are  in  the  plane  of  the  curve  we  have  in  these  equations 

JF«  =  0,  iVn  =  0,  iV  =  iVp ,  cos  r/p  =  1,  cos  T/n  =  0. 

2.  Motion  on  a  Surface. — Let  the  equation  of  the  surface  be 

w  =  0, 
where  w  is  a  function  of  x,  y^  z.    Let 


du 
dt' 


^=£'     ^=J'     ^=^"'    """^    U'+V^+W^  =  (?. 


The  normal  reaction  for  a  surface  is,  as  we  have  seen  (page  118),  always 
along  the  radius  of  curvature,  or  iV  =  iVp.  Let  the  radius  of  curvature 
make  the  angles  Qx ,  ^y-,  ^z  with  the  axes.    Then  its  direction-cosines  are 


W 


U  V 

cos  ex  =  Q,    cos  By  =  ^,    cos  0z  —  ^ 


(1) 


If,  then,  in  equations  (2),  page  124,  we  put  Q  in  place  of  ?;,  we  have  for 
the  resultant  components  parallel  to  the  axes  of  all  the  forces  acting  upon, 
the  particle 


m 


d^x 
dt^ 


U 


Mx 


d^v  V  dv 

d^z       ^       ^^,W  dz 


dt' 


(2) 


Proceeding  then  just  as  before,  we  find 

+  FyV+  Fz 


w-T<r  -      (FxU+FyV+FzW\      mv* 


(3) 


with  the  same  conventions  as  to  signs  as  in  equation  (5),  page  125.    If  iVJ> 
comes  out  negative  with  reference  to  the  surface  there  is  no  friction. 
We  also  have 


dx 
''ds 


^=J^x:r.+Fy^  +  ^z 


dz 

ds' 


and 


mdv 
dt 


T-F 


dx 
'd^ 


dy 


^^T:  +  Fyf^  +  J^z:r^-MN,. 


dz 
'ds 


with  the  same  conventions  as  to  sign  as  in  equations  (11),  (12),  page  126. 
We  also  have 

1  1  /»«  pt 

-mi>»~-mt)i'=   /  {T-^N)ds=   /   {Fxdx+Fydy+Fzdz-jiNds), 


(4) 
(5) 

(6) 
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[-^-^i/io^-^^^^^]* 


ds 


|__  ^       tnJt: 


{Fxdx  +  Fydy  +  Fzdz 
t  =  o 


juJ^d.s) 


(7) 


with  the  same  conventions  as  to  sign  as  in  equations  (15),  (16),  page  137. 
If  the  surface  is  smooth,  yu  =  0  in  all  equations. 

Cor.  If  the  surface  is  smooth  and  there  are  no  external  forces  we 
have  yu  =  0,  i^x  =  0,  Fy  =  0,  Fz  =  0.     In  this  case  the  only  force  acting 

upon  the  particle  is  iVp  =  -— -  always  acting  towards  the  centre  of  curva- 
ture along  the  radius  of  curvature  and  therefore  always  at  right  angles  to 
the  direction  of  motion.  There  is  then  no  change  of  speed  and  v  is  constant 
in  magnitude  at  every  point  of  the  path.  There  is  then  no  change  of  kinetic 
energy,  and  hence  no  work  is  done  by  or  against  the  normal  reaction  Wp. 

The  radius  of  curvature  of  the  path  on  the  surface  must  therefore  be 
constant. 

Such  a  line  on  a  surface  is  called  a  geodesic  line. 

From  equations  (2),  page  124,  we  have  in  this  case 


771- 


d'x 
U 


dHj 
dP 
V 


d'^z 

m  — 

dt' 

W 


'pQ' 


ds^ 


Dividing  by  «'  =  —  j,  we  have 


d^x 

d'p 

d^z 

ds" 
U  ~ 

ds^ 
V 

ds^ 
"  W  ~ 

1 

''  pQ 

(8) 


Equations  (8)  are  then  the  equations  of  a  geodesic  line  on  a  surface. 


EXAMPLES. 


(1)  Find  the  motion  of  a  particle  on  a  curve  under  the  action  of  fric- 
tion and  the  curve  reaction  only. 

[Ans.  In  this  case  we  have  the  external  forces  zero,  or  Fy  =  0,Fx  =  0,  Fz  =  0. 

Hence  JV„  =  0,  iV  =  iV^p  =  ,  or  the  normal  reaction  is  always  along  the 

P 
radius  of  curvature  and  acts  towards  the  centre  of 
cnrvature.  In  order  that  there  may  be  friction 
iVp  must  always  be  positive  with  reference  to  the 
curve,  hence  the  particle  must  be  on  the  concave 
side  of  the  curve. 

The  friction  is  then 


m# 


F  =  uJVp  =  /u 


acting  always  opposite  to  the  direction  of  motion. 

The  reaction  R  makes  an  angle  with  the  normal  always  equal  to  the  angle 
of  friction  (p,  so  that  ju  —  tan  0. 
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We  have  then 


mv' 


mv^ 


M  =  '^::^\/l  +  /z*  = 

P  p  cos  0 

The  tangential  force  is 
mdv 


dt  ^  p 


dv  «' 

or    ■^  =  —  M— 
dt  ^p 


or  the  motion  is  retarded. 
From  (1)  we  have 


or,  since  vdt  =  ds^ 


dv  dt 


da 


(1) 


m 


(3) 


Integrating  (2),  we  have,  if  Vi  is  the  initial  velocity  when  *  =  0  and  5  =  0, 

H 


Integrating  (3),  we  have 

logn 
ds 


^  -  _     /  ^^ 


or    i>  = 


Jo      ^ 


(4) 


(5) 


But  ~  z=  dB  =  the  angle  between  two  successive  tangents,  hence  if  6  is  the 

angle  between  the  tangents  for  the  initial  and  final  positions, 

v  =  'D^e-*'\ (6) 

where  e  =  2.718282  =  base  of  Naperian  system  of  logarithms. 

If  the  curve  is  a  circle  p  is  constant  and  equal  to  the  radius  r,  and  we 
have  from  (4)  and  (5) 


V  = 


Vj 


i  +  ^t 


=  Vie     »"  = 


Hi0 


and 


logn 


)■ 


6  =  1  logn  fl+^^ 

(2)  Find  the  motion  of  a  particle  on  a  cycloid,  neglecting  friction. 
Ans.  Let  the  initial  position  be  Pi  at  the  height  CHi  =  7i  above  C,  and  the 

speed  at   Pi  be  zero,  and  at  P  be  v. 
/         We  have  then  the  gain  of  kinetic  equal 

to  the  loss  of  potential  energy,  or 


n. 


mv^  =  mg{h  —  y)\   .'.  v=  \/2g(h  —  y). 


We  can  then  find  the  motion  as  on  page  157,  Vol.  I,  Kinematics. 

(3)  Find  the  motion  of  a  particle  on  a  circle,  neglecting  frictum. 

Ans.  We  have  as  before  v  =    V^{h  —  y).     We  can  then  find  the  motion 
as  on  page  159,  Vol.  I,  Kinematics. 
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(4)  Find  the  motion  of  a  particle  on  a  conical  surface,  neglecting 
friction. 


[Ans.  Let  the  angle  of  the  cone  be  a  and  the  axis  vertical.    Let  the  particle 


be  at  P  and  have  the  velocity  v  in  any 
direction,  and  let  its  distance  AP  from 
the  vertex  be  I,  and  the  distance  GP 
from  the  axis  be  r.  Take  A  as  origin 
and  let  the  angle  of  r  with  the  axis  of 
XbeS. 

Then  we  have 

a,*  _|_  y2  _|_  ^2  _  p^ 

or,  since  I  = , 

cos  a 

u  =  X  +  ^'  +  2'  — 

Hence  (page  138) 


COS"*  a 


=  0. 


(1) 


dz  \         cos"  a  j 

tan  a  =  r    and    z(l — )  =  —  z  tan"  a, 

\        cos'  a  j  ' 


or,  since    z 


Hence 


W=  -  2r  tan  a. 


Q«  =  jp  +  F«  -f.  TF»  =  ^r\l  +  tan«  a)  = 


4r» 


dt.cosa 


COS"*  a 


Q  = 


2r 


We  have  then  from  equations  (3),  page  138,  since  jn  =  0,  Fx  =  0,  Fy  =  0, 
Fz=  -  mg, 


d^x  _  iV  cos  a 

d^y  _  iV  cos  a 

W  ~ 

diz 


m 
iVsin  a 


m 


X 

r ' 

-  g- 


(2) 


7*  TW-i) 

We  have    also  from  (3),  page  138,  since  p  = ,  and  —   is  always 

'        cos  a  p 


towards  the  centre  of  curvature  or  negative  in  direction, 

mv^  cos  a 


^  z=  —  mg  sin  a  ■ 


From  equation  (6),  page  138,  we  have  for  ju  =  0 

11  Pt 

^mi)^  —  ^mvi^  =    I    —  mgdz  =  mg(zi  —  z), 


(3) 


(4) 
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where  Zi  is  the  ordinate  for  the  initial  position  of  P.     That  is,  the  gain  of 
kinetic  equals  the  loss  of  potential  energy. 

If  we  multiply  the  first  of  equations  (2)  by  y  and  the  second  by  x  and  sub- 
tract, we  have 

But  equation  (5)  gives  the  moment  of  the  horizon- 

X  de 

tal  velocity  r—   with  reference  to  the    axis  of   Z. 
dt 


,de 

dt 


Const (6> 


If  we  suppose  then  the  initial  velocity  Vi  to  be  hori- 
zontal at  the  distance  Vi ,  we  have  from  (6) 

M                             dS          r,          2i  _^ 

r^-  =  ^^^^ '     «^     "-dt  =  ^'r    =  'V (^> 

Equation  (7)  gives  the  horizontal  velocity  r— .     The    vertical    velocity    is 

— ,  and  its  component  along  AP  (figure,  page  131)  is .  We  have  then 

{tv  at  •  cos  (X 


~  \  dt)  ^  [dt. cos  a)         '  z^  ^  \dt .  cos  a)  ' 
If  we  put  this  value  of  d'  equal  to  that  found  in  (4),  we  have 

^  ^  2^     '  J  z^  ■  ^    \dt.  cos  a  I 

If  we  put  h  = =  height  due  to  initial  velocity,  we  obtain 

(dzy_  _  2g  cos'^  a^ 
\dt)  ~ 


(8> 


■\f  -  (A  4-  z,y  +  ^s,2], 


or 


fdzV_  _  2gcos 
\dt)  "  ^' 


{z  —  Zi)[z^  -  hz  —  hzi]. 


(9) 


Equation  (9)  shows  that  there  are  two  values  of  z  for  which  the  vertical  com- 

dz 
ponent  of  the  velocity  — -  is  zero.   One  is  z  =  Zi ,  the  other,  z,,  is  given  by  put- 
ting the  last  factor  on  the  right  of  equation  (9)  equal  to  zero.     This  gives 


22^  -  /iZa  -  hZi  =  0,     or    Za  =-  2^  +  f  LA  +  hzi.  .     . 
We  see  from  this  that 

Za  is  greater  than  Zi     when  ^  =  -^  >  o"'^» '  ^^    ^»  >  ^9^^  > 

Zt  is  equal  to  Zi  when  h  =  -r-  =  ^-Zi ,  or    ^i  =  ygzi ; 

<cg       A 

„  2  -j  

Za  is  less  than  Zi  when  A  =  ^^  <  ^z,  ,  or    t)i  <  ^gzi. 


(10) 
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Vi^  1 

In  tlie  first  case,  when  7i  =  ^r—  is  greater  than  — Zi ,  or  the  initial  horizontal 

'iff  a 

velocity  -»,  is  greater  than  V^T,  the  particle  traces  a  spiral  on  the  surface  and 
will  rue  through  a  distance  22  —  2,  ,  to  a  point  where  22  is  given  by  (10).  At 
this  point  the  particle  remains  in  a  horizontal  plane  and  describes  continually 

-a  horizontal  circle  of  radius  r-i  —  Zi  tan  a.  =  z^-  with  the  constant  speed  Vi. 

Zi 

The  periodic  time  is  then 

27rr2    27rri 
t  = = Zi (11) 

Vi  ViZi  ^      ' 

In  the  second  case,  when  7i  =  —  is  equal  to  -Si ,   or  the  initial  horizontal 

'iff  * 

velocity  Vi  =  \/ffZi ,  the  particle  remains  in  the  horizontal  plane  in  which  it 
starts.     Its  periodic  time  is 

*  =  ?^ (18) 

Vi^  1 

In  the  third  case,  when  h  =  ^r-  is  less  than  —Zi ,  or  the  initial  horizontal  ve- 
2ff  2 

locity  ^1  is  less  than  ^gzi ,  the  particle  traces  a  spiral  on  the  surface  and  will 

fall  through  a  distance  Zi  —  22  to  a  point  where  «a  is  given  by  (10).     At  this 

point  the  particle  remains  in  a  horizontal  plane  and  its  periodic  time  is  given 

by  (11). 

(5)  Find  the  motion  of  a  particle  on  a  conical  surface^  neglecting 

J'riction  and  the  weight  of  the  particle. 

[Ans.  In  the  preceding  example  we  have  only  to  put  ff  =  0.     From  equation 

(4),  page  131,  we  see  then  that  the  speed  does  not  change,  and  v  =  Vi.     Hence 

from  equation  (8),  page  133,  we  have 

— ■  =  V  cos  a  .  at (1) 

i/z'  -  2x' 

Integrating,  since  when  t  =  0,  z  =  Zi ,  we  have 

^/gs  _  2i2  =  •y^  COS  o: (2) 

The  greater  the  time  t  the  more  nearly  (3)  approaches  to 

dz 
z  =  vt  cos  a,     or      57  =  ^  cos  a. 
dt 

The  vertical  velocity,  then,  approaches  the  limit  'v  cos  a. 
From  equation  (7),  page  133,  we  have 


dt  ~  rz  ~  z^  tan  a 


2  +0T1  ^ (0) 


Substituting  the  value  of  z  from  (3),  we  have 

sin  a.  dB  =  —  cos  a ^—. r-5 (4) 

1  +    —  cos  a) 
\«'  / 

Integrating  and  letting  ^  =  By.  when  ^  =  0,  we  have 

(9  —  9,)  sin  a:  =  tan-M  -  cos  a:  .  n, (5) 

or 

1?  cos  a  .  t  =  Zi  tan  [(0  —  0i)  sin  a] (6) 
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If  we  insert  this  in  (2),  we  obtain 

|/»»  -  gi«  =  2x  tan  [(9  -  0i)  sin  a], (7> 


or 


£  =  4/l  +  tan'[(9-e.)sinaJ=^3^^^^::i^__.     .    .    (8) 

Z  T 

Since  —  =  —  ,  we  have 

Zi         Ti 

^  ~  cos  [(9  -  0,)  sin  a] ^^ 

If  we  take  the  co-ordinate  axes  so  that  the  initial  point  of  the  path  is  in  the 
plane  of  XZ,  we  have  ©i  =  0,  and 

r  = (10) 

cos  (0  sin  a) 

Tt 

Equation  (10)  shows  that  r  =  oo  when  0  sin  a  =  — . 

The  angle  0  =  ^r—. ffives  then  the  position  of  that  element  of  the  conical 

^  2  sm  a  '^ 

surface  which  is  an  asymptote  to  the  path,  or  is  tangent  to  the  path  at  an 

infinite  distance  from  the  vertex. 

We  have  then,  from  (2),  for  the  distance  of  the  point  above  the  vertex  at 

any  time  t, 

z  -  s/z^^  +  'oH^  cos  a. (11) 

The  radius  at  this  point  is  r  =  s  tan  a,  and  from  (10)  the  angle  described 
is  given  by 

cos  (0  sin  a)  =  ^  =    /' (13) 

^  '        r       s  tan  a  ^    ' 

(6)  Find  the  motion  of  a  particle  on  the  surfctce  of  a  sphere^  dis- 
regarding friction. 

[Ans.  Take  the  origin  at  the  centre  of  the  sphere. 
Then  we  have,  if  r  is  the  radius, 

i^  =  a;'^  +  2^2  _^  2'  -  r»  =  0; (1> 

^      du      ^        —.     du       ^        .—     du       ^ 
dx  dy         ^  dz  ' 

Q=2r. 

We  have  then  from  equations  (2),  page  128,  since  Fx  =  0, 

Fy  =  0,     Fz=  -  mg. 

d?t~  m'  r  *        dt^~  m'  r'         dV^~     ^'^  m'r        '    '    ^^ 


mv 


We  have  also  from  equation  (3),  page  128,  since  —  always  acts  towards 
the  centre  and  is  therefore  negative  in  direction, 
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From  equation  (6),  page  138,  we  have 

-^wt)*  —  2  w^i'  =  '>ng{zi  —z), (4) 

where  -»,  and  «i  are  the  initial  values  of  v  and  z. 

If  we  multiply  the  first  of  equations  (2)  by  y,  the  second  by  x,  and  subtract, 
we  have 

W^-dP^  =  '^'   "'    w2'-^  =  ^'^» (5) 

But  equation  (5)  gives  the  moment  of  the  horizontal  velocity  with  reference 
to  the  axis  of  Z.  If  then  we  take  the  initial  velocity  Vi  horizontal  at  the  distance 
^r^  —  2i*  from  the  axis  of  Z,  we  have 
dx         dy 


From  (1)  we  have 


dt"     dr-  =  '"«^^^^^^ («) 


dx    .      dy  dz  ,„. 


Squaring  (6)  and  (7)  and  adding,  we  have 

(-+.')[(iy+(f)]=^.v-..+.(fy 

But..  +  ..=.-.'and(|)'+(|y  =  .-(|)'.    Hence 

{r^-zn^r,'-(~J^=^,\r^-z,^)  +  ,^(^J.      ...    (8) 
From  (8)  we  have 

\dt ) ^^2  ' 

or  substituting  the  value  of  v^  from  (4)  and  putting  ^r-  =  / 

4g 

(-Y=  -^[{r'  -  z'^){h  -  2  +  2i)  -  n{T^  -  Zr')l, 


or 


i(%J=(^-^^)i^'-^^-i^^^+r^)l 


(9) 


Equation  (9)  shows  that  there  are  two  values  of  z  for  which  the  vertical 
component  of  the  velocity  -^  is  zero.  One  is  2  =  Si,  the  other,  «a,  is  given  by 
putting  the  last  factor  on  the  right  of  equation  (9)  equal  to  zero.     This  gives 

z,'-7iz,  =  hz,^r\   or    z,  =  ^  +  \/hz^  +  r^ +  j.      .     .    (10) 

We  see  from  this  that 


V      1.      z,^-r^                    ./g(z^'-r') 
z^  is  equal  to  Zi  when  h  =  — ^ ,   or    Vi  =  y ; 


Zi 


01*  —  r"  /g{Zi^  —  O 

is  greater  than  Zi  when  h  >  — x ,  or    Vi  >  y ; 

21"  —  r'  /g(zi^  —  f^) 

is  less  than  Zi  when  h  <  —^ ,   or  Vi  <  y '. 

2zi  ~  Z\ 
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We  see  that  Zi  must  always  be  negative  in  order  tliat  Vi  may  have  a  real 
value.     Also,  in  the  first  case  when  the  initial  horizontal  velocity 


v.  =  y — ^— -, 

the  particle  remains  in  a  horizontal  plane  and  describes  continually  a  horizontal 
circle  of  radius  V?*^  —  Zx^  with  the  constant  speed  Vi.  The  periodic  time  is  then 


t=?iiJl^i^ (11) 


^1 


If  Vi  is  greater  or  less  thani/^(^^       ^  ),  the  particle  traces  a  spiral  on  the 

surface  and  will  rise  or  fall  through  the  distance  Zi  —  Zi  to  a  point  where  Sa  is 
given  by  (10).  At  this  point  the  particle  remains  in  a  horizontal  plane  and  its 
periodic  time  is  given  by  (11). 

(7)  Find  the  motion  of  a  particle  in  a  smooth  straight  tube  which  re- 
volves  uniformly  round  a  vertical  axis  to  which  it  is  perpendicular. 

[Ans.  Let  x  be  the  distance  of  the  particle  P  of  mass  m  from  the  centre  of 

rotation  G,  let  go  be  the  angular  velocity 

W=2m'ow  and  let  the  initial  velocity  along  the  tube 

3     he  Vi  away  from  C.     The  acceleration  of 

V       'f^i'n,^'^       the  particle  with  reference  to  the  centre  is 

"  away  or  positive  and  equal  to  xoo^.      We 

have  then 

The  general  integral  of  this  is 

a;  =  ^e  +  <-«  4-  ^e  -  ««.  .     .     (2) 
Differentiating  (2),  we  have 

^  =  ^  =  ^(»e  +  "«  -5tt3e-«<, (3) 

at 

where  e  is  the  base  of  the  Naperian  system  of  logarithms  and  A  and  B  are  con- 
stants of  integration.  To  determine  these  constants,  let  x  ■=  Xi  and  ^  =  'Wi 
when  <  =  0.     We  have  then 

Xi  =  A-\-B    and    «i  =  Ago  —  Bgo. 
Hence 


-Ak^^%  -=\k-% 


Substituting  in  (2)  and  (3),  we  have 


Again,  if  we  multiply  both  sides  of  (1)  by  2<fa;,  we  have 

2—.  d{?^  =  2fi)'a!da!,    or    2«c?«  =  '^GDHdx. 
dt       \dtj 


(5) 
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Integrating,  and  making  v  =  Vi  for  a;  =  a^i ,  we  have 


1)2   _  «  2 


OO'Xi', 


(6) 

or  tlie  difference  of  the  squares  of  the  velocities  in  the  tube  equals  the  differ- 
ence of  the  squares  of  the  velocities  of  rotation. 

From  page  123  we  have  for  the  reaction  of  the  tube  on  the  particle 


iV^  =  3m«<», 


acting  in  the  direction  of  rotation. 

Substituting  the  value  of  v  from  (5)  and  (6),  we  have 


(7) 


(8) 


iV  =  2mGo  Yvx^  +  (»V  _  xi% 


(9) 

If  we  make  Vi  =  Xico,  we  have  v  =  xgd;  and  if  x  is  the  length  of  the  tube, 
the  particle  leaves  the  end  of  the  tube  with  the  absolute  velocity  xao  |/2,  at  an 
angle  of  45°  with  the  tube,  and  moves  uniformly  with  that  velocity  after  leaving 
the  tube. 

We  can  also  deduce  (6)  by  the  principle  of  kinetic  energy  as  follows: 

^  ,„,  ,,  ^.         .     2m{XGi)  —   XiGO)     ^,         ,.    ,  .       XGJ-\-XiGO 

From  (7)  the  average  reaction  is \  the  distance  is  t. 

t  4i 

The  work  done  is  then  m{Go'^x^  —  co'^Xi^).     The  initial  absolute  kinetic  energy  is 

■^m{vi^  -\-  Go'^Xi^),  and  the  final  absolute  kinetic  energy  is  -m('»'-|-a?'a;'').  Hence, 
2  /« 

since  gain  of  kinetic  energy  is  equal  to  work  done, 

-m(v2  _|_  0^2^-2)  _     m{Vi^  +  oo^Xi^)  =  7w((»V  —  ao^'xi^ 

2  2 


from  which  we  obtain  equation  (6). 

If  the  initial  velocity  Vi  is  towards  the  centre  of  rotation,  we  have  only  to 
take  Vi  negative  and  v  negative  in  the  preceding  equations.  iVthen  is  negative, 
or  acts  opposite  to  the  direction  of  rotation.  If  in  this  case  we  suppose  ^  =  0 
when  x  =  0,  we  have,  from  (6),  -^i  =  —  aJiO?.  If  then  the  initial  velocity  towards 
the  centre  is  equal  to  the  velocity  of  rotation,  the  particle  will  arrive  at  the 
centre  with  a  final  velocity  of  zero. 

If  the  centre  of  rotation  is  outside  the  axis  of  the  tube  AP,  so  that  the 
radius  vector  r  makes  the  angle    e 
with  the  tube,  we  have  for  the  normal 
reaction,  from  page  123, 


JV"=  2mvGo  —  mroo'^  sin  e 


(10) 


which  becomes  zero  when  v  =  -^ ,  and     go 
is  positive  or  negative  so  long  as  v  is 


greater  or  less  than 


2  • 


For  the  acceleration  along  the  tube 
we  have 

d^x 


di' 


=  rao*  cos  e 


mrw^ 


which  is  precisely  the  same  equation  as  (1).     Hence  equations  (4),  (5),  and  (6) 
hold  good  still,  and  equation  (6)  becomes,  since  x^  =    " 


a", 


(a';.a  _  a3Vl^ 
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or  the  difference  of  tlie  squares  of  the  velocities  in  the  tube  equals  the  difference 
of  the  squares  of  the  velocities  of  rotation. 

(8)  Find  the  motion  of  a  particle  in  a  smooth  straight  tube  which 
revolves  uniformly  about  a  vertical  axis  which  makes  an  angle  mith  the 
tube. 

[Ans.  Let  the  tube  make  the  angle  a  with  the  axis  AC,  and  r  be  the  radius 

of  rotation  at  any  instant,  for  which 
the  length  of  the  tube  AP  =  x. 
The  acceleration  along  AP  is 


mrw* 


or,  since  r  =  xain  a 

d?x 
df 


(fij  sin  afx. 


Comparing  with  the  preceding  ex- 
ample, we  see  that  equations  (4),  (5), 
(6)  hold  if  we  replace  go  in  these 
equations  by  oo  sin  a. 

We  have  also  the  normal  reaction 
JVi  =  mron'i  cos  a,  and  from  page  123 
the  normal  reaction  iVs  =  2mvoo  sin  a. 

(9)  Let  the  tube  rotate  uniformly  in  a  vertical  plane  about  a  horizontal 
axis. 

[Ans.     We  have  in  this  case 
d'^x 


df* 


g  cos  Got, 


(1) 


if  we  conceive  the  tube  to  be  vertical  when  t  =  0.     The  general  integral  of 
this  equation  is 


^e+wi  _|_  Be  ""*  +  ^  cos  Got. 
'  2go^ 


Differentiating  (2),  we  have 
dx 


ti^^  =  Ago6  +"*  -  BGoe  '"«  -  -f-  sin  Got, 


dt 


%G0 


(3) 


(3) 


where  e  is  the  base  of  the  Naperian  system  of  logarithms  and  A  and  B  are  con- 
stants of  integration.  To  determine  these  constants  let  x  =.  Xi  and  v  =  Vi 
when  ^  =  0.     We  have  then 


Xi=  A-\-B  -^  ^,    Vx=  Ago  -  Boo. 


Hence 


=  V'^'+^i-^)'  •^  =  2r~«-^)- 


Substituting  in  (2)  and  (3),  we  have 
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From  page  123  we  have  for  the  normal  reaction  of  the  tube 
JV'  =  2mva)  —  mg  sin  oot 


2invw 


(6) 

(10)  Let  the  tube  he  a  plane  curve  rotating  uniformly  about  an  axis 
perpendicular  to  the  plane. 

[Ans.  From  page  123  we  have  for  the  normal 
reaction  due  to  rotation  2w»0l>  acting  away  from 
the  centre  of  curvature  C. 

The  normal  reaction  due  to  the  velocity  v  is 

acting  towards  the  centre  of  curvature  G. 

The  nornij^l  reaction  due  to  the  deflecting  force 
along  PO  is  mrod^  sin  e  acting  towards  C.  We 
have  then  for  the  normal  reaction 


N  = 


mv^ 


mroi)^  sin  e  -j-  2m«ca, 


(1) 


From  (1)  we  see  that  the  normal  reaction  will  be  zero  when 


X)  =  poo  ±  Vft^Go^  —  prao^  sin  e. 


(2) 

That  is,  for  any  position  of  the  tube  there  are  in  general  two  velocities  for 
which  the  normal  reaction  will  be  zero. 
The  tangential  acceleration  is 


dv 
~dt 


=  roo''  cos  e. 


(3) 


If   we  multiply  both  sides  of  (3)  by  2ds,  we  have,  since  ds  cos  €  =  dr 

2v  dv  =  Go^  .  2?'  dr. 
Integrating,  and  letting  v  z=  Vi  when  r  =  ri ,  we  have 

or  the  difference  of  the  squares  of  the  velocities  in  the  tube  equals  the  differ- 
ence of  the  squares  of  the  velocities  of  rotation. 

If  the  tube  is  a  circle,  r  =  ri  and  the  speed  v  is  constant. 

(11)  Let  the  tube  be  a  circle  turning  uniformly  about  a  vertical  diam- 


eter. 


[Ans.  The  acceleration  towards  N  is 
NP.  w^  =  r  sin  6  .  go^. 

NP.OD^ 


The  acceleration  towards  G  is  then 


sin  6 


The 


vertical  component  of  this  is  ro)^  cos  0.     The  vertical 
acceleration  is  then  rao^  cos  0  —  g. 


The  tangential  component  is  then 


mg 

Integrating  (1),  we  have 


Qf2Q 

ft  =  r  —-  =  (rca^  cos  B  —  g)  sin  0. 


.    (1) 


(^]  =  aj2  sin2  6  +  ?^  cos  9  +  Const, 
\dtj  ^  r 


(2) 


If  the  particle  is  projected  from  the  lowest  point  with  the  angular  velocity 
6Ji ,  we  have  from  (2) 


^g 


ttji'  =  —  4-  Const.,    or  Const 
r 


ttjj 


2  z^^ 

r' 
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Hence 

(iy=  «>' [l  -  cos^  0-^,(1- cos  e)J  +  c.,^     ...    (3) 

This  will  be  zero  when  6  has  a  value  determined  by  the  equation 

.COS'S-  -'^,cose  =  l-^,+^i 
roir  rocr        CO* 

or 

cos  0  = 


So  long  then  as  —  ^  >  — ^o.     or     aji'  >  — ,  both  values  of  cos  9  are  nu- 

merically  greater  than  1,  and  the  motion  is  therefore  one  of  continuous 
revolution. 

If  fi>,"^  =  — ,  we  have  —  =  0  for  cos  0  =  —  1,    and  therefore  the  particle 
r  dt 

€omes  to  rest  at  the  highest  point.  In  this  case  the  square  of  the  initial 
velocity  is  Vi^  =  r^aOi^  =  4rg,  or  the  velocity  is  that  due  to  the  diameter. 
Hence  if  a  particle  is  projected  from  the  lowest  point  with  a  velocity  due  to 
the  diameter  it  will  come  to  rest  at  the  highest  point  whether  the  circle  is 
fixed  or  revolving — a  simple  instance  of  conservation  of  energy  (page  87). 

4:Q 

If  ftJi''  <  — ,  there  is  but  one  possible  value  of  cos  6,  and  therefore  the 

particle  will  oscillate  about  the  lowest  point. 

The  position  of  equilibrium  of  the  particle  is  found  by  putting  -r—  =  0.    If 

dt 

we  denote  the  corresponding  value  of  ACP  by  0',  we  have 

cos0'  =  -^^ (4) 

To  find  the  time  of  a  small  oscillation  about  this  position  let  tf;  be  the  angle 
of  displacement ;  then,  since  B  =  B'  -\-  ip,  and  ip  is  very  small,  we  have  from  (1) 


=  —  co'^  sin^  0' .  ip,  nearly,  by  (4), 


^^.^    _  oa^  sin  (0'  H-  iP) 


Multiplying  both  sides  by  r,  we  have  the  tangential  acceleration 

The  motion  is  therefore  harmonic,  and  from  page  106,  Vol.  I,  Kinematics, 
the  time  of  oscillation  is 

^'""^ (6) 


i/r^GO*  —  g^ 

That  there  may  be  a  position  of  equilibrium  other  than  the  highest  or 
lowest  point,  we  must  have  by  (4) 


<»> 


vf- 


We  see  then  from  (5)  that  a  small  oscillation  is  always  possible  when  there 
is  a  position  of  equilibrium  other  than  the  highest  or  lowest  point. 


CHAPTEK  X. 

KINETICS  OF  A  SYSTEM.    TRANSLATION. 

APPLICATION  OF  LAW  OF  ENERGY.  EXTERNAL  AND  INTERNAL  FORCES.  CON- 
SERVATION OF  CENTRE  OF  MASS.  CONSERVATION  OF  MOMENTUM.  CON- 
SERVATION OF  MOMENTS.  CONSERVATION  OF  AREAS.  IMPACT.  DIRECT 
CENTRAL  IMPACT.  INELASTIC  IMPACT.  ELASTIC  IMPACT.  EARTH  CON- 
SOLIDATION. PILE-DRIVING.  OBLIQUE  CENTRAL  IMPACT.  FRICTION  OF 
IMPACT.      STRENGTH   OF   IMPACT.      IMPACT  OF  BEAMS. 

Application  of  Law  of  Energy. — We  have  seen  (page  87)  that  the 
gain  or  loss  of  energy  of  a  particle  is  equal  to  the  v^^ork  done  by  or 
against  the  non-conservative  forces  acting  on  that  particle.  Hence 
for  a  system  of  particles  the  gain  or  loss  of  energy  of  the  system 
must  be  equal  to  the  algebraic  sum  of  the  v^^orks  done  by  or  against 
the  non-conservative  forces  acting  upon  all  the  particles  of  the 
system.     The  law  of  energy  then  applies  to  systems  of  particles. 

External  and  Internal  Forces. — The  forces  acting  on  a  system  of 
particles  may  be  divided  into  two  classes,  those  acting  between  the 
particles  of  a  system  and  external  bodies,  called  external  forces, 
and  those  acting  between  the  particles  of  the  systems  themselves, 
called  internal  forces.  The  internal  forces  may  be  mutual  attrac- 
tions, explosive  forces,  reactions  exerted  during  collision,  or  the 
stresses  or  tensions  in  connecting  strings. 

The  internal  forces  between  any  two  particles  of  a  system  must 
always  be  equal  in  magnitude  and  opposite  in  direction. 

Conservation  of  Centre  of  Mass.— The  motion  of  the  centre  of 
mass  of  a  system  is  the  same  as  if  all  the  forces  were  applied  with- 
out change  in  magnitude  or  direction  to  a  particle  of  mass  equal  to 
the  mass  of  the  system  placed  at  the  centre  of  mass  (page  75,  Vol. 
II,  Statics). 

But  since  the  internal  forces  between  any  two  particles  of  a  sys- 
tem are  equal  and  opposite,  they  can  have  no  effect  upon  the  motion 
of  the  centre  of  mass. 

The  motion  of  the  centre  of  mass  of  any  system  is  unaffected  by 
internal  forces  between  the  particles  of  that  system. 

This  is  called  the  principle  of  "  conservation  of  the  centre  of 
mass." 

Conservation  of  Momentum. — Let  the  particles  mi,  m^,  ma,  etc., 
of  a  system  have  velocities  Vi,  Vt,  Va,  etc.,  in  any  given  direction. 
Then  if  Mis  the  combined  mass  of  the  system  and  "Fthe  velocitj^  of 
the  centre  of  mass  in  that  direction,  we  must  have  by  the  preceding 
principle  the  momentum  (page  32)  MV  of  the  system  equal  to  the 
algebraic  sum  of  the  momentum  of  every  particle,  or 

MV  =  miVi  +  m^Vi  +  maVa  -}-...=  Smv. 
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Now,  since  the  motion  of  the  centre  of  mass  is  unaffected  by- 
internal  forces,  it  follows  that 

The  momentum  of  any  system  is  unaffected  by  internal  forces 
between  the  particles  of  that  system,  and  is  always  equal  to  the 
algebraic  sum  of  the  momentum  of  the  particles. 

This  is  called  the  principle  of  ' '  conservation  of  momentum." 

Conservation  of  Moments.  —The  force  acting  upon  any  particle 
of  a  system  is  the  resultant  of  the  external  and  internal  forces  act- 
ing on  that  particle.  If  we  take  any  point  as  a  point  of  moment, 
the  moment  of  this  resultant  is  equal  to  the  algebraic  sum  of  its 
components.  But  since  the  internal  forces  between  any  two  parti- 
cles of  a  system  are  equal  in  magnitude  and  opposite  in  direction, 
the  algebraic  sum  of  the  moments  of  all  the  internal  forces  is  zero. 

Hence,  the  algebraic  sum  of  the  moments  of  the  forces  acting 
upon  all  the  particles  of  a  system,  is  not  affected  by  the  internal 
forces  bettveen  the  particles  of  that  system,  and  is  always  equal  to 
the  algebraic  sum  of  the  moments  of  the  external  forces  themselves. 

"This  is  called  the  principle  of  the  "conservation  of  moments." 

Conservation  of  Areas. — Let /be  the  acceleration  of  any  particle 
of  a  system  of  mass  m  due  to  the  external  force  acting  upon  it,  and 
V  the  change  of  velocity  in  the  direction  of  /  in  the  indefinitely 

Tnv 
small  time  t.    Then  the  external  force  is  mf  or  -p.     Let  p  be  the 

lever -arm  of  the  force  with  reference  to  any  point  of  moments. 

Tnvx) 
Then  the  moment  of  the  external  force  is  mfp  or  — — -.    This 

moment,  as  we  have  seen,  is  not  affected  by  the  internal  forces  of 
the  system. 

But  the  moment  vp  of  the  velocity  is  equal  to  twice  the  area! 
velocity  of  the  radius  vector,  and  the  moment  fp  of  the  acceleration 
is  equal  to  twice  the  areal  acceleration  of  the  radius  vector  (page 
65,  \ol.  I,  Kinematics). 

Hence  the  principle  of  conservation  of  moments  may  be  stated 
as  follows : 

The  algebraic  sum  of  the  products  of  the  masses  of  the  particles 
of  a  system  by  the  areal  velocity  or  areal  acceleration  of  each  radius 
vector  is  unaffected  by  the  internal  forces. 

It  follows  that  the  areal  velocity  or  the  areal  acceleration  of  the 
radius  vector  of  any  particle  of  a  system  is  not  affected  by  the  in- 
ternal forces  of  the  system. 

This  is  called  the  principle  of  "  conservation  of  areas." 


EXAMPLES. 

(1)  Two  particles  of  masses  Wi  and  m-x  at  a  distance  8\  are  ini- 
tially at  rest  on  a  smooth  horizontal  plane,  and  attract  each  other 
with  uniform  force.  After  a  time  t  the  greater  mass  mi  has  a 
velocity  Vi.  Find  the  velocity  Vi  of  the  mass  mi,  the  internal  force, 
the  distance  s  apart  at  the  end  of  the  time  t,  and  the  position  of  the 
centre  of  mass. 

Ans.  Let  v  be  the  velocity  of  the  centre  of  mass.  Then,  since  there  are  no 
external  forces  and  Vi  and  Vi  are  opposite  in  direction,  we  have  by  the  con- 
servation of  momentum 

{m-\-mi)v  =  miVi  —  m-tVi. 

Bat  the  centre  of  mass  is  originally  at  rest,  and,  since  there  are  no  external 
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forces,  by  the  conservation  of  the  centre  of  mass  it  must  remain  at  rest.    Hence 
-jj  =  0,  and 

miVi  —  niiVi  =  0,      or     Vi  = . 

mi 

Since  the  internal  force  is  uniform,  the  distance  passed  over  by  wii  is 

•^t,  and  by  TWa,  -^t.     The  distance  apart  is  then 

to  <» 

8  -Si ^t 

* 

The  mternal  force  is or  — —   poundals.     Since  these  forces  are  equal 

t  t 

and  opposite,  we  have 

— =  0,     or,     as  before,    miVi  —  Wa-Ua  =  0. 

t  t 

The  distance  of  the  centre  of  mass  from  mi  at  the  start  is -^ — Si,  and 

Wi  -f  ma 

from  ma, ; «i.     At  the  end,  s    and    s. 

mi  -\-  m-i  mi-\-  m^  mi  -f-  ma 

If  mi  =  50  lbs.,  ma  =  100  lbs.,  lo^  —  10  ft.  per  sec,  t  =  1/20  sec,  Si  =  3 

ft.,  we  have 

Vi  =  20  ft.  per  sec,  s  =  2.25,  force  =  50  poundals,  distance  of  centre  of 
mass  from  mi  and  ma  at  start  2  ft.  and  1  ft.,  and  at  end  1.5  ft.  and  0.75  ft. 

(2)  In  the  preceding  example  suppose  the  particles  have  an  initial 
angular  velocity  about  the  centre  of  mass  of  ooi  radians  per  sec. 
Find  the  final  angular  velocity  oo. 

Ans.  Let  Vi  be  the  distance  of  mi  from  the  centre  of  mass  at  the  start,  and 
r  its  distance  at  the  end.  Then  the  areal  velocity  of  the  radius  vector  at  the 
start  is  Ti^gOi  ,  and  at  the  endr'(».  There  are  no  external  forces,  and  by  the  con- 
servation of  areas  the  areal  velocity  of  the  radius  vector  is  not  affected  by  inter- 
nal forces.     We  have  then 

r^'^ 

r^GO  =  Ti^GDi,     OT     GO  =  —7r<^' 

r^ 
From  the  preceding  example,  ri  =  r^ — Si    and    r  ' 


mi  -f-  ma  Wi  -\- 1712 

Hence 


Taking  the  numerical  values  of  the  preceding  example, 

We  see  then  that  the  angular  velocity  increases  as  the  particles  approach  ths 
centre  of  mass. 

(3)  What  effect  has  the  bursting  of  a  bomb  upon  the  motion  of  its 
centre  of  mass  f 

Ans.  None  whatever.  By  the  law  of  conservation  of  the  centre  of  mass, 
the  motion  of  the  centre  of  mass  of  the  system,  neglecting  all  resistances  of  the 
air,  etc.,  and  all  external  forces,  is  not  affected. 

(4)  A  projectile  of  mass  m,i  is  thrown  with  a  velocity  Vi  from  a 
cannon  of  mass  mi.    Find  the  velocity  of  recoil  of  the  cannon. 
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Ans.  The  motion  of  the  centre  of  mass  of  the  system  is  not  affected  by  the 
explosion.     We  have  then,  since  the  velocities  are  in  different  directions, 

rriiVi  —  m^Vi  =  0,     or    v^  =  —Vi. 

See  also  example  20,  page  64. 

(5)  Two  masses  P  and  Q  hang  over  a  smooth  pulley  by  means  of 
a  perfectly  flexible  inextensible  string  without  mass.  Disregarding 
the  mass  of  the  pulley^  find  the  motion.  {The  student  should  corn- 
par^  with  the  solutions  of  pages  8  and  53.) 

Ans.  Let  a  be  the  radius  of  the  pulley  and  P  the  larger  mass.  By  the  con- 
servation of  moments  the  algebraic  sum  of  the  moments 
of  the  forces  acting  upon  all  the  particles  is  unaffected 
by  internal  forces  and  equal  to  the  algebraic  sum  of  the 
moments  of  the  external  forces. 

The  external  forces  are  Pg  and  Qg  acting  down  and 
the  reaction  P  acting  up  at  the  centre  of  the  pulley. 
Let  /  be  the  acceleration  of  P  and  Q.  Then  the  forces 
acting  on  the  particles  are  Pf  acting  down  and  Qf  act- 
ing up.  If  then  we  take  C  as  the  centre  of  moments 
we  have 


Q/ 


-  Pfa-  Qfa=  -  Pga  -}- 


I.  Tl 


/ 


JP  -  Q)9 


The  tension  of  the  string  on  the  left  is  Q{g  —  /),  and 
Pflr  P/    of  the  string  on  the  right  P{g  —  f).    (See  example  1, 
page  53.) 
The  reaction  R  is  then 

R=-Q{9^j)  +  P{9-f)^ 
If  then  we  take  moments  about  B,  we  have 

—  QfX^a^QgX'^a-  Pa. 
If  we  take  moments  about  A,  we  have 

—  PfX'^(i=-PgX'^a-\-Ra. 
If  we  substitute  the  value  of  B,  we  have  in  both  cases,  just  as  before, 

{P-Q)9 


f  = 


P+Q 


(6)  In  the  preceding  example  take  friction  Of  the  axle  into 
account.     (See  Example  5,  page  77.) 

Impact.  — When  two  moving  bodies  come  in  collision  the  straight 
line  normal  to  the  surfaces  at  the  point  of  contact  is  the  line  of 
impact.  If  the  centre  of  mass  of  the  two  bodies  is  upon  this 
line,  the  impact  is  called  central  impact ;  if  not,  we  have  eccentric 
impact. 

When  we  consider  the  direction  of  motion,  we  can  distinguish 
direct  impact  when  the  line  of  impact  coincides  with  the  direction 
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Fig.  1 


of  motion,  and  oblique  impact  when  the  line  of  impact  does  not 
coincide  with  the  direction  of  motion.  Fio  2 

Thus  in  Fig.  1  if  the  two 
bodies  move  in  the  directions  Ui 
and  U2  we  have  oblique  central 
impact,  and  in  Fig.  2  we  have 
oblique  eccentric  impact.  If  in 
Fig.l  the  directions  of  motion  Ui 
and  Ui  coincided  with  dCt  we 
should  have  direct  central  im- 
pact. If  in  Fig.  2  the  direc- 
tion of  motion  Ut  coincided 
with  CiN,  and  U2  were  parallel, 
we  should  have  direct  eccentric  impact. 

Direct  Central  Impact— General  Equation.— We  can  evidently 
consider  the  bodies  in  direct  central  impact  as  particles.  Let  mi 
and  ui  be  the  mass  and  initial  velocity  of  one  particle  before  impact 
and  m2  and  u^  the  mass  and  initial  velocity  of  the  other  before 
impact.  Let  Ui  be  greater  than  u^  and  in  the  same  direction.  Let 
the  direction  of  Ui  be  positive,  the  opposite  direction  negative. 

When  the  particles  meet  there  is  a  short  interval  of  compression, 
at  the  end  of  which  both  masses  have  the  common  velocity  v.    If 


nil 


Q 


-Ui 


mi   nis 

00 


nis 

e- 


->-« 


■*-«2 


nil  mz 


Va 


the  particles  are  inelastic  they  remain  in  contact  with  this  velocity. 
If  they  are  elastic  there  is  another  short  interval  of  expansion,  at 
the  end  of  which  mi  has  the  final  velocity  Vi  less  than  Ui,  and  m^ 
the  final  velocity  v-2  greater  than  u^.  All  velocities  in  any  given 
direction,  as  the  direction  of  Ui,  are  to  be  taken  as  positive  and  in 
the  opposite  direction  negative. 

Now  by  the  principle  of  conservation  of  centre  of  mass,  since 
there  are  no  external  forces,  the  motion  of  the  centre  of  mass  is 
unaffected  by  impact  and  is  constant  both  before,  during  and  after 
impact.  Also  by  the  principle  of  conservation  of  momentum  the 
momentum  of  the  system  is  always  equal  to  the  algebraic  sum  of 
the  momentum  of  the  particles. 

We  have  then  before  impact,  if  v  is  the  velocity  of  the  centre 
of  mass,  which  must  be  the  same  as  the  common  velocity  at  the 
end  of  compression, 

miWi  -^  maWa  =  (mi  -l-  ma)^, (1) 

and  after  impact 

miVi  +  niiV-i  =  (mi  +  ma)^ (2) 

From  (1)  and  (2)  we  have  for  the  common  velocity  of  the  bodies 
at  the  end  of  the  period  of  compression,  or  the  uniform  velocity  of 
the  centre  of  mass. 


niiUi  +  TRiUi      miUi  -\-  niiVi 


mi  -h  ma 


nil  +  ma 


(3) 
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Hence 

miUi  +  rriiUi  =  rriiVi  +  mat?a,  ) 

or  [ (I) 

WiWi  —  rriiVi  =  niiVi  —  miU^.  ) 
That  is, 

the  momentum  before  equals  the  momentum  after  impact,  or 
the  momentum  lost  by  one  body  equals  the  momentum  gained  by 
the  other. 

In  equations  (I)  velocities  opposite  in  direction  to  Ui  are  to  be 
taken  as  negative. 

Compression  and  Compressive  Stress.— Let  the  cross-section  of  the 
bodies  be  Ai  and  A2,  their  lengths  h  and 
h,  and  coefficients  of  elasticity  Ei  and 
Ea.  Then  if  the  limit  of  elasticity  is  not 
^^  exceeded  we  have  by  the  law  of  elasti- 
city (page  281,  Vol.  II,  Statics),  for  the 
compressive  strains, 

^    _   Fh       ^  Fk 


h 

h 

F 

A 

/ 

-..  1 

Ei 

where  F  is  the  compressive  stress  between  the  two  bodies. 
For  the  sake  of  simplicity  we  can  put 

AE 
We  can  call  the  quantity  — r-  the  hardness  of  a  body. 

The  "hardness "  of  a  body,  then,  is  measured  by  the  ratio  of  the 
stress  in  pounds  to  the  resulting  strain  in  inches  or  feet,  provided 
the  limit  of  elasticity  is  not  exceeded.  It  is  given  then  in  pounds 
per  inch  or  pounds  per  foot.    We  have  then,  in  general, 

^'"^h     ^'^W ^^^ 

where  Hi  and  Hu  are  the  hardness  of  the  bodies  as  given  by  equa- 
tions (4),  F  the  compressive  stress  between  them,  and  Ai ,  A.2  the 
respective  compressive  strains. 

We  have  then  for  the  total  compressive  strain 

X.  +  X,  =  S^F, (6) 

and  for  the  compressive  stress 

J^=;^^(^.  +  ^) (7) 

Since  the  work  of  compression  is  one  half  the  product  of  stress 
and  strain  (page  281,  Vol.  II,  Statics),  we  have  for  the  loss  of  en- 
ergy during  compression. 

Ji.(A.  +  .,)  =  _^i^a.+A,,. (8) 

Now  El  and  E^  are  given  in  our  Table  (page  290,  Vol.  II,  Statics) 
in  pounds  per  square  inch.  If  then  we  always  take  Ai  and  A^  in 
square  inches,  AiEi  and  A-iEu  will  always  give  pounds.  If  we 
then  always  take  li  and  h  in  feet,  we  shall  have  Hi  and  Hi  in 
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terms  of  pounds  pm-foot.  If  then  we  take  A.  and  X,  in  feet,  equa- 
tion (8)  gives  the  loss  of  energy  in  foot-pounds.  To  reduce  to  foot- 
poundals,  we  must  then  multiply  by  g  in  ft.-per-sec.  per  sec.  We 
have  then  for  the  loss  of  energy  during  compression,  in  foot- 
poundals,  '' 

lFgiX.  +  X,)=^^yx,+X,y (9) 

But  we  also  have  for  the  loss  of  energy  during  compression,  in  foot- 
jpoundals, 

-^FgiXi  +  Aa)  =  ^miWi"  +  ^m^u^^  —  --(mi  +  ma)v'. 
Inserting  the  value  of  v  from  (3),  this  becomes 
^  B-^n    _L  :i  ^       mim,(u^-u,y 

Equating  this  to  (9),  we  obtain  for  the  total  compressive  strain 


Ai  +  A.a  =  (Wi  —  WOy    7 : T-.— TT-rr-;.      .       .       (IB 

^   (mi  +  mi)g      HH    '  *    •    •    ^^^^ 
and  hence  from  (7) 


E7      /  Ni/     ^^^^  HiH  „^ 

F=  (Ui  —  Ui)y  7 ■ 7- .  -^ =^-;  .    .    .  (Ill) 

^^   {mi  +  mi)g   H  +  Hi'  ^    ^ 


also  from  (5) 


1  ,  Ni/  ^1 


mima  Hi 


mi)g'  HiiHi  +  H)' 

Xi  =  {Ui  —  UiY 


.  /     mimi  Hi 


(mi  +  m',)g'  HjHi  +  Ho)' 


(IV) 


In  all  these  three  equations  Ai  and  A,  are  in  feet,  F  in  pounds, 
Ui  and  Ui  in  ft.  per  sec,  g  in  ft.-per-sec.  per  sec,  mi  and  mi  in  pounds, 
and  Hi  and  H  in  pounds  per  foot.  That  is,  Ei  and  Ei  are  taken  in 
pounds  per  square  inch  from  our  Table  (page  290,  Vol.  II,  Statics), 
Ai  and  Ai  are  taken  in  square  inches,  and  li  and  U  in  feet.  If  Wa 
has  a  direction  opposite  to  tti  it  is  to  be  taken  as  negative. 

Modulus  of  Elasticity. — Let  F  be  the  compressive  stress  upon  a 
body  and  A  the  corresponding  strain.  When  F  is  removed  the 
body  expands.    Let  then  F'  be  the  stress  of  restitution  and  A'  its 

F' 
corresponding  strain.     The  ratio  -^  of  the  stress  of  restitution  to 

the  stress  of  compression  is  found  by  experiment  to  be  a  constant 
for  any  given  material,  as  long  as  the  limit  of  elasticity  is  not  ex- 
ceeded. This  ratio  we  denote  by  e  and  call  the  modulus  of  elasticity. 
But  if  the  limit  of  elasticity  is  not  exceeded,  the  stress  and  strain 
are  proportional.    We  have  then 

F'      A' 
F=I'' 
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If  the  body  is  perfectly  elastic,  F'  =  F  and  X'  =  -^,  or  the  body 
perfectly  recovers  its  original  dimensions.  We  have  then  e  =  1. 
If  the  body  is  non-elastic,  F'  =  0  and  A'  =  o,  and  e  =  0.  For  im- 
perfectly elastic  bodies  e  is  less  than  1  and  A'  less  than  A,  and  the 
body  does  not  completely  recover  its  original  dimensions. 

Imperfectly  Elastic  Impact.— When  two  bodies  come  into  col- 
lision let  F  be  the  stress  during  compression  and  Ai,  Aa,  the  corre- 
sponding strains.  Let  the  respective  stresses  of  restitution  during 
the  period  of  expansion  be  Fi'  and  F^',  and  A/,  Aa'  the  respective 
strains.  Let  ei  and  e^  be  the  respective  moduli  of  elasticity.  Then 
we  have 

Fi'      A/  ^      i^,'      A.' 

-TT  =  ^r  =  ^1      and      -—  =  r^  =  62. 
F       Ai  F      ?ii         i 

Hence 

Fi'?ii  =  ei'F^i     and      F^'X^'  =  e.^FX^ (10) 

The  loss  of  energy  during  the  entire  period  of  impact  is  then, 
since  work  equals  one  half  the  product  of  stress  and  strain  (page 
281,  Vol.  II,  Statics),  from  (10), 

|i^(A,  +  A,)  -  iira/  -  -Fa.'  =  |i^[(l-e.')Ax  +  (1  -e.')A,J; 


or,  since  from  (5) 


F  F 

A.=  -,     ^2=^, 


we  have  for  the  loss  of  energy  L  during  the  entire  period  of  impact 

If  we  take  F  in  pounds  and  Hi ,  H^  in  pounds  per  foot,  this  is 
the  loss  of  energy  in  foot-pounds.  For  the  loss  of  energy  in  f oot- 
poundal,  then,  we  have 


^     1^0  ri-«»'    1-ei.n 


or,  if  we  insert  the  value  of  i^  from  (III), 

(uy—ii^y       mm^  HiHi    PI  — ei'    ,  1  — e^'H       ,-tt^ 


i  = 


2  mi  -H  Wa      Hi 

But  this  loss  of  energy  is  also  given  in  foot-poundals  by 

L  =  —rriiUi^  -1-  -miUi  —  -^iV^  —  gmaVa'. 
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Equating  then  these  two  expressions,  we  have 

2  2  2  mi  +  ma  Ht  +  H% 

If  we  eliminate  Va  and  Vi  by  (I),  viz., 

rriiVi  +  maVa  =  niiUi  +  maWa , 


we  obtain 


Ui 


^  mi  +  ma  L         ^       Hi  +  Ha     J' 

,  mi  r. .  a/^^e^HlKI- 


Vi  —  Ui 


(VI) 


In  equations  (VI)  we  take  mi  and  ma  in  pounds,  Hi  and  Hi  in 
pounds  per  foot  and  Wi ,  Wa ,  i^i ,  Vi  in  feet  per  second,  Velocities  in 
the  direction  of  Ui  are  positive,  in  the  opposite  direction  negative. 
If  the  bodies  are  non-elastic  ei  =  0,  ea  =  0.  If  the  bodies  are 
perfectly  elastic  ei  =  <^2  =  1.  If  the  two  bodies  are  of  the  same 
material  ei  =  ea  =  e  and  we  have 


,(1  +  e)m3 

Vi  =  Ui  —  (Ui  —  Ui) 

mi  +  ma 

.(1  +  e)mi 

Vi  =  Ui  +  {Ui  —  Ui) 


(VII) 


mi  4-  ma 

Experimental  Determination  of  Modulus  of  Elasticity. — Let  the 

mass  ma  be  rigidly  fixed  so  that  Ui  =0,  Vi  =  0.  Then  from  the  second 
of  equations  (VI)  ma  =  oo  and  from  the  first  of  equations  (VI)  W3  have 


Ui 

If  then  we  cause  a  sphere  of  mass  mi  to  fall  from  a  height  h 
upon  a  rigidly  supported  flat  mass  ma  of  the  same  material,  and  if 
it  bounds  back  to  a  height  h',  we  have  ui  =  i/2ghsind  Vi  =  —  V2gh'. 
Hence 

e^^^J^: 

Vh        ^  h 

We  can  thus  determine  the  modulus  of  elasticity  for  various 
materials. 

We  have  thus  the  average  values : 

cast  iron,  e  =  1,  nearly; 

glass,  e  =  15/16 ; 

ivory,  e  =  8/9; 

cork,  steel,  e  =  5/9 ; 

clay,  wood,  e  =  0,  nearly. 
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Non-elastic  Impact.— The  preceding  formulas  (I)  to  (VII)  are 
general  and  include  all  special  cases. 

For  non-elastic  impact  equations  (I),  page  146,  and  (II)  to  (IV), 
page  147,  hold  good  without  change ;  and  since  ei  =  0,  ea  =  0,  equa- 
tions (VI),  page  149,  become 

rriiUi  +  m-iUi 
Vi  =  Vi  =  V  =  ; , (1) 

and  the  bodies  move  together  after  impact  with  the  common  ve- 
locity V,  The  loss  of  energy  we  have  already  found  (page  147> 
equal  to 

J.  _  mima(tti  —  Ma)"  ,a\ 

in  foot-pounds. 

-VVe  call    ^^^'    the  harmonic  mean  between  mi  and  ma. 
mi  +  ma 

Hence,  the  loss  of  energy  during  the  impact  of  two  inelastic 
bodies  is  equal  to  the  product  of  the  harmonic  mean  of  the  two 
masses  and  the  height  due  to  the  difference  of  their  velocities. 

If  the  mass  ma  is  at  rest,  the  loss  of  energy  becomes  in  foot- 
pounds 

J.         mima      Wi' 

JL/   = 


mi  -f  ma '  2gr ' 

and  if  the  moving  mass  mi  is  very  great  compared  to  the  mass  m» 
at  rest  this  becomes 

ma-—. 

We  have  from  equation  (1) 

mx{ui  —  v)  =  mi(v  —  Wa), 

or  the  momentum  lost  equals  the  momentum  gained ;  and  also  from 
equation  (1),  for  the  loss  and  gain  of  velocity, 

ma(Mi — Wa)                                  mi(Ui  —  Ui) 
Ui—V= ; ,        U  —  Wa  = .        .      .      (3> 

mi  -I-  ma  mi  -j-  m. 

The  energy  lost,  then,  is  evidently  given  in  foot-pounds  by 

■^mi(Ui  -  vy  +  ^—m^iUi  —  vy. 
2g  2g 

Special  Cases.— If  the  mass  ma  is  at  rest,  we  have  Wa  =  9  and 

miWi         ^         mima        Ui^ 
V  =  .    L  = 


m:  -f-  ma  mi  -I-  ma     2g 

If  the  bodies  move  towards  each  other,  Wa  is  negative  and 

miWi  —  m^u^      ^         mima        (Ui  +  u^Y 

V  = ,    L  = • . 

mi  -f-  ma  mi  -f-  ma  2g 
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In  this  case,  if  the  momenta  of  the  bodies  are  equal,  or  rriiUi  = 
m^Ui,  V  =  0,  or  the  bodies  come  to  rest.  If,  on  the  contrary,  the 
masses  are  equal,  we  have 

_  U1  —  U2            m     (ui  +  u^Y 
""-       2      '    ^-~2 2^       • 

If  the  bodies  move  in  the  same  direction  and  the  mas3  of  the  one 
in  advance,  mj,  is  infinitely  great,  we  have 

mi(W]  —  UiY 
"  =  «='  ^  = 2i" ' 

or  the  velocity  of  the  infinitely  great  body  is  not  changed  by  the 
impact.    If  the  infinitely  great  mass  is  at  rest,  or  Wa  =  0,  we  have 


t;=0. 


2g  ' 


and  the  infinitely  great  body  remains  at  rest,  while  the  impinging 
body  loses  its  velocity  entirely. 

Perfectly  Elastic  Impact. — Equations  (I),  page  146,  and  (II)  to 
(IV),  page  147,  hold  good  without  change;  and  since  for  perfectly 
elastic  bodies  ei  =  1,  ea  =  1,  equations  (VI),  page  149,  become 


2m2(ui  —  Ui) 

Vi  =  Ui  — ; 

mi  +  ma 
2mi{ui  — 1^2) 

Va  =  Wa  +  ; . 

mi  +  m2 


(1) 


The  loss  of  energy,  we  see  from  equation  (V),  page  148,  is  zero. 
That  is,  there  is  no  loss  of  energy  in  perfectly  elastic  impact. 
We  have  then 

gmiWi'  +  gmaWa'  —  gmiVi'  —  ^iV-Y  =  0, 

or 

mi(wi'  —  vi^)  =  m^iv-Y  —  t*a'). 

But  since  from  (I),  page  146,  we  have 

mi(Wi  —  Vi)  =  m-2(V2  —  Wa), 
we  have,  by  eliminating  mi  and  ma , 


or     Wi  +  t?i  =  Va  +  Wa , 


Ui  —  l?i  V2  —  U2 

OP 

U\  —U2  =  Vi  —  Vi. 

That  is,  the  velocity  of  approach  equals  the  velocity  of  sepa- 
ration. 

The  loss  and  gain  of  velocity  are  then 

or  twice  as  much  as  for  non-elastic  impact  (page  150). 
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Special  Cases. — If  the  mass  ma  is  at  rest,  we  have  W2  =  0  and 


Vi 


mi  —  ma 


-Ui  ,      Vi  = 


2mi 


-Ui. 


mi  +  ma  nil  +  ma 

If  the  bodies  move  towards  each  other,  u^  is  negative  and 


Vi 


Ui  — 


2ma(wi  +  u-t) 
mi  +  ma    ' 


V2  =  —  Ui  + 


2mi{ui  +  U2) 

mi  +  ??la 


In  this  case,  if  the  momenta  of  the  bodies  are  equal,  or  miWi  = 
maWa ,  we  have 

Vi  =  —Uiy  Ua  =  +  Ma  ; 

that  is,  the  bodies  after  impact  move  in  opposite  directions  with  the 
same  velocities  they  originally  had.  If,  on  the  contrary,  the  masses 
are  equal,  we  have 


Vi  = 


Wa  ,      V2  =  Ui 


that  is,  each  body  returns  with  the  same  velocity  that  the  other 
body  had  before  impact. 

If  the  bodies  move  in  the  same  direction,  and  the  mass  ma  of  the 
one  in  advance  is  infinitely  great,  we  have 

Vi=U-i, 

or  the  velocity  of  the  infinitely  great  body  is  not  changed  by  the 
impact.    If  the  infinitely  great  body  is  at  rest,  or  Ui  =  0,  we  have 


Vi 


—  Ui 


V2 


that  is,  the  velocity  of  the  impinging  body  is  transformed  into  an 
equal  opposite  one. 

Earth  Consolidation. — When  a  maul  strikes  a  mass  of  soft  earth 
it  compresses  it  with  a  certain  force  F.    Let  d  be  the  depth  of  pene- 
tration, and  m  the  mass  of  the  maul  and  h 
the  height  from  which  it  is  let  fall.    Then 
the  energy  of  the  maul  before  it  is  dropped 
I  is  mh.     Since    this  energy  is  expended  in 

compression  of  the  soil,  we  have 


I 


7-,  7  7-,      ^i'^ 

Fs  =  mh,    or    F  =  — . 
'  s 


If  we  divide  this  force  F  by  the  cross- 
section  A  of  the  marl,  we  have  for  the  unit  force  of  compression 


P 


F 
A 


mh 
As' 


The  resistance  F  of  soils  to  the  penetration  of  a  maul  is  generally 
variable  and  increases  with  the  depth  d  of  penetration.  In  many 
cases  we  may  assume  it  to  increase  directly  with  the  penetration. 
In  such  case  we  should  have 


7:F8  =  mh,     or     F  = 


2mh 
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or 

F      2mh 
^~  A-  As' 

or  twice  as  much  as  before. 

If  A  is  taken  in  square  inches  and  s  and  h  are  taken  in  feet  or 
inches,  p  is  the  number  of  pounds  per  square  inch,  resistance  of  the 
soil.    Allowing  a  factor  of  safety  of  10,  we  could  then  safely  load 

the  compacted  soil  up  to  —p. 

Pile-driving.— We  see  from  equation  (6),  page  146,  that  where 
two  bodies  impinge  the  compression  is  given  by 


A.  +  A.=  {^  +  ^)i<^, 


(1) 


where  i^  is  the  compressive  stress  between  the  bodies,  Ai  the  com- 
pression of  one,  A2  the  compression  of  the  other,  and  Hi  and  Hi  the 
hardness  (page  146),  so  that 

_  AiEi           _  A.E. 
-ai  =  ~77~'     ^2  —      ^^     , (2) 

where  Ai  and  Ai  are  the  areas  of  cross-section  of  the  bodies,  Zi  and 
l-x  their  lengths,  and  Ei ,  E^  their  coefficients  of  elasticity.  Since  Ei 
and  El  are  given  in  our  table  (page  290,  Vol.  II,  Statics)  in  pounds 
per  square  inch,  if  we  always  .take  Ai  and  A^  in  square  inches, 
AiEi  and  A^E-2  will  always  give  pounds.  If  then  we  take  h  and  h 
in  feet,  Hi  and  H  will  be  given  in  pounds  per  foot ;  and  if  we  take 
F  in  pounds,  equation  (1)  gives  ^1  +  Ag  in  feet. 

If  now  the  mass  of  the  impinging  body  is  mi  and  its  velocity  Ui , 
_     .    niiUi^ 
its  energy  m  foot-pounds  is  -^ — • 

If  the  other  body  is  at  rest  its  initial  energy  is  zero. 

Since  work  is  equal  to  one  half  the  product  of  the  stress  and 
strain  (page  281,  Vol.  II,  Statics),  we  have  for  the  work  expended 
in  compression 


IpiX,  H-  I,)  =  li..(^  +  i). 


2 

If  then  a  bolt  or  nail  is  struck  by  a  hammer  of  mass  mi,  so  long 
as 

2g   =2^   [h  ^  hJ 

all  the  energy  of  the  hammer  is  expended  in  compression  and  there 
is  no  penetration.    If,  however, 


miu 


i>HA-i) 


2g 

there  will  be  penetration. 

The  same  holds  for  the  driving  of  a  pile.     Let  mi  be  the  mass  of 


the  ram  and  h  the  height  of  fall  =  g-.    Then  the  energy  of  the 


ram 
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is  niih.    Let  d  be  the  depth  of  penetration  and  Ai  +  A.2  the  compres- 
sion of  ram  and  pile,  and  F  the  compressive  stress.    Then  we  have 

Fd  +  ^F{^^l  +  Aa)  =  mih. 

Let  ma  be  the  mass  of  the  pile.    Then  from  equation  (II),  page 
147,  we  have  for  Ui  =  0  and  q^  =  ^, 

1,1         i  /  2mim-Ji     Hi  +  Ht 
Aj  +  A,  =  y . —  . 

^     mi  +  ma  H^i±fa 

Inserting  this  value  of  A.i  +  A3 ,  we  have 

mJi 


F  = 


d  +  i/; 


mimji       Hi  +  Hi 


(3) 


2(mi  +  ma)      HiH 


From  equation  (3)  we  can  find  the  resistance  of  the  pile  by 
measuring  the  distance  of  penetration  d. 

Since  the  pile  is  wood  and  very  long  compared  to  the  ram,  and 
the  ram  is  iron,  Hi  is  very  large  compared  to  H  ,  and  we  have  ap- 
proximately 

H 

Hi  +  H.'^  Hi         1  .      ^  , 

=  W-,  approximately. 


Hi  Hi  Hi 

Hence  we  can  write  practically 

mih 


F  = 


d  + 


/ 


nhimji 


(4) 


2(mi  +  mi)Hi 


where  mi  and  ma  are  to  be  taken  in  pounds,  h  and  d  in  feet  or 
inches,  and  H  in  pounds  per  foot  or  inch.  For  wood  we  can  take 
Ei  =  1500000  lbs.  per  sq.  inch  (page  290,  Vol.  II,  Statics). 

If  we  take  a  factor  of  safety  of  6  or  10  we  can  safely  load  the 

pile  up  to  g-  or  j^  i^  as  given  by  (3)  or  (4). 

Oblique  Central  Impact. — If  the  directions  of  motion  ui ,  Ui  of 
the  two  bodies  make  the  angles  «i,  «8 
with  the  line  of  impact  C1C2,  we  can  re- 
solve each  velocity  into  components  Ui  cos 
oci  and  U2  cos  cx^  along  the  line  of  impact 
and  Ml  sin  «i ,  ttg  sin  ^Vg  at  right  angles  to 
this  line.  These  latter  are  unchanged  by 
the  impact.  As  to  the  former,  we  have 
from  equations  (VII),  page  149,  if  the  two 
bodies  are  of  the  same  material  and  e  is  the 
modulus  of  elasticity. 


Vi 


Ui  cos  ai  —  (wi  cos  ai  —  Ui  cos  oc^) 
Vi  =  Ui  cos  oCi  -I-  (Wi  cos  ai  —  Ui  COS  ai) 


ma(l  +  e) 
mi  +  m,2 ' 
mi(l  +  e) 
mi  +  ma '  J 


U) 
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where  mi  and  m<x  are  the  masses  of  the  two  bodies  and  Vi ,  Ua  are 
the  final  velocities  along  the  line  of  impact  C1C2. 

From  vi  and  ui  sin  a^  we  have  for  the  velocity  Wx  of  the  first 
body  after  impact 


Wi  =  i/ui'  +  ui^  sin'  a, , 
making  an  angle  /3i  with  C1C3  given  by 


Ui  sm  ai 
tan  /Si  =  - 


Vi 


and  for  the  velocity  Wq  of  the  second  body  after  impact 


making  an  angle  /?a  with  Cid  given  by 

u-i  sin  aa 


tan  fii  = 


Vi 


(2) 


(3) 


(4) 


(6) 


If  the  mass  m,  is  infinitely  great  and  at  rest  we  have  ma  =  c» , 
Ui  =  0,  and  from  (1) 


"1 


Vi  =  —  eui  cos 

?^a  =  0, 

and  from  (2)  and  (4),  Wa 

?(;j  =  i/iti^(sin'  cci  +  e*  cos'  oti), 


0, 


(6) 


(7) 


making  the  angle  y^i  with  dCa  given  by 


tan/Ji  = 


sm  o-i 
e  cos  «ri 


=  —  —  tan  «!.     (8) 


For  inelastic  bodies  e  =  0,  and  for  perfectly  elastic  bodies  e  =  1, 

For  inelastic  bodies,  then,  from  (6),  (7)  and  (8),  Vi  i=  0,  tt^i  = 
Wi  sin  on  ,  tan  fji  =  00 ,  or  /3  =  90°.  That  is,  the  velocity  along  the 
line  of  impact  is  completely  annihilated  and  that  at  right  angles  is 
unchanged,  and  the  body  moves  after  impact  in  the  direction  CiF 
at  right  angles  to  CiOa  with  the  velocity  ui  sin  <^.. 

For  perfectly  elastic  bodies  Vi  =  —  Ui  cos  atj,  Wi  =  Ui,  tan  /?, 
=  —  tan  cri.  or  /3i  —  —  au  That  is,  the  velocity  along  the  line  of 
impact  is  changed  into  an  equal  and  opposite  one,  and  the  angle  of 
incidence  ai  is  equal  to  the  angle  of  reflection  /3i.  The  body  moves 
after  impact  in  the  direction  CiG  so  that  the  angle  NC^G  =  a^. 

For  imperfect  elasticity  we  have  from  (8) 


e  = 


tan  cxi 
taiT^' 


or  the  modulus  of  elasticity  is  equal  to  the  ratio  of  the  tangent  of 
the  angle  of  incidence  to  the  tangent  of  the  angle  of  refiection. 
We  have  then  for  perfect  elasticity  NGi  =  iV6r,  and  for  imperfect 

elasticity  -^^  =  e.  • 
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Friction  of  Oblique  Central  Impact. — The  pressure  between  the 
colliding  bodies  gives  rise  to  friction.  If  P  is  the  pressure  due  to 
impact,  F  the  friction  and  j-i  the  coefficient  of  friction,  then  we  have 

F=  uP. 

Let  the  mass  of  the  impinging  body  be  mi ,  and  the  initial  and 
final  velocity  along  the  line  of  impact  be  Ui  and  Uj ,  and  t  be  the 
time  of  impact.    Then  we  have  for  the  impulse  (page  31) 


Pt  =  mi(Wi  —  Vi)^ 


or 


P  = 


mi(tti  —  Vi) 


Hence  the  friction  is 

^rriiiui 


F  = 


Vi) 


or 


Ft 


=  M{Ui  —  Vi). 


(1) 


t  'mi 

That  is, 

the  impulse  of  the  friction  divided  by  the  mass  is  equal  to  ju  times 
the  change  of  velocity  along  the  line  of  impact,  or 

the  change  of  velocity  due  to  friction  at  right  angles  to  the  line 
of  impact  is  equal  to  jn  times  the  change  of  velocity  along  the  line  of 
impact. 

This  change  of  velocity  is  always  a  retardation,  since  friction  is 
a  retarding  force. 

Thus  if  a  mass  mi  falls  vertically  with  a  velocity  Ui  upon  a 
horizontal  sled  of  mass  ma  moving  with  the  velocity  u^ ,  and  if  the 
velocity  ui  is  entirely  lost  by  the  collision,  we  have  for  the  friction 


F  = 


/umiUi 


But  the  retarding  force  during  the  time  t  for  both  masses 
in  contact  is  also 


F  = 


(mi  +  m-i)Ui 


Hence  we  have 


Ui  =  M 


mi 


mi  +  ma 


(2) 


If  a  body  of  mass  mi  strikes  an  immovable  mass  of  the  same 
material  with  a  velocity  Ui  at  an  angle  ai, 
we  have  from  equation  (1),  page  154,  for 
the  change  of  velocity  along  the  line  of 
impact,  since  Wa  =  0,  m,  =  co, 

Ui  cos  ai  —  Vi  =  Ui  cos  ai(l  +  e). 

Hence,  the  change  of  velocity  due  to 
friction  is 

HUi  cos  ai{l  +  e), 

and  after  impact  the  component  Ux  sin  ax 
becomes 

wi  sin  ai  —  fxui  cos  ai{l  +  e)  =  [sin  ai  —  fi  cos  ai(l  +  e)]w».    (8) 
For  perfectly  elastic  bodies  e  =  1  and  (3)  becomes 
(sin  cTi  —  2iJ.  cos  ai)yui , 
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and  for  inelastic  bodies 

(sin  «!  —  yu  cos  ai)Uu 

The  friction  often  causes  bodies  to  turn  around  their  centres  of 
mass,  or  if  before  impact  a  motion  of  rotation  exists,  that  motion 
is  changed.  Let  R  be  the  radius  of  a  round  body,  coi  its  initial  and 
GO  its  final  angular  velocity  during  the  time  t  of  impact.  Then  the 
initial  and  final  velocity  of  any  particle  at  a  distance  r  from  the 
centre  of  mass  will  be  rc^i  and  roo.    The  change  of  velocity  will  be 

r{Go  —  ftji),  the  acceleration  7 ,  and  the  particle  force,  if  m  is 

Ynr(co  —  GOi) 
the  mass  of  the  particle,  is  then 7 .      The  moment  of  this 

particle  force  is 7 ,  and  the  sum  of  the  moments  of  all 

the  particle  forces  is  then 

GO  —   QOi 

2m,r^. 

But  (page  170)  2mr^  is  the  moment  of  inertia  J  of  a  body,  and 
hence  the  sum  of  the  moments  of  all  the  particle  forces  is 

Col CbI, 

I. 


t 

The  change  of  velocity  of  the  body  of  mass  Wi  due  to  friction, 
we  have  just  seen,  is  MUi  cos  a,(i  +  e).     Its  acceleration  is  then 
juui  cos  aih.  +  e)         ,  .,     ,  „  .    .      .    ., 
7 ,  and  the  force  of  friction  is  then 

MtniUy  cos  ai{l  +  e) 
t 
The  moment  of  this  force  is  then 

I^RmiUi  cos  ai(X  +  g) 
t 

Now  by  the  principle  of  conservation  of  moments  (page  142) 
the  sum  of  the  moments  of  the  particle  forces  is  equal  to  the 
moment  of  the  friction. 

Hence  we  have 

ftRrriiUi  cos  «ri(l  +  e) 

GO    —    GOi    =^ J (4) 

Equation  (4)  gives  the  change  of  angular  velocity.  For  the 
change  of  linear  velocity  at  the  circumference  we  have 

_,             ,       mR^miUi  cos  ai{l  +  e) 
K{go  —  ttji)  = J , 

or,  since  I  =  mi/ca,  where  k  is  the  radius  of  gyration  (page  176), 

R" 

R(go  —  GOi)  —  jd  —  (1  +  e)ui  cos  «i.  .    .    .  .    (5) 

For  a  cylinder  (page  177)  -^  =2,  and  for  a  sphere  (page  178)  -  =  -. 
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Wli 


Strength  of  Impact. — Let  the  mass  mi  moving  with  the  velocity 
Ui  impinge  on  the  mass  m,  which  is  sup- 
ported by  the  rod  AB  of  uniform  cross- 
2  section  A  and  length  l.     Let  v  be  the  velocity 

of  both  masses  during  impact.    Then  from 
A  equation  (3),  page  145,  we  have 


r 

|: 

Jmx 

J 

B 

ma 

niiUi 


V  = 


mi  +  m-i 


and  the   work  in   foot-pounds  necessary  to 
bring  the  combined  masses  to  rest  is 


1  u 

W  =  -^r-imi  +  m^)v'^  = 


mi 


2g    mi  +  ma 


mi% 


mi  +  ma' 


(1) 


Ui' 


where  -r— =  h  is  the  height  of  fall  of  mi. 
2g 

This  work  is  equal  to  the  work  of  stretching  or  compressing  the 

rod,  or  equal  to  ^FX,  where  F  is  the  stress  of  impact  and  A  the 

strain,  since  work  is  equal  to  one  half  the  product  of  stress  and 
strain  (page  281,  Vol.  II,  Statics).  But  (page  281,  Vol.  II,  Statics) 
within  the  limit  of  elasticity  we  have 


F  = 


FAX 
I 


where  E  is  the  coefficient  of  elasticity.    Hence 

mi'h 


2^-     21 


mi  +  ma' 


or 


=  /: 


2lh 


(2) 


(3) 


(4) 


mi  +  ma    FA 

From  (4)  we  can  find  the  strain  A  of  the  rod  caused^  by  the  im 
;t.    If  the  rod  is  strained  u 
om  (2),  by  putting  F  =  SeA 

Sel 


pact.    If  the  rod  is  strained  up  to  the  limit  of  elasticity  Se ,  we  have 
fr        ~    '  *       ^      ^   . 


A=: 


E 


(5) 


and  hence  from  (3) 


^•Al  = 


mi^h 


2E  mi  +  ma' 

But  Al  is  the  volume  of  the  rod  V.    The  velocity  of  impact 

Ui  =  V2gh 

which  is  necessary  to  strain  the  rod  up  to  the  limit  of  elasticity  is 
then  given  by 


,         mi  +  «la     Sc'      TT 
h  =  ;; •  TT^  •    V. 


mi 


2E 


(6) 
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The  quantity  ^  is  the  coefficient  of  resilience  (page  282,  Vol.  II, 

Statics). 

We  see  from  (6)  that  the  greater  the  volume  or  mass  of  the  rod 
the  greater  the  blow  it  can  bear.  Hence  the  mass  of  bodies  sub- 
jected to  impact  should  be  made  as  great  as  possible. 

Since  mi  and  ma  fall  during  impact  through  the  distance  A,  we 
have  more  correctly 

and  hence,  instead  of  (6),  we  have 

_  mi  +  m2    S^  (mi  +  ma)'    Sel 

mi'      '  2E  mi'        '  E ^^ 

If,  finally,  we  wish  to  take  into  consideration  the  mass  ma  of  the 
rod,  we  have,  since  its  centre  of  mass  moves  through  the  distance 

W= ; +    mi  +  ma  +  irma  A; 

mi  +  ma  +  ms       V  ^     I 

and  hence,  instead  of  (6),  we  have 


fmi  +  ma  4- majfmi  +  ma  +  g-ma]     «^ 


,  _  mi+ma  +  ma     Se^           ^                        ,  \  ^      ,     ^.. 

^-         ^7  2e'^ 771?  E-   ^^^ 

If  a  mass  mi  moving  with  a  velocity  Ui  puts  in  motion  another 
mass  ma  by  means  of  a  chain  or  rope,  we  have  in  the  same  way  for 


Khi^id 


the  velocity  of  both  bodies  during  impact 

miWi 


V  = 


mi  +  ma ' 


and  the  work  in  foot-pounds  expended  in  stretching  the  rope  or 
chain  is 

■r^       1  ,       1 ,  .  ,         mima        Ui^         mima        , 

W  =  3^m.».'  -  ^(m,  +  m,W  =  ^^^;^:^  ■  ^  =  -—^^  ■  h, 

Wl' 

where  h  =  -^  =  the  height  due  to  the  velocity. 

We  have  then,  if  the  chain  or  rope  is  stretched  to  the  limit  of 
elasticity  Se , 

Se^         ,  _     mima 
2E'  ^^~  m^+m,' 
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where  A  is  the  cross-section  and  I  the  length  of  the  chain  or  rope. 
Hence 

_  m, +m.    SI 
^  -     mm.     '2E^^ ^^^ 

where  V  is  the  volume  of  the  chain  or  rope. 

[Impact  of  Beams. — Let  a  mass  mi  fall  from  a  height  h  upon  a  beam 
AB  of  uniform  cross-section  A  and  span  Z,  supported  at  the  ends. 

Let  d  be  the  density  of  the  beam  and  Fits 
volume.     Then 

V=Al, 
and  the  mass  vh  of  the  beam  is 

m,  =  dAl  =  dV.  .     .     .    .     (1) 


o 


Wli 


4  I 

h 1 H 


Let  the  mass  mi  strike  the  beam  at  the 
centre  and  let  the  equivalent  mass  of  the 
beam  concentrated  at  the  centre  be  nin..  Let 
the  velocity  of  the  combined  masses  mi  and  n^ria  at  the  centre  of  the  beam 
during  impact  be  Vc ,  and  let  the  velocity  of  mi  before  impact  be  Ui.  Then 
we  have  from  equation  (3),  page  145, 

miUi 


Wi  +  wma ' 

and  the  work  in  foot-pounds  necessary  to  bring  the  combined  masses  to 
rest  is 

_      ,  Vc""  mi"  ui^  mi'h 

W=(mi  +  nrrii)--  = -^—  = . ,     .    .    (2) 

Ui* 

where  7i  =  r—  is  the  height  of  fall  of  mi. 

Let  P  be  the  pressure  during  impact  and  ^  the  deflection  at  the  centre. 
Then  the  work  of  deflection  is  kP^^  and  we  have 


mi'h  1 


mi  +  nmt       2 


=  o^^ (3) 


If  the  beam  is  strained  up  to  the  limit  of  elasticity  Se ,  we  have,  if  e  is 
the  distance  of  the  most  remote  fibre  from  the  neutral  axis,  from  page  326, 
Vol.  II,  Statics, 

Sel     PI  „      ^Sel 

— =T'  ^^  ^=-i-' (4) 

where  /  is  the  moment  of  inertia  of  the  cross-section  of  the  beam,  with 
reference  to  the  neutral  axis. 

From  page  335,  Vol.  II,  Statics^  we  have 

.        PI'         SeP 
~  ^SEI~  12eE' ^^ 

where  E  is  the  coefficient  of  elasticity. 
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From  (4)  and  (5)  we  have 

lpj=^^. (6) 

We  can  substitute  this  value  of  ~PJ  in  (3).      It  remains  to  find  the 

2 

equivalent  mass  mrii  of  the  beam,  considered  as  concentrated  at  the  centre. 
Let  the  velocity  of  any  point  of  the  beam  during  impact  be  v  and  its 
deflection  y.    Then  we  have 

-  =  ■—,    or    v  =  ^vc. 

The  mass  of  an  indefinitely  small  portion  of  the  beam  of  length  dx  is 
8Adx,  and  its  energy  is  8Adx-—.  If  then  nm^  is  the  equivalent  mass  at 
the  centre,  we  have 


2flr      e/o  ^"^ '  2g' 

or 

nrrii  =  ^  /  y^dx. 

From  page  335,  Vol.  II,  Statics,  we  have 

P 


we  have 


13^/' 


Hence  we  have 


nm,  =  l^f^L'dx  -  p'x*dx  +  Azvc^A 

Performing  the  integration,  we  obtain 

17  17  17 

nm.  =  —8Al  =  —rn.,    or    n  = -. 

"We  have  then  from  (3)  and  (6) 

mi^h  Sell 


17       "  QEe^ 
mi  +  -—ma 


(7) 


If,  for  instance,  the  cross-section  of  the  beam  is  a  rectangle  of  breadth 

b  and  depth  d,  we  have  (page  377,  Vol.  II,  Statics)  I  =  -rbd'  and  e  =  -d. 

Hence  for  this  case 

mi^h        _  Se'bdl 

,     17       ~    18£J  ' 
m.  +  — m. 

or  putting  bdl  =  V  =  the  volume  of  the  beam  and  VS  =  ma ,  we  have  for 
the  height  of  fall  necessary  to  strain  the  beam  to  the  limit  of  elasticity 


,     /  17      \ 

s^mdmi  +  -^^2  J 


*  = mETS <^> 
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EXAMPLES. 

(1)  An  inelastic  body  of  mass  mi  =  50  pounds  moving  with  a  ve- 
locity of  Ui  =  7  feet  per  second  impinges  upon  another  of  mass 
nii  —  30  pounds  moving  in  the  same  direction  with  a  velocity  of 
tta  =  3  feet  per  sec.  Find  the  velocity  with  which  the  two  move  on 
together  after  collision. 

Ans.  5^  fti  per  sec. 

(2)  In  order  to  cause  an  inelastic  body  weighing  120  pounds  to 
cJiange  its  velocity  from  1^  to  2  feet  per  sec,  ive  let  an  inelastic  body 
iveighing  50  pounds  strike  it.    Find  the  velocity  of  the  latter  body. 

Ans.  3.2  ft.  per  sec. 

(3)  Two  inelastic  masses  of  3  and  5  tons  impinge  ivith  velocities 
of  4  and  5.5  ft.  per  sec.  respectively.  Find  their  final  velocity  when 
they  are  moving  in  the  same  and  in  opposite  directions. 

Ans.  4^1  feet  per  sec. ;  1  j|  ft.  per  sec.  in  the  direction  of  tlie  larger 
-velocity. 

(4)  Two  inelastic  particles  of  3  lbs.  and  1  oz.  are  moving  in  op- 
posite directions  and  impinge.  The  first  has  a  velocity  of  3i  and 
the  latter  of  9  ft.  per  sec.  In  ivhat  direction  do  they  move  after  im- 
pact f 

Ans.  In  the  direction  of  the  first  with  a  velocity  of  21/31  ft.  per  sec. 

(5)  An  inelastic  particle  ivhose  mass  is  16  lbs.  moving  with  a  ve- 
locity of  25  miles  an  hour  impinges  on  another  moving  in  the  oppo- 
site direction.  The  two  come  to  rest.  If  the  mass  of  the  latter  ivere 
28  lbs.,  find  its  velocity.  If  the  velocity  of  the  latter  were  66  ft.  per 
sec,  find  its  mass. 

Ans.  14f  miles  per  hour;  8f  lb& 

(6)  A  number  of  inelastic  balls  of  masses  mi,  ma,  ms,  etc.,  mnj 
lie  on  a  straight  line  at  rest.  If  the  first  have  a  velocity  of  Ui  to- 
wards the  others  what  will  be  the  ultimate  velocity  of  the  balls  f 

miUi 


Ans.  Vn  = 


rrii  -\-  m<i  -\- .  .  .  TUn 


(7)  If  in  the  preceding  example  the  initial  velocities  are  Wi ,  Wa , 
Ua  .  .  .  Un,  find  the  ultimate  velocity. 


Ans.  Vn  = h r ■ 


(8)  A  shot  of  600  lbs.  is  fired  from  a  10-ton  gun  with  a  velocity  of 
1000  feet  per  sec.  If  the  mass  of  the  powder  be  neglected,  find  the 
velocity  of  recoil. 

Ans.  26|:^  ft.  per  sec. 

(9)  An  1800-Z6.  shot  moving  with  a  velocity  of  2000  ft.  per  sec, 
strikes  a  10-ton  plate,  passes  through  it  and  goes  on  with  a  velocity 
of  400  ft.  per  sec.    If  the  plate  be  free  to  move,  find  its  velocity. 

Ans.  128f  ft.  per  sec. 

(10)  Tivo  perfectly  elastic  balls  weighing  10  lbs.  and  16  lbs.  collide 
with  the  velocities  12  and  6  feet  per  sec.  Find  the  loss  and  gain  of 
velocity,  and  the  velocities  after  collision,  if  the  velocities  are  in  the 
same  and  in  opposite  directions^ 
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Ans.  In  the  first  case  the  final  velocities  are  Vi  =  -\-  4A  and  -Wa  =  +  10^ 
ft.  per  sec.     The  first  body  loses  then  7^  and  the  other  gams  4^^  ft.  per  sec. 

In  the  second  case  the  final  velocities  are  vi  =  —  10^  and  v^  =  -{-  IH  ft. 
per  sec.  Each  body  then  rebounds  with  these  velocities.  The  first  body  loses 
23/j  and  the  other  gains  13^  ft.  per  sec. 

(11)  A  number  of  perfectly  elastic  balls  of  masses  mi ,  ma ,  ma  .  .  . 
mn  lie  on  a  straight  line  at  rest.  If  the  first  have  a  velocity  of  Ui 
towards  the  others,  find  the  velocities  after  impact, 

Ans.  The  velocity  of  the  first  is 

(mi  —  mi)ui 

Vi  = 


rrii  -J-  TTii 
The  velocity  of  any  intermediate  ball  is 

2«-imi .  ma  .  .  .  mn-i(mn  —  m„+i)t«i 


«n 


+  m2){m-i  +  ms)  .  .  .  (m«  -|-  m«-|-i)' 
The  velocity  of  the  last  ball  is 

2"-^mi  .  mg  .  .  .  irin-iUi 

(mi  +  m2)(ma  +  ms)  .  .  .  (m„_i  -\-  m„)' 


Vn  = 


(12)  In  the  preceding  example  let  there  be  four  balls,  the  mass  of 
the  first  mi ,  of  the  second  m^  =  ami ,  of  the  third  ma  =  ami  =  a^mi , 
of  the  fourth  m*  =  ama  =  a^mi. 

Ans.    ..  =  1^|«. ;   ..  =  j-|--«. ;   «.  =  ^-j-A_5«, ;   .,  =  (jrjr^s".- 

If,  for  example,  the  mass  of  each  ball  is  one  half  that  of  the  preceding,  we 

have 

1  4  16  64 

Vi  =  ^Ui  ,      V2  =  :^Ut ,      ^3  =  -^Ui ,      Vi  =  —ui. 

(13)  If  in  a  machine  16  impacts  per  minute  take  place  between 
the  two  inelastic  masses  mi  =  1000  lbs.  and  ma  =  1300  lbs.  moving 
with  velocities  Ui  =  5  and  u^  =  2  ft.  per  sec,  find  the  loss  of  energy. 

(14)  If  two  trains  mi  =  120000  lbs.  and  ma  =  160000  lbs.  come  into 
collision  ivith  the  opposite  velocities  Ui  =  20  and  u^  =  15 /f.  per  sec, 
find  the  loss  of  energy  which  is  expended  in  the  destruction  of  the 
cars,  considering  them  as  inelastic 

Ans.  (?»±15r .  '^^l''"^  =  1302000  ft.-lbs. 

2g  280000 

(15)  If  an  iron  sledge  of  mass  mi  =  50  lbs..  Zi  =  6  inches  long  and 
Ai  =  4  sg.  inches  area  of  face,  strikes  an  immovable  lead  plate  h  =  l 
inch  thick  and  Ai  =  2  sq.  inches  area,  with  a  velocity  Ui  =  50  ft. 
per  sec,  find  the  compression  of  the  sledge  and  plate  and  the  force 
of  impact,  taking  Ei  =  29000000,  E^  =  700000  lbs.  per  sq.  in. 

Ans.  We  have  for  the  hardness 


Hi  = 


AiE^  ^  4X29000000  ^  ^3^^^^^^^  ^^^^  ^^^  ^  . 


^,  =  ^  =  ^-21:^0552^  =  16800000  lbs.  per  ft 


13 
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The  total  compression  is 


:i     I    :i         rcAi/SO    232000000  + 16800000      ..,.o**       Aio-    ^. 
A,  +  A,  =  50  j/  -.     339^600000000000      =  ^'^^^  ***  =  ^'^^  "'^^^ 

The  force  of  impact  is 


F  =  -^^r^i^i  +  Aa)  =  247516  lbs., 


and 


Ui 


Xiz=—-z=  0.00107  ft.  =  0.0128  in.,    X^  = —-  =  0.0147  ft.  =  0.177  in. 

(16)  In  the  preceding  example  consider  the  sledge  as  perfectlj/ 
elastic  and  the  plate  as  inelastic. 

Ans.  We  have  for  the  loss  of  velocity  of  the  sledge 

Hence  «i  =  —  13  ft.  per  sec. ,  or  the  sledge  rebounds  with  this  velocity. 

(17)  What  will  be  the  velocities  of  two  steel  plates  after  impact 
if  the  velocities  before  impact  are  Ui  =  10  and  Wa  =  —  6  ft.  per  sec. 

and  the  masses  mi  =  30  lbs.,  mi  =  40  lbs.,  taking  e  =  q-  ? 

Ans.  -Mj  -  -Ti  =  (10  +  6)  |^(l  +  |)  =  14.22  ft.  per  sec. 

Hence  Vi  =  —  4.22  ft.  per  sec,  or  the  first  plate  rebounds  with  this  velocity. 

«3  -  -Ma  =  (10  +  6)|^(l  +  I)  =  10-665  ft.  per  sec. 

Hence  v^  =  -\-  4.665  ft.  per  sec,  or  the  second  plate  rebounds  with  this 
velocity. 

(18)  Two  balls  mi  =  80  lbs.,  mi  =  50  lbs.  strike  each  other  with 
the  velocities  Ui  =  20  and  Ui  =  25  ft.  per  sec,  making  the  angles 
with  the  line  of  impact  a^  —  21°  35'  and  a^  =  65°  20'.  Find  the 
velocities  after  impact  if  the  bodies  are  inelastic. 

Ans.  Ui  sin  ai  =    7.357  ft.  per  sec,     Ui  sin  a^  =  22.719ft.  per  sec; 
Ui  cos  ai  =  18.598  "     "     "        Ui  cos  a,  =  10.433  "    "     " 

Hence 

50 
Vi  =  18.598  -  (18.598  -  10.433)-3-  =  13.495  ft.  per  sec; 

80 

OA 

Vi  =  10.433  -r  (18.598  -  10.433)^^  =  13.495  "    "    " 

80 

The  resulting  velocities  are  then 


wi  =  1/13.495"  4-    7.3572  =  15.37  ft.  per  sec; 


Wi  =  i/l3.495»  +  22.7192  =  26.42  "     "     " 
making  the  angles  /?i  and  /5a  with  the  line  of  impact  given  by 

7  S57 

*"""'«  =  137495  •     °'    A  =  59°ir. 
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(19)  A  billiard-ball  strikes  the  cushion  with  a  velocity  of  Ui  =  15 
ft.  per  sec.,  the  angle  of  incidence  being  ^i  =  45°.  If  e  =  0.55  and 
the  coefficient  of  friction  is  ij-  —  0.2,  find  the  motion  after  impact. 

Ans.  The  velocity  after  impact  along  the  line  of  impact  is 

t>i  =  —  eui  cos  or  =  -  0.55  X  15  cos  45°  =  —  5.833  ft.  per  sec. 
The  velocity  parallel  to  the  cushion  is 

w,  sin  ai  —  uui  cos  ai(l  -\- e)  =  7.319  ft.  per  sec. 
Hence  the  angle  of  reflection  /3i  is  given  by 

7  q-jQ 

a,nd  the  velocity  after  impact  is 

5  833 

Wi  = kro-^,  =  9-36  ft.  per  sec. 

cos  51    27  ^ 

The  ball  also  acquires  the  velocity  of  rotation  about  a  vertical  through  its 
centre  of  mass  of 

-yu  X  1.55wi  cos  45°  =  8.22  ft.  per  sec. 
2 

If  the  ball  rolls  on  the  table  without  sliding,  it  has,  besides  its  velocity  Ui  = 
15  ft.  per  sec.  of  translation,  an  equal  velocity  at  the  circumference,  and  this 
caa  be  resolved  into  the  components  Ui  sin  «i  =  10.607  ft.  per  sec.  about  an 
axis  normal  to  the  cushion,  and  a  component  Ui  cos  ai  =  10.607  ft.  per  sec. 
about  an  axis  parallel  to  the  cushion.  The  first  component  is  unchanged  by 
iriction.     The  second  component  becomes  changed  by  friction  to 

Ui  cos  a,  —  -iu(l  +  e)ui  cos  ai  =  10.607  -  8.22  =  2.387  ft.  per  sec. 

(20)  A  maul  whose  iveight  is  120  lbs.  falls  upon  a  mass  of  earth 
Jrom  a  height  of  4:  ft.,  and  the  earth  is  compressed  one  fourth  of  an 

inch  by  the  last  blow.  The  cross-section  of  the  maul  is  5/4  sq.  ft. 
What  weight  will  the  earth  sustain  safely,  taking  a  factor  of  safety 
o/lO? 

Ans.  F=—  =  ^^^^  ^  =  23040  lbs.    The  force  per  square  foot  is  then 
s  1 

48 

^^^^  =  18432  lbs.  per  sq.  ft.   Taking  10  for  a  factor  of  safety,  we  have  1843.3 
5 

T 

lbs.  per  sq.  ft. 

(21)  A  pile  whose  cross-section  is  1  sq.  ft.  and  length  25  ft.  and 
mass  1200  lbs.  is  driven  by  the  last  tally  of  ten  blows  of  a  ram  weigh- 
ing 2000  lbs.  and  falling  6  ft.,  2  inches  deeper.  Taking  the  coefficient 
of  elasticity  of  the  pile  E^  =  1560000  lbs.  per  sq.  in.,  find  the  weight 
the  pile  can  safely  sustain  for  a  factor  of  safety  of  6. 

Ans.  The  hardness  for  the  pile  is 

£•,  =  ^«i^  =  lii21i|««2»»  =  8985600  lbs.  per  ft. 

la  25 
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2  1 

The  mean  depth  of  penetration  for  one  blow  is  ttt  inch  =  -^  ft.     Hence 

'"^X'  =378000  lbs. 


kW 


2000  X  1200  X  6 


60  '    y    2(2000  +  1200)  X  8985600 

qr'QAAA 

For  a  factor  of  safety  of  6  we  have  F  =  — - —  =  63000  lbs. 

o 

(22)  The  two  opposite  suspension-rods  of  a  suspension-bridge 
support  a  constant  weight  of  5000  pounds,  which  is  increased  by  6000 

O   2 

pounds  by  a  passing  wagon.     The  coefficient  of  resilience   r^  of 

wrought  iron  is  7  inch-lbs.  per  cubic  inch  (page  282,  Vol.  II,  Statics). 
The  length  of  the  rods  is  200  inches  and  their  cross-section  1.5  sq.in. 
Find  the  height  of  fall  to  stretch  the  rods  to  the  limit  of  elasticity. 

,       (5000  4-  6000)7  X  200  X  1 .5  X  2      ^  ^^  .     , 
Ans.     h  =  ^ :n L__ z.  1.28  inches. 

If,  then,  the  wagon  passes  over  an  obstacle  1.3  inches  high,  the  rods  are  in 
danger  of  being  stretched  beyond  the  elastic  limit. 

(23)  Find  the  height  from  which  a  mass  of  200  lbs.  must  fall  in 
order  that,  striking  the  centre  of  a  plate  of  cast  iron  36  inches  long, 
12  inches  wide  and  3  inches  thick,  supported  at  both  ends,  it  may 
bend  it  to  the  elastic  limit. 

Ans.  If  we  take  the  coefficient  of  resilience  (page  282,  Vol.  II,  Statics) 

S  ' 

-4r  =  1.2  inch-lbs.  per  cubic  inch, 

we  have,  since  d  for  cast  iron  is  about  0.259  lb.  per  cubic  inch  and 
F=  12  X  3  X  36  =  1296  cubic  inches, 

mi=  VS  =  335.7  pounds. 

We  have  then  for  the  height  of  fall 


Se^mJmi-^—mi  ) 

h  =  ^  ^     /^ L  =  1.57  inches. 
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KINETICS  OF  A  RIGID  BODY, 


CHAPTEE  I. 

ROTATION  ABOUT   A    FIXED   AXIS. 

ROTATION.  PLANE  OP  ROTATION.  IMPRESSED  AND  EFFECTIVE  FORCES, 
D'ALEMBERT'S  principle.  MOMENT  OF  EFFECTIVE  FORCES.  MOMENT  OP 
INERTIA  OF  A  BODY.  MOMENT  OF  MOMENTUM.  MOMENT  OF  IMPULSE. 
KINETIC  ENERGY  OF  ROTATION.  ANALOGY  BETWEEN  EQUATIONS  FOR 
ROTATION  AND  RECTILINEAR  MOTION.  REDUCTION  OP  MOMENT  OP  IN- 
ERTIA. REDUCTION  OP  MASS.  MOMENT  OP  INERTIA  FOR  RECTANGLE^ 
ELLIPSE  OR  ELLIPSOID.  RADIUS  OF  GYRATION.  CENTRE  OF  PERCUS- 
SION. COMPOUND  PENDULUM.  IMPACT  OP  AN  OSCILLATING  BODY. 
BALLISTIC  PENDULUM.  ECCENTRIC  IMPACT.  TORSION  -  PENDULUM. 
GENERAL  FORMULAS  FOR  ROTATION  ABOUT  A  FIXED  AXIS. 

Rotation. — We  have  proved  (Vol.  II,  Statics,  page  83)  that  when 
a  body  is  acted  upon  by  any  forces,  the  motion  of  the  centre  of  mass 
is  the  same  as  if  all  the  m,ass  were  collected  at  the  centre  of  mass, 
and  all  the  forces  were  applied  at  that  point  parallel  to  their  actual 
directions. 

Thus  far  we  have  considered  the  motion  of  bodies  without  refer- 
ence to  rotation.  So  far,  then,  as  translation  only  is  concerned,  we 
have  considered  bodies  as  if  they  were  particles  and  thus  have 
treated  of  Kinetics  of  a  Particle  or  Translation. 

But  a  body  may  have  a  motion  of  rotation  only  about  a  fixed 
axis,  and  in  the  present  Chapter  we  shall  discuss  such  motion. 

Plane  of  Rotation — Centre  of  Rotation  or  Point  of  Suspension. — 
Let  a  rigid  body  rotate  about  a  fixed  axis,  and  let  C  be  the  centre  of 
mass. 

If  we  pass  a  plane  through  C  perpendicular  to  the  axis,  this  plane 
is  called  the  plane  of  rotation,  and  the  intersection  O  of  the  axis 
with  this  plane  is  called  the  centre  of  rotation 
or  point  of  suspension.  All  the  external  forces 
acting  upon  the  body  must  reduce  to  a  single 
resultant  force  in  the  plane  of  rotation. 

Impressed  and  Effective  Forces. — The  ex- 
ternal forces  acting  upon  any  body  we  call  im- 
pressed forces.  Thus  any  force  acting  upon 
the  body  due  to  the  action  of  some  other  body 
is  an  impressed  force,  or  force  impressed  upon  the  body. 

167 
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Every  particle  of  a  rigid  body,  since  it  must  partake  of  the 
motion  of  the  body,  must  be  considered  as  acted  upon  by  all  the 
impressed  forces,  transferred  to  the  particle  without  change  in 
magnitude  or  direction. 

Every  particle  of  a  rigid  body  is  also  acted  upon  by  all  the  other 
particles  adjacent  to  it,  that  is,  by  the  internal  or  molecular 
forces. 

If  now  we  consider  any  one  particle  by  itself,  uninfluenced  there- 
fore by  the  impressed  or  by  the  molecular  forces,  there  is  a  cei-tain 
force  which  would  make  that  particle  move  at  any  instant  precisely 
as  it  did  move  at  that  instant  when  it  formed  a  part  of  the  rigid 
body.  Thus,  if  its  mass  is  m  and  its  acceleration,  when  part  of  the 
rigid  body,  was/  in  a  certain  direction,  then  this  force  is  mf.  This 
we  call  the  effective  force  on  the  particle.  Each  and  every  particle 
of  the  body  considered  as  acted  upon  at  any  instant  solely  by  its 
own  effective  force  at  that  instant  will  move  as  part  of  the  rigid 
body  at  that  instant. 

D'Alembert's  Principle. — We  distinguish  then  external  or  im- 
pressed forces  acting  upon  the  rigid  body,  internal  or  molecular 
forces  acting  between  the  particles,  and  an  effective  force  on  each 
particle  which,  acting  by  itself,  would  make  each  particle  move  at 
any  instant  as  part  of  the  rigid  body. 

Let  us  denote  the  resultant  of  the  impressed  forces  by  F  and 
the  resultant  of  the  molecular  forces  by  B.  Then  since  a  body 
cannot  change  its  own  motion,  F  is  the  cause  of  change  of  motion. 
Also  F  must  be  the  resultant  of  R  and  all  the  effective  forces. 

But  since  by  Newton's  third  law  (page  36)  action  and  reaction 
between  any  two  particles  are  equal  and  opposite,  the  internal  or 
molecular  forces  between  the  particles  form  a  system  of  forces  in 
equilibrium  and  hence  their  resultant  M  is  zero. 

Therefore  F  must  be  the  resultant  of  all  the  effective  forces. 
Hence  if  these  effective  forces  are  reversed  in  direction  they  will 
form  with  F  a  system  of  forces  in  equilibrium. 

We  have  then  the  following  principle  : 

The  impressed  forces  acting  upon  a  body  and  the  reversed 
effective  forces  for  all  the  particles  of  a  body  constitute  a  system 
of  forces  in  equilibrium. 

This  principle,  stated  by  D^Alembert  in  1742,  is  known  as 
D'Alembert's  Principle.  It  reduces  any  dynamic  problem  to  one 
of  static  equilibrium  between  actual  ("impressed")  forces  and 
fictitious  C reversed  effective^'')  forces. 

Thus  suppose  the  resultant  of  all  the  forces  acting  upon  a  body  is  a 
uniform  force  F,  and  that  the  body  has  a  motion  of  translation  in  the 
direction  of  F.  Then  every  particle  of  the  body  of  mass  m  has  the  same 
acceleration  /  in  the  direction  of  F.  The  sum*^  of  the  effective  forces  is 
then  Stnf  =  f2m  =  Mf,  where  M  is  the  mass  of  the  body.  Reversing 
the  direction  of  these  forces,  we  have  for  equilibrium 

F-  Mf=0    or    F^Mf, 

which  is  the  equation  of  force  (page  2). 

Also  F  must  act  at  the  centre  of  the  parallel  forces  mf  or  at  the  centre 
of  mass. 

In  order  to  apply  D'Alembert's  principle  to  a  rotating  body,  we 
must  evidently  first  be  able  to  find  the  sum  of  the  moments  of  the 
effective  forces  with  reference  to  the  axis  of  rotation. 

Moment  of  the  Effective  Forces — Rotation. — Let  a  rigid  body 
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rotate  about  a  fixed  axis  at  O,  perpendicular  to  the  plane  of  the 
paper.    Let  C  be  the  centre  of  mass.    Pass  a  plane 
through  the  centre  of  mass  C  perpendicular  to 
the  axis. 

Since  the  motion  of  the  centre  of  mass  is  the 
same  as  if  all  the  mass  of  the  body  were  con- 
centrated at  that  point  and  all  the  impressed 
forces  acted  at  that  point  (page  167),  all  the  com- 
ponents of  the  impressed  forces  which  cause  rota- 
tion must  act  in  planes  parallel  to  the  plane  through 
C  perpendicular  to  the  axis.  This  plane  (page  J  67) 
is  the  plane  of  rotation,  and  its  intersection  O  with 
the  axis  is  the  centre  of  rotation. 

Now  consider  any  particle  of  the  body  at  A,  distant  OA  =  r' 
from  the  axis,  and  let  the  mass  of  this  particle  be  m  and  its  linear 
acceleration  be  /.  This  particle  moves  in  a  circle  whose  radius 
is  r'  and  whose  plane  is  parallel  to  the  plane  of  rotation.  Its 
acceleration  /  can  be  resolved  into  the  tangential  acceleration 
ft  =  r'a,  where  a  is  the  angular  acceleration  of  the  body,  and  the 
normal  acceleration  fn  =  r'oo\  where  go  is  the  angular  velocity  of 
the  body  .  The  effective  force  is  then  mf  and  its  tangential 
•component  is  mft  =  mr'a  and  its  normal  component  is  mfn  = 
inr'GD'\  We  have  in  like  manner  for  each  and  every  particle  of 
the  body  a  tangential  effective  force  in  the  direction  of  motion 
mr'a,  and  a  deflecting  effective  force  mr'ao'*,  where  r'  is  the  distance 
of  the  particle  from  the  axis. 

Suppose  these  effective  forces  on  each  particle  reversed  in  direc- 
tion, so  that  fu  acts  away  from  the   axis  and  ft  opposite  to  the 
direction  of  motion. 

Then  by  D'Alembert's  principle  the  im- 
pressed forces  and  all  these  reversed  effec- 
tive forces  must  constitute  a  system  of 
forces  in  equilibrium. 

Since  the  axis  is  fixed,  the  algebraic  sum 
of  the  components  of  all  the  forces  in  each 
of  any  three  rectangular  directions  must  be 
zero.  The  first  of  the  conditions  for  equi- 
librium for  a  system  of  forces  acting  upon 
a  rigid  body  (Vol.  II,  Statics,  page  85)  is  therefore  necessarily 
fulfilled. 

In  order  that  the  second  condition  (Vol.  II,  Statics,  page  85) 
may  be  fulfilled  we  must  have  the  algebraic  sum  of  the  moments 
of  all  the  forces  about  the  axis  equal  to  zero. 

Since  the  axis  is  fixed,  the  algebraic  sum  of  the  moments  of  the 
components  of  all  the  forces  at  right  angles  to  the  plane  of  rotation 
is  zero.  It  remains  to  consider  the  components  parallel  to  the 
plane  of  rotation. 

Let  the  components  of  the  impressed  forces  parallel  to  the  plane 
of  rotation  be  Fi,  F^,  Fa,  etc.,  and  their  lever-arms  with  reference 
to  the  axis  bep/,  p^',  pa',  etc.  Then  2Fp'  is  the  algebraic  sum  of 
the  moments  of  the  components  of  the  impressed  forces  parallel 
to  the  plane  of  rotation. 

The  moment  of  the  effective  force  mf  for  a  particle  at  A  is  equal 
to  the  algebraic  sum  of  the  moments  of  its  components  mft  and 
mfn.  But  mfn  passes  through  the  axis  and  its  moment  is  then  zero. 
Hence  the  moment  of  mf  about  the  axis  is  equal  to  the  moment  of 
mft  =  mr'a,  or  is  equal  to  mr'a  x  r'  =  mr''\x.  The  sum  of  the 
moments  of  all  the  effective  forces  about  the  axis  is  then  2mr"^a. 
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Reversing  them,  we  haye  for  equilibrium  by  D'Alembert's  principle 

:EFp'  —  2mr'^a  =  0,     or    Smr'^a  =  2Fp\ 
or,  since  for  a  rigid  body  a  is  the  same  for  every  particle, 

a^mr'"  =  2Fp'. 

Moment  of  Inertia  of  a  Body. — The  mass  m  of  a  particle  mul- 
tiplied by  the  square  of  its  distance  r  from  a  point,  axis  or  plane  is 
called  the  moment  of  inertia  of  the  particle  with  respect  to  that  pointy 
axis  or  plane. 

The  sum  of  the  products  mr'^  for  all  the  particles  of  a  body,  or 
2mr'\  is  called  the  moment  of  inertia  of  the  body  with  reference  to 
the  axis  at  O.*  The  moment  of  inertia  of  a  body  with  reference  to 
any  axis  we  denote  in  general  by  J ,  and  with  reference  to  an  axis 
through  the  centre  of  mass  by  /. 

We  have  then,  from  the  preceding  article,  adopting  this  nota- 
tion, 

ra  =  2Fp' (I) 

That  is,  when  a  body  rotates  about  any  axis,  the  algebraic  sum 
of  the  mom,ents  of  all  the  impressed  forces  with  reference  to  that  axis 
is  equal  to  the  moment  of  inertia  t  of  the  body  with  reference  to  that 
axis,  multiplied  by  the  angular  acceleration  of  the  body. 

The  product  la  evidently  gives  the  moment  in  poundal-feet 

For  pound-feet  we  must  divide  by  g. 


*  If  a  is  an  elementary  area,  'Sma^  is  the  moment  of  inertia  of  tJie  area. 
(Vol.  II,  Statics,  page  273.)  Hence,  if  d  is  the  surface  density,  the  values  of  1 
given  in  Vol.  II,  multiplied  by  d,  will  give  the  moments  of  inertia  for  material 
areas. 

f  The  term  "  moment  of  inertia"  is  due  to  Euler.  Euler  used  the  tenn 
*'  inertia  "  as  synonymous  vs^ith  mass.     The  equation  of  force 

F=mf 
would  then  be  read,  in  the  terminology  of  Euler, 

Force  =  "inertia  "  X  linear  acceleration. 
In  the  equation 

2Fp  =  n2mr\ 

since  2Fp  is  the  moment  of  the  resultant  force  and  a  is  the  angular  accelera- 
tion, Euler  called  the  quantity  2mr^  "moment  of  inertia,"  and  thus  obtained 
the  analogous  expression  for  rotation, 

"moment  of  force  =  moment  of  inertia  X  angular  acceleration." 

The  term  "moment  of  inertia"  in  modern  scientific  terminology  is  an  im- 
proper expression.  Inertia  is  a  property  of  matter  like  color  or  hardness,  and 
we  cannot  properly  speak  of  "  moment  of  inertia  "  any  more  than  of  moment 
of  color  or  hardness.  The  term  "second  moment  of  mass  "  would  more  cor- 
rectly describe  the  product  mr^,  and  has  been  indeed  used.  The  expression 
"  moment  of  inertia."  however,  has  become  firmly  established  by  long  usage. 

The  student,  while  using  it,  then,  should  consider  it  simply  as  a  name  for  a 
quantity,  mr'^  or  2mr^,  which  occurs  so  frequently  in  dynamic  problems  that 
it  is  convenient  to  give  it  a  special  name. 
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Moment  of  Momentum.— We  have  called  the  product  mv  of  the 
mass  m  of  a  body  or  particle  by  its  linear  velocity  v  the  momentum 
of  the  body  or  particle  (page  32),  and  we  have  illustrated  by  ex- 
amples, page  37,  its  significance  and  use. 

If  the  particle  is  moving  in  a  circle  of  radius  r'  its  velocity 
V  —  r'ao,  where  go  is  the  angular  velocity.  The  momentum  is  then 
mv  =  mr'oo.  If  we  multiply  this  by  r'  we  have  mvr'  =  the  moment 
of  the  momentum  of  the  particle  =  mr'^oo.  If  we  take  the  sum  for 
all  the  particles  of  a  rotating  body  we  have  2mvr'  =  moment  of 
momentum  =  2mr"'oo,  or,  since  go  is  the  same  for  all  particles, 

2mvr'  =  moment  of  momentum  =  Go2mr'^  =  I'oo. .     .    (II) 

That  is,  when  a  body  rotates  about  any  axis  with  the  angular  ve- 
locity GO,  the  algebraic  sum  of  the  moments  of  momentum  for  all  the 
particles  is  equal  to  the  moment  of  inertia  of  the  body  with  reference 
to  that  axis,  multiplied  by  the  angular  velocity  of  the  body. 

Moment  of  Impulse.— We  have  seen  (page  31)  that  the  product 
of  a  uniform  force  F  by  its  time  of  action  t,  or  Ft,  is  called  the  im- 
pulse of  a  force,  and  we  have,  denoting  the  impulse  by  <|>, 

^z=z  Ft  =  miv  —  Vi), 

where  m  is  the  mass  of  a  particle  and  v  and  Vi  its  final  and  initial 
velocities. 

For  a  particle  moving  in  a  circle  of  radius  r'  we  have  v  =  r'a> 
and  Vi  =  r'ooi ,  where  go  and  ooi  are  the  final  and  initial  angular  ve- 
locities. If  we  multiply  by  r'  we  have  then  <j>r'  =  moment  of  im- 
pulse =  mr'^ioo—  Goi).  If  we  take  the  sum  for  all  the  particles  of 
a  rotating  body  we  have 

:^(pr'  =  moment  of  impulse  =  (go—  G0i)'2mr'^  =  T(go  —  oji).     (Ill) 

That  is,  when  a  body  rotates  about  any  axis  and  under  the  action 
of  a  tangential  force  of  constant  magnitude  its  angular  velocity 
changes  from  (»i  to  m,  the  moment  of  the  impulse  is  equal  to  the 
change  of  moment  of  momentum ;  or. 

Change  of  moment  of  momentum  is  equal  to  the  moment  of  the 
impulse  of  the  tangential  force  of  constant  magnitude  which  causes 
it.     (Compare  page  34.) 

Kinetic  Energy  of  a  Rotating  Body. — The  kinetic  energy  of  a 

particle  of  mass  m  and  velocity  v  is  -mv^  (page  56).     If  the  particle 

moves  in  a  circle  of  radius  r'  we  have  v  =  r'Go,  where  go  is  the 

angular  velocity,  and  hence  the  kinetic  energy  is  ^  mr"Go\    If  we 

take  the  sum  for  all  the  particles  of  a  rotating  body  we  have 

Kinetic  energy  =  ^oo'Smr''  =  ^I'oo^-     -    -    -    (IV> 

That  is,  the  kinetic  energy  of  a  body  rotating  about  any  axis  with 
the  angular  velocity  go  is  equal  to  one  half  the  moment  of  inertia  of 
the  body  with  reference  to  that  axis  multiplied  by  the  square  of  the 
angular  velocity. 

The  product -J' &>''  evidently  gives  the  energy  in /oof -powwdaZs. 

For  foot-pounds  we  must  divide  by  g. 
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Analogy  between  the  Equations  for  Rotation  and  Rectilinear 
Motion. — The  student  should  not  fail  to  note  the  analogy  between 
the  equations  (I),  (II),  (III)  and  (IV)  for  rotation  and  the  corre- 
sponding equations  for  rectilinear  motion,  and  to  recognize  the 
part  played  by  the  quantity  I'  =  2mr''',  which  we  have  called  the 
"  moment  of  inertia  "  of  the  rotating  body. 

Thus  for  rectilinear  motion 

jP  =  mf,    or    Force  in  poundals 

=     (mass)  X  linear  acceleration, (1) 

while  for  rotation 
2Fp'  =  I'a^    or    moment  of  Force  in  poundals 

(momentX 
of        I  X  angular  acceleration.    ...     (I) 
inertia  / 

For  rectilinear  motion 

M  =  mv,    or    momentum 

=      (mass)  X  linear  velocity, (2) 

while  for  rotation 

2mvr'  —  I' GO,    or    moment  of  momentum 


( 


momentX 

of       I  X  angular  velocity (H) 

inertia  / 

For  rectilinear  motion 
0  =  m{v  —  Vi),    or    impulse 

=     (mass)  X  change  of  linear  velocity,    .    .    .    (3) 
while  for  rotation 
2(pr'  =  I'ioo  —  GOi),    or    moment  of  impulse 

(momentX 
of       I  X  change  of  angular  velocity.    (Ill) 
inertia  / 

For  rectilinear  motion 
E  =  -mu',    or    kinetic  energy  in  foot-potmdals 

i 

—  —(mass)  X  square  of  linear  velocity,     ...    (4) 

while  for  rotation 

E  =  a  I' 00^,  or   kinetic  energy  in  foot-poundals 

-  /momentX 
=  ^  I       of       I  X  square  of  angular  velocity.    (IV) 
^  \  inertia  / 
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We  see  then  that  in  the  equations  for  force,  momentum  and  im- 
pulse for  rectilinear  motion,  if  we  replace  mass  m  by  moment  of  in- 
ertia /'  and  linear  acceleration  and  velocity  /  and  Vi  by  angular 
acceleration  or  velocity  a  and  ft?i ,  we  obtain  moment  of  force,  mo- 
mentum and  impulse  for  rotation.  Also  in  the  equation  for  kinetic 
energy  for  rectilinear  motion,  if  we  replace  mass  by  moment  of  in- 
ertia and  linear  by  angular  velocity,  we  obtain  kinetic  energy  for 
rotation.  These  formulas,  together  with  D'Alembert's  principle, 
reduce  every  problem  of  rotation  to  one  of  static  equilibrium. 

Reduction  of  Moment  of  Inertia. — If  /  is  the  moment  of  inertia 
of  a  body  with  reference  to  an  axis  through  the  centre  of  mass,  and 
I'  the  moment  of  inertia  with  reference  to  any  parallel  axis  at  a 
distance  d,  then  if  M  is  the  mass  of  the  body,  we  can  easily  prove 
the  relation 

r  =  1-^  Md\ 


That  is,  the  moment  of  inertia  of  a  body  with  reference  to  any 
axis  is  equal  to  the  moment  of  inertia  with  reference  to  a  parallel 
axis  through  the  centre  of  mass,  plus  the  product  of  the  mass  of  the 
body  by  the  square  of  the  distance  between  the  two  axes. 

This  is  called  the  theorem,  of  moment  of  inertia  for  parallel  axes. 
By  means  of  it  we  can  find  I'  for  any  axis,  if  I  for  a  parallel  axis 
through  the  centre  of  mass  and  the  distance  d  between  these  paral- 
lel axes  are  given.  Or  conversely,  we  can  find  I  it  I'  and  d  are 
known. 

We  can  easily  prove  this  theorem  as  follows :  Let  CZ  be  an  axis 
through  the  centre  of  mass  C,  OZ'  , 

a  parallel  axis  and  d  the   perpen-  ^ 

dicular  distance  between  these  two 
axes. 

Let  m  be  the  mass  of  any  par- 
ticle, r'  its  perpendicular  distance 
mo  from  the  axis  0Z\  r  its  perpen- 
dicular distance  mc  from  the  axis 
CZ,  and  6  the  angle  of  r  with  oc^^d 
through  the  foot  of  these  perpen- 
diculars. 

Then  we  have 


But 


and    1  =  Smr'. 


Hence 


r"  =  r*'  -^  d^  -f  2rd  cos  B. 


2mr'^  =  'Smr^  -f  d'-Sm  -f-  2d2mr  cos  0. 


But  mr  cos  6  is  the  moment  of  m  with  reference  to  a  plane  TZ 
through  the  centre  of  mass.    Hence 


We  have  then 


2mr  cos  0  =  0. 
r  =  I+Md\ 
Reduction  of  Mass. — Let  a   body  rotate   about   a   fixed   axis 


174 
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through  the  centre  of  rotation  0  perpendicular  to  the  plane  of  the 
paper  with  an  angular  velocity  go  and  an  angular 
q\    P,  acceleration  «,  and  let  F  be  the  resultant  in  the 

plane  of  rotation  of  all  the  external  forces  caus- 
ing rotation,  and  p  its  lever-arm. 
Then  (page  170;  we  have 

Fp'  =  Ta    and    2mv7^  =  Too, 

where  F  is  the  moment  of  inertia  of  the  body 
with  reference  to  the  axis  at  O,  and  ^mvr'  is  the 
moment  of  momentum  of  the  body. 
'F  Let  A  be  any  point  of  the  body  at  a  distance  d 

from  the  axis  at  O.  Its  linear  acceleration  is  /  =  da  and  its  linear 
velocity  is  t;  =  doa.  Suppose  the  entire  body  to  he  replaced  by  a 
single  particle  of  mass  Mi  at  A.  Then  the  moment  of  the  effective 
force  of  this  particle  Mid'^cx  must  be  equal  to  the  sum  of  the 
moments  Fa  of  the  effective  forces  of  all  the  particles  of  the  body, 
and  the  moment  of  momentum  of  this  particle  M,d'^Go  must  be  equal 
to  the  moment  of  momentum  Too  of  all  the  particles  of  the  body. 
Hence  we  must  have 


or  in  both  cases 


Mid^a  =  Fct    and    Mid- go  =  Fgo, 


That  is,  when  a  body  rotates  about  any  axis,  we  can  reduce  the 
body  to  an  equivalent  particle  of  mass  Mi  at  any  distance  dfrom 
the  axis,  hy  dividing  the  moment  of  inertia  of  the  body  F  with 
reference  to  this  axis  by  the  square  of  the  distance. 

The  moment  of  momentum  and  of  the  effective  force  of  this 
single  particle  is  the  same  as  the  moment  of  momentum  and  of  the 
effective  forces  of  all  the  particles  of  the  body. 

The  mass  of  this  particle  is  called  the  reduced  mass. 

Moment  of  Inertia  for  a  Rectangle,  Ellipse  or  Ellipsoid  about  an 
Axis  of  Symmetry  through  the  Centre  of  Mass. — We  shall  show 
hereafter  how  to  find  the  moment  of  inertia  for  any  body. 

We  give  here  without  proof  a  simple  rule  which  will  enable  the 
student  to  find  at  once  the  moment  of  inertia  with  reference  to  an 
axis  of  symmetry  through  the  centre  of  mass,  for  a  rectangle,  ellipse 
or  ellipsoid.    This  rule  is  as  follows  : 


_--  sum  of  squares  of  perpendicular  semi-axes 

~  3,  4  or  5 


about  axis  of 
symmetry 

through  cen- 
tre of  mass 

The  denominator  3,  4  or  5  is  taken  according  as  the  body  is 
rectangular,  elliptical  or  ellipsoidal, 

(1)  Rectangle  and  Right  Par allelopipedon.— Thus  for  a  rectan- 
gular area  whose  sides  are  2a  and  2b,  about  the 
axis  of  symmetry  XX"  perpendicular  to  the  side 
2a,  we  have,  since  a  is  the  only  perpendicular 
semi-axis, 

Ix  =  mass  .  g-. 

For  the  axis  of  symmetry  YY  perpendicular 


1 


CHAP.  I.]  MOMENT  OF   INERTIA.  175 

-  to  2b  we  have 


ly  =  mass  .  -s" . 


In  both  cases  I  is  the  same  as  for  1/3  of  the  mass  concentrated  at 
a  corner. 

For  the  axis  through  the  centre  of  mass  C  perpendicular  to  the 
plane  we  have  the  two  perpendicular  semi-axes  a  and  6,  and  hence 

a'  +  b' 
Iz  =  mass  . o — » 

or  1/3  of  the  mass  concentrated  at  a  corner.  The  same  holds  for  a 
right  parallelopipedon,  since  it  is  composed  of  an  indefinitely  large 
number  of  indefinitely  thin  rectangles. 

(2)  Ellipse. — For  an  elliptical  area  let  the  semi-axes  be  a  and  b. 
Then  for  axis  XX,  or  major  axis  a, 

b' 
Ix  =  mass  .  — . 
4 

For  axis  FF,  or  minor  axis  &, 

a' 
ly  —  mass  .  — . 

f 
For  axis  through  the  centre  of  mass  C 
perpendicular  to  the  plane 

a'  +  6^ 
Iz  =  mass  .  — 2 . 

This  last  holds  for  a  right  cylinder,  since  it  is  composed  of 
indefinitely  large  number  of  indefinitely  thin  ellipses. 

For  the  special  case  of  a  circular  area,  a  =  b  =  r,  and  we  have 
for  any  axis  through  the  centre  in  the  plane 

I  =  mass  .  — , 

4 

and  for  axis  through  the  centre  at  right  angles  to  the  plane 

Iz  =  mass  .  — -. 

This  last  holds  for  a  right  cylinder,  since  it  is  composed  of  an 
indefinitely  large  number  of  indefinitely  thin  circles. 

(3)  Ellipsoid. — For  an  ellipsoid  whose  semi-axes  are  a,  6,  c,  we 
have  for  axis  a 

b'  +  c' 
Ix  =  mass  .  — - — . 

5 

In  the  same  way  for  axis  b 

a'  -f-  c' 
ly  =  mass  .  — - — , 

and  for  axis  c 

a^  -f-  b"" 
Iz  =  mass  .  — -z — . 


an 
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For  the  special  case  of  a  sphere,  a  =  6  =  c  =  r,  and  for  any 
axis  through  the  centre 

I  =  mass  .  -r'. 
o 

Moment  of  Inertia  for  a  Hollow  Disk.— Let  the  outer  radius  be 
Ti  and  the  inner  radius  ra. 

Take  the  axis  through  the  centre  C  at  right 
angles  to  the  plane  of  the  disk.  Let  Mi  be  the 
mass  of  a  solid  disk  of  radius  ri,  and  Mi  of  a 
solid  disk  of  radius  r^.  Then  from  the  preced- 
ing article  we  have  for  the  moment  of  inertia, 
of  the  hollow  disk 

If  S  is  the  surface   density  we  have  Mi  =  Snvi^^   Mi  =  ^;rra*. 
Hence 


But  d7c{ri^  —  Vi^)  =  M  =  mass  of  the  hollow  disk.    Hence 


(n'  +  ra^y 


This  last  holds  for  a  hollow  cylinder,  since  it  is  composed  of  an 
indefinitely  large  number  of  indefinitely  thin  disks. 
We  have  then 


I.  =  Iy=^{r,'  +  r,^). 


Radius  of  Gyration. — We  may  conceive  the  mass  of  any  body  to 
be  concentrated  in  a  single  point,  so  situated  that  the  moment  of 
inertia  of  this  point  with  reference  to  any  axis  is  the  same  as  for 
the  body  itself  with  reference  to  the  same  axis.  The  distance  of 
this  point  from  the  axis  is  called  the  radius  of  gyration  for  that 
axis. 

The  radius  of  ^ration  of  a  body  for  any  axis,  then,  is  the  dis- 
tance from  the  axis  to  a  point  at  which  if  the  entire  mass  ivere  con- 
centrated its  moment  of  inertia  would  be  the  same  as  that  of  the  body 
itself  with  reference  to  the  same  axis. 

Let  k'  =  the  radius  of  gyration  for  any  axis  and  k  the  radius  of 
gyration  for  a  parallel  axis  through  the  centre  of  mass,  M  the  mass 
of  the  body  and  d  the  distance  between  the  parallel  axes. 

Then  if  J'  is  the  moment  of  inertia  for  any  axis  and  I  for  a  par- 
allel axis  through  the  centre  of  mass  at  a  distance  d,  we  have  P  = 
Mk'\  I  =  Mtc';  and  since  I' =  I  +  Md\  or  I'  =  Mk""  =  Mk''  +  Md\  we 
have 

/<"»  =  /<-"  +  d\ 

from  which  we  see  that  i<^  is  a  minimum  for  d  =  0,  in  which  case 
K'  =  K.  That  is,  the  radius  of  gyration  for  an  axis  through  the  cen- 
tre of  mass  is  less  than  for  any  other  parallel  axis. 

I'  I 

We  have  also  ^''  =  tf  i    '^^  =  tf  ;    t^iat  is, 
M  M 


CHAP.  I.] 


BADIUS  OF  GYRATION". 


177 


the  square  of  the  radius  of  gyration  equals  the  moment  of  inertia 
divided  by  the  mass. 

Thus  from  the  results  of  page  174  we  have  for  a  rectilinear  area 
or  parallelopipedon  with  reference  to  axis  XX 

Y 

a 

tCx  =  —;= 
4/3' 

"^    and  with  reference  to  axis  YY 


c 


"        1/3- 

With  reference  to  axis  through  the  centre  of  mass  C  perpen- 
dicular to  the  plane 


Kz 


For  an  elliptical  area  with  reference  to  axis  XX 


""=2' 


with  reference  to  axis  YY 


a 


with  reference  to  axis  through  the  centre 
of  mass  C  perpendicular  to  the  plane 


Kz  = 


S/a"  +  6' 


This  last  holds  for  a  right  cylinder  also. 

For  the  special  case  of  a  circular  area,  for  axis  in  plane  through 
the  centre 

_      _r 

Kx  —  Ky  —  — , 


while  for  axis  throagh  centre  perpendicular  to  the  plane 

r 


Kz  = 


i/2 


This  last  holds  for  a  right  cylinder  also. 
For  an  ellipsoid  whose  semi-axes  are  a,  b  and  c  we  have, 
for  axis  a, 


for  axis  6, 

Vb'  +  c« 

for  axis  c, 

"      4^5" 

K«    = • 

|/5 
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For  the  special  case  of  a  sphere 


.  =  r|/|. 


I'or  a  hollow  disk 


Kz—  ^y  = > 


i/2 

This  last  holds  for  a  right  cylinder  also. 

Compound  Pendulum. — A  material  particle  suspended  from  a 
fixed  point  by  a  string  without  mass  and  oscillating  under  the  ac- 
tion of  gravity  is  called  a  simple  pendulum. 

Let  the  mass  of  the  particle  be  m,  the  point  of  sus- 
pension O,  the  length  of  the  string  OC  =  Z,  and  the 
angle  with  the  vertical  0.  Then  the  moment  of  inertia 
of  the  particle  m,  with  reference  to  O,  is  mP  =  /  ,  the 
impressed  force  is  mg  =  Fy  the  moment  of  the  im- 
pressed force  is  —  mg  x  I  sin  6/,  and  if  <x  is  the  angular 
acceleration,  we  have  (page  170) 

-mg  X  I  sine  =  mPa,    or    a  =  -  F_^HL^.    .     (i) 


A  body  of  any  form  oscillating  under  the  action  of  gravity  about 
a  fixed  axis  is  called  a  compound  pendulum.  Let  the  axis  of  rotation 
be  perpendicular  to  the  plane  of  the  paper.  Let  C 
be  the  centre  of  mass,  also  in  the  plane  of  the  paper. 
Then  the  intersection  O  of  the  plane  through  C  per- 
pendicular to  the  axis  with  the  axis  is  the  point  or 
centre  of  suspension,  or  centre  of  rotation  (page  167). 

Let  OC  =  s  be  the  distance  between  the  centre  of 
mass  C  and  the  point  of  suspension  O,  and  0  the 
angle  of  OC  with  the  vertical.  Then  if  M  is  the  mass 
of  the  body,  Mg  is  its  weight  acting  at  the  centre  of 
mass.     The  moment  with  reference  to  O  of  the  im- 
pressed forces  is  then  —  Mg  x  s  sin  0.    Let  I'  be  the  moment  of  in- 
ertia of  the  body  with  reference  to  the  axis  at  O.     Then  if  k  is  the 
radius  of  gyration  for  a  parallel  line  through  the  centre  of  mass, 
I'  =  MiK'^  +  s^)  (page  176),  and  we  have 


-  Mgs  sin  0  =  MiK""  +  s^)^,    ot    a  =  -  ^^^^. 


K'  -|-S» 


(2) 


If  we  equate  (1)  and  (2),  we  find  the  length  I  of  the  equivalent 
simple  pendulum,  that  is,  the  simple  pendulum  which  has  the  same 
motion  as  the  given  compound  pendulum, 


l  =  ^'-±- 


Ms' 


(3) 


or,  the  lenqth  of  the  efjuivalent  simple  pendulum  is  equal  to  the 
moment  of  inertia  I'  with  reference  to  the  axis  divided  by  the  stati- 
cal moment  Ms. 

The  time  of  vibration  of  the  simple  pendulum  (Vol.  I,  Kinema- 
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tics,  page  154)  is  t=  ity  —.    Hence  the  time  of  vibration  of  the 
compound  pendulum  is 

t=7tA/'^±I-  =  n\/J-L (4) 

y       gs  ^   Mgs 

If  we  prolong  OC  =  sto  A  and  make 

OA  =  ^  =  ^t_«:  =  ^ (5) 

s  Ms 

the  point  A  thus  obtained  is  called  the  centre  of  oscillation,  because 
it  is  the  point  at  which  if  the  whole  mass  were  concentrated  the 
motion  would  be  the  same  as  for  a  simple  pendulum. 
We  have  then 

CA=p  =  l-s, 
or 

•     ^^=^  =  '^  =  1 («) 

That  is, 

the  centre  of  oscillation  is  the  same  as  the  centre  of  percussion 
<page  181),  and 

the  radius  of  gyration  k  is  a  mean  proportional  between  OC  and 
€A. 

Also,  the  distance  CA  is  equal  to  the  moment  of  inertia  I'  divided 
l)y  the  statical  moment  Ms,  and  the  distance  OA  is  equal  to  the  mo- 
Tnent  of  inertia  I'  divided  by  the  statical  moment  Ms. 

Now  suppose  the  point  of  suspension  is  at  A  instead  of  O. 

Then  from  (3)  the  length  of  the  equivalent  simple  pendulum  will 
be 

p 
If  we  insert  in  this  the  value  of  p  from  (6),  we  have 

s  Ms' 

which  is  just  the  same  as  equation  (3), 

Hence,  the  centre  of  suspension  and  oscillation  can  be  inter' 
changed  without  changing  the  time  of  oscillation. 

Experimental  Determination  of  Moment  of  Inertia. — From  these 
principles  we  can  determine  experimentally  the  moment  of  inertia 
of  a  body  with  reference  to  any  axis. 

1st.  Thus  first  determine  the  mass  ilf  of  a  body  by  weighing  it. 
Then  suspend  it  from  an  axis  and  note  the  time  t  of  vibration.  The 
length  of  the  equivalen*^^  simple  pendulum  is  then 

Now  balance  the  body  on  a  knife-edge  parallel  to  the  axis  of 
suspension  and  thus  find  the  distance  s  =  OC  from  the  point  of  sus- 
pension O  to  to  the  centre  of  mass  C.  Then  the  moment  of  inertia 
with  reference  to  the  axis  of  suspension  is 

/'  =  Msl. 
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We  have  also  p  =  l  —  s  and  k^  =ps  =  ls  —  sK  Hence  the  moment 
of  inertia  with  reference  to  a  line  tnrough  the  centre  of  mass  paral- 
lel to  the  axis  of  suspension  is 

I=MkK 

2d.  First  determine  the  mass  M  of  the  body  by  weighing  it. 
Then  suspend  it  from  an  axis  and  note  the  time  t  of  vibration. 
Then  turn  it  over  and  find  by  trial  another  parallel  axis  from  which, 
when,  it  is  suspended,  the  time  of  vibration  is  the  same.  The  dis- 
tance between  these  axes  is  the  length  I  of  the  equivalent  simple 
pendulum.  Then  balance  the  body  on  a  knife-edge  and  thus  find 
the  distances  s  and  p  of  the  centre  of  mass  from  the  two  axes.  Then 
we  have  /c^  =  sp  and 

Also  if  we  have  thus  measured  I  and  t,  we  have  the  value  of  g  at 
the  place  of  observation 

We  may  also  determine  the  moment  of  inertia  experimentally 
as  follows : 

3d.  First  determine  the  mass  M  of  the  body  by  weighing  it. 
Then  suspend  it  from  an  axis  and  note  the  time  t  of  vibration. 
Then  attach  a  spring-balance  to  the  lower  end  and  raise  the  lower  end 
until  the  centre  of  mass  is  in  a  horizontal  through  the  axis,  and 
note  the  reading  F  of  the  balance.  This  position  is  reached  when 
the  reading  JP"  is  a  maximum. 

If  L  is  the  distance  in  feet  from  the  axis  to  the  point  of  attach- 
ment of  the  balance,  and  F  is  the  reading  of  the  balance  in  pounds, 
we  have 

Ms  =  FL. 


Hence,  since 
we  have 


T  =  Msl    and    I  =  — r, 

7t^ 


J,  _  FLgP 


For  the  parallel  axis  through  the  centre  of  mass 
1=1-  Ms\ 

Centre  of  Percussion. — Let  C  be  the  centre  of  mass  of  a  body  of 
mass  M  rotating  about  a  fixed  axis,  and  O  the  centre  of  rotation,  so 
that  the  distance  OC  =  s.  Suppose  the  body 
is  struck  so  that  the  force  of  impact  F  is  in 
the  plane  of  rotation  and  at  right  angles  to  OCy 
intersecting  OC  at  A.    Let  CA  =  p. 

Then  if  /<•  is  the  radius  of  gyration  of  the 
body  with  reference  to  the  line  through   C 

Earallel  to  the  axis  of  rotation  through  O,  we 
ave  for  the  moment  of  inertia  for  the  axis 
through   O  (page  176)1'  =  M(k''  +  s').      The 
moment  of  the  impressed  force  is  F(8  +  jo),  and  (page  170) 

Ta  =  Fi8  +  p\     or    Mi^'  +  s')a  =  Fis  +  p) ; 
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hence 

_   F{8  +  p) 
"^  ~  M{K^  +  s'Y ^  ^ 

where  a  is  the  angular  acceleration  about  the  axis  at  O. 

Now  the  pressure  on  the  fixed  axis  is  R  parallel  to  F.  Since 
the  centre  of  mass  moves  as  if  all  the  mass  and  all  the  impressed 
forces  were  collected  at  the  centre  of  mass,  if  /  is  the  acceleration 
of  the  centre  of  mass,  we  have 

Mf=F+R. 
But/  =  sa.    Hence 

F  +  R 
Msa  =  F  +  R,    or    a=      j^^ (2) 

Equating  (1)  and  (2),  we  obtain  for  the  reaction  of  the  axis  at  O 

The  centre  of  mass  has  then  the  linear  acceleration 

F  +  R 


f  = 


M 


while  at  the  same  time  the  body  rotates  about  the  centre  of  mass 
with  the  angular  acceleration  a. 

If  ps  >  K'^  we  see  from  (3)  that  R  is  positive  or  in  the  same 
direction  as  F. 

If  ps  <  K-2  we  have  R  negative  or  opposite  in  direction  to  F. 

If  ps  =  K'\    or 

CA=p  =  —  =  ^, (4) 

^         8        Ms  ' 

the  reaction  R  of  the  axis  at  O  is  zero.  In  this  latter  case  we  have 
then 

K^  A-  s^  T 

OA=p  +  s=        ^       =  -^ (5) 

^  s  Ms 

The  point  A  given  by  (5)  is  called  the  centre  of  percussion,  because 
if  a  body  is  struck  at  this  point  so  that  the  impulse  is  in  the  plane 
of  rotation  and  at  right  angles  to  OG,  there  will  he  no  reaction  of 
the  axis. 

Hence,  the  centre  of  percussion  is  the  same  as  the  centre  of 
oscillation  (page  179),  and 

the  radius  of  gyration  k  is  a  mean  proportional  between  OC 
and  CA. 

Also,  the  distance  CA  is  equal  to  the  moment  of  inertia  I  divided 
by  the  statical  moment  Ms,  and  the  distance  OA  is  equal  to  the 
Tnoment  of  inertia  I'  divided  by  the  statical  moment  Ms. 

We  may  obtain  the  same  result  as  follows  : 

The  mass  of  the  body  reduced  to  the  point  A  (page  174)  is 

r 

(P  +  sy' 

The  acceleration  of  the  point  Ais  (p  +  s)a.  The  force  on  the 
reduced  mass  is  then 

Fa 
P  +  s' 
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and  this  force  must  equal  the  algebraic  sum  of  all  the  impressed 
forces  F  +  B  =  Mf  =  Msa.    Hence 

=  Msa      or      TF  =^  P  +  s. 

p  +  s  Ms      ^ 

Impact  of  Revolving  Bodies. — Let  two  bodies  of  mass  mi  and  w* 
revolve  about  fixed  axes  at  Oi  and  O2  and  impinge,  and  let  AB  be 
the  line    of    impact.      Let    the    normals 
OiA  =  ai  and  O2B  =  a^. 

Let  Ki  and  k^'  be  the  radii  of  gyration 
of  the  bodies  with  reference  to  the  axes  at 
Oi  and  O2.    Then  (page  174)  we  can  re- 
B  duce  the  masses  mi  and  nii  to  the  equiv- 

alent masses 


niiKi 


and 


at  A  and  B.    If  then  we  substitute  these 
masses  in  the  place  of  mi  and  ma  in  the 

equations  for  central  impact  (page  149)  we  have  for  bodies  of  the 

same  material 


Vi  =  ui  —  {ui  —  W2)(l  +  e) 


Vi  ■=  u-x  •\-  {ui  —  Wa)(l  +  e) 


maK-a'^ai'^ 


ai='  J 


(1> 


where  Ui  and  Vi  are  the  velocities  of  A  and  B  before  and  Vi ,  Vt 
after  impact,  and  e  is  the  modulus  of  elasticity. 

If  ^1  and  ^2  are  the  angular  velocities  before  and  &?,,  coi  the 
angular  velocities  after  impact,  we  have,  taking  counter-clockwise 
rotation  as  positive,  the  origins  at  Oi  and  O2 ,  and  ai ,  aa  as  coincid- 
ing with  the  axes  of  Y  for  each  origin. 


ita  = 


ttafa. 


Wi  =  —  ai€ 
Hence 

(»i  =  61  —  ai(a,ei  —  a-te^Xl  +  e) 

coi  =  €2  +  a-i{ai€i  —  aae2)(l  +  e) 


Vi  = 


aif»j 


maK-a 


Vi  = 


aaCda 


mi/Ci^tta    +  ma/Ca    tti' 


(2> 


Impact  of  an  Oscillating  Body. — If  the 
body  of  mass  mi  has  a  motion  of  transla- 
tion only  and  impinges  upon  ma,  which  is 
suspended  from  an  axis  at  Oa,  the  equa- 
tions of  the  preceding  article  apply  if  we 

m»i^i'^ 
put  in  equations  (1)  ma  in  place  of   — —, 

and  —  ai^i  in  place  of  Wa  and  —  aaoja  in 
place  of  Vi.  We  have  then  for  the  velocity 
of  the  mass  mi  after  impact,  taking  counter- 
clockwise rotation  as  positive,  and  OaCa  as 
coinciding  with  the  axis  of  Y  and  origin 
at  Oa, 

Vi  =  Ui  —  (wi  +  a2ea)(l  +  e) 


F' 

02 

1 
1 

•' 

Is 

1 

|C2 

!■ 

mi 

1 

■ 

Oi     > 

B 

maK-a' 


miau    +  niiKi 


(1> 
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and  for  the  angular  velocity  of  the  mass  ma  after  impact 

CO.  =  ea  -  a^(ui  +  aa^aXl  +  e) ^^ J..     .     .     (2) 

If  the  mass  ma  were  at  rest  before  impact  we  have  e^  =  0,  and 

Vi    =  Ui  —  Ui{l   +  e)  5 -n; (3> 

/I    .     \          mitts 
0,2  =  -  ui(l  +  e) „ J. (4) 

If  mi  were  at  rest  and  the  oscillating  mass  mi  impinges  on  it,  we 
have  U}  =  0,  and  hence 


ftJa  =  fa      1  —  (1  +  e)   5 (6) 

L  '  miaa'  +  maK-a 'J  ^' 

The  velocity  twa  of  ma  in  the  first  case,  equations  (4),  or  the 
velocity  Vi  of  mi  in  the  second  case,  equation  (5),  is  a  maximum 


when 

mitta^  +  mj^a'^ 

is  a  maximum,  or  when 

ma/<'a"* 

mitta  H 

tta 


is  a  minimum.  Putting  the  first  differential  coeflScient  equal  to 
zero,  we  have  for  the  value  of  a-i  when  the  maximum  velocity  is 
imparted 


at 

m 


Hence  the  maximum  velocity  imparted  to  the  oscillating  body 
ma  when  at  rest  and  struck  by  mi  is  given  by 

^,  =  _^l  +  eL— y^  =  _(l  +  e)^,    ....    (8) 

and  the  maximum  velocity  imparted  to  the  free  body  mi  when  at 
rest  and  struck  by  the  oscillating  body  is 

«.  =  -W  +  e)/^  =  -(l  +  e)^.     ...    (9) 

Reaction  of  the  Axis. — Let  the  force  of  impact  be  i^,  and  the 
reaction  of  the  axis  be  F'.    Then,  from  page  181,  we  have 
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If  we  give  to  an  its  value  from  (7),  we  have  for  the  reaction  of 
the  axis  when  the  maximum  velocity  is  imparted 

F'  =  irf-i^|/^_l\ (11) 

VK-a'  ^  mi        I 

The  centre  of  percussion  (page  181)  is  at  the  distance 


tta  = 


S 


Ms 


from  the  axis.    If  the  impact  takes  place  at  this  distance  there  is 

no  reaction  of  the  axis. 

Ballistic  Pendulum. — The  ballistic  pendulum  consists  of  a  large 

mass  ma  which  is  hung  from  a  horizontal  axis  O.  It  is  set  in  oscilla- 
tion by  a  cannon-ball  shot  against 
it,  and  is  used  to  determine  the 
velocity  of  the  ball.  In  order  to 
render  the  impact  inelastic  the 
mass  nii  consists  of  a  box  filled 
with  sand  or  clay,  so  that  the  ball 
enters  the  mass  and  oscillates 
with  it. 

In  order  to  determine  the  ve- 

anii    j^  /     locity  of  the  ball  the  angle  of  os- 

In  /b    cillation  is  measured  by  a  pointer 

directly  below  the  centre  of  mass 
which  moves  on  a  graduated  arc 
AB. 

Let  mi  be  the  mass  of  the  ball. 
Then  from  equation  (4)  of  the  pre- 
ceding article,  making  e  =  0,  we  have  for  the  angular  velocity  after 
impact 


mi 


fij  =  — 


miaatfci 


miaa''  +  ma/Ca'"' 


(1) 


where  ma /<"«""  is  the  moment  of  inertia  of  the  pendulum  with  refer- 
ence to  the  axis  O,  or  x-a'  is  its  radius  of  gyration  with  reference  to 
this  axis,  and  aa  is  the  distance  of  the  point  of  impact  below  the 
axis. 

Let  I  be  the  length  of  the  equivalent  simple  pendulum  which  os- 
cillates in  the  same  time  as  the  ballistic  pendulum,  and  let  the  angle 
of  displacement  be  6,  as  measured  on  the  arc  AB. 

We  have  then  for  the  simple  pendulum  (page  178)  the  angular 
acceleration 


a  = 


g  sin  e 
I 


If  OC  =  s  is  the  distance  of  the  centre  of  mass  of  the  compound 
pendulum  from  the  axis,  we  have  (page  170) 


or 


(mi  +  m»)gfs  sin  0  =  I' a  =  (mitta'^  4-  ma><'9")a, 
_  (mi  4-  ma)9^8  sinQ 

~~      mitta'  +  maK-a'- 
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Equating  these  two  values  of  a,  we  obtain 
1  = 


(Wli  +  ma)s 
The  height  of  displacement  is 

h  =  1  —  I  cos  0  =21  sin' 
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(2) 


Hence  the  velocity  at  the  lowest  point  of  the  path  is 

v=  V2gh  =  2Vgr.sinl, 
2 

and  the  corresponding  angular  velocity  is 

Equating  this  to  (1)  and  inserting  the  value  of  Z-from  (2),  we 
obtain  for  the  velocity  of  the  ball 

If  the  pendulum  makes  n  vibrations  per  minute,  the  duration  of 
a  vibration  is 


t  =  7ei/L 

^  g 


— ,    and  therefore     Vgl  =  — ^. 
n  ^        nit 


Hence  the  required  velocity  of  the  ball  is 


mi  +  ma    120grs         0 

Ui  = . ^- .  sm  jr. 

mi         nna^  2 


(4) 


mi 


+ — w 


Eccentric  Impact. — Let  the  two  masses  mi  and  ma  be  perfectly 
free.  Let  the  mass  mi  strike  the  mass  ma  in  such  a  manner  that  the 
direction  NN'  of  the  line  of  impact 
passes  through  the  centre  of  mass  Oi  of 
mi ,  but  not  through  the  centre  of  mass 
C  of  ma.  The  impact  is  then  central  for 
indi  and  eccentric  for  ma. 

Let  mi  have  a  motion  of  translation 
only,  and  let  its  initial  and  final  veloci- 
ties be  Ui  and  Vi  in  the  line  of  impact 
NN'.  Through  the  centre  of  mass  C  of 
mi  take  the  origin  at  C  and  the  axis  of 
X  parallel  to  NN\  and  let  the  direction 
of  III  be  positive.  Take  the  axis  of  Y 
through  C  at  right  angles  to  NN\  and 
let  B  be  its  intersection  with  NN' .  De- 
note the  distance  CB  by  p,  positive 
when  above  and  negative  when  below  the  axis  of  X.  Let  the  initial 
and  final  velocities  of  translation  of  ma  parallel  to  NN'  be  wa  and  Va, 
and  its  initial  and  final  angular  velocities  about  the  axis  ZZ  through 
C  Sit  right  angles  to  the  plane  XY  be  et  and  oot ,  and  let  counter- 
clockwise rotation  be  positive. 
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Let  Kz  be  the  radius  of  gyration  of  ma  with  reference  to  the 
'cxis  ZZ.    Then  the  moment  of  inertia  with  reference  to  this  axis 

is  /  :=  m-iKz^. 

Now  from  equation  (I),  page  146,  we  have  for  the  impact,  so  far 
as  translation  is  concerned, 

niiUi  +  miUi  =  rriiVi  +  maVa (1) 

The  mass  of  ma  reduced  to  the  point  B  is  (page  174) 


p"   ' 


and  the  linear  velocities  of  the  point  B  before  and  after  impact, 
due  to  rotation,  arc  —  pei  and  -  pao^,  or  opposite  in  direction  to  Ui 
when  p,  €i  and  m  are  positive. 

We  have  then  for  impact,  so  far  as  rotation  is  concerned, 

ma/^z"  rrt'iKz"  ^_. 

miUi Y~  '  P^a  =  ^1^1  —  — r~  '  P^i'     •    •    •    (2) 

If  the  bodice  are  inelastic,  mi  and  the  point  B  move  together 
after  impact,  and  we  have 

Vi  =  Va  —  pooi (3) 

Eliminating  Vo.  and  oo^  from  (1)  and  (2)  by  means  of  (3),  we  obtain 
for  the  loss  of  velocity  of  mi 

miKz'^{Ui  —  Ma  +  jJga) 

^'  ~  ^'  ~  {w?  +  m^)t<z^  +  m,p*  ' 
for  the  gain  of  velocity  of  translation  of  ma 

_  mitCz\Ui  —  Ui  +  pea) 
'^'-'^'-  (nil  +  m^)Kz'  +  m.p'' ' 

and  for  the  gain  of  angular  velocity  of  ma 

_        mipjui  —U9+  pea) 
tt>3      ea  —  —  ^^^  ^  m^Kz  +  m,p' ' 

If  the  bodies  are  perfectly  elastic  these  values  are  twice  as  great 
(page  151).  If  the  bodies  are  imperfectly  elastic  and  of  the  same 
material,  so  that  e  is  the  common  modulus  of  elasticity,  these  values 
are  (1  +  e)  times  as  great  (page  149). 

We  have  then  in  general  for  imperfectly  elastic  bodies  of  the 
same  material 

Vx 


=  Ui—  iui  — 
V2  =  U  +  (  Wi  — 
(»3  =  ea  —  ( Wi  — 


\         (1  +  e)miKz' 
''^"^^^V(mi+ma)i</  +  mip«" 

(4) 

\         (1  +  e)mxKz^ 
'''+^^V(mi+ma)/^z'  +  mip--     • 

.     (5) 

\           (1  +  e)m,p 
^'+^^7(Wi+ma)^/  +  mip^-  •    • 

.     (6) 
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These  equations  are  general.  If  the  impact  is  central,  p  =  0,  and 
ttJa  in  (6)  is  unchanged  and  equal  to  ^a ,  while  (4)  and  (5)  reduce  to 
equations  (VII),  page  149. 

If  the  bodies  are  perfectly  elastic,  e  =  1.  If  non-elastic,  e  =  0. 
If  mt  moves  towards  mi ,  w  is  negative.  If  mi  is  initially  at  rest,  Ui 
=  0.  If  ma  is  initially  at  rest,  tt2  =  0  and  ea  =  0.  If  mi  is  fixed  we 
can  take  ?7ii  =  oo  =  mi  +  ma,  and  Ui  =  0. 

[Torsion-pendulum. — Let  an  elastic  bar  CD  of  uniform  cross-section 
be  fixed  at  one  end  D,  and  at  the  other  end  C  have  two  equal  masses,  m,  m^ 
rigidly  fixed  to  it  by  a  cross-bar  AiBi 
of  uniform  cross -section.  Let  the 
cross-bar  be  of  equal  arms,  so  that  the 
distance  AiC  =  BxC  ~r,  Ai  and  Bi 
being  the  centres  of  mass  of  the  masses 
m,  m,  and  C  the  centre  of  mass  of  the 
end  cross  section  of  the  bar  CD. 

If  now  the  cross-bar  be  turned  into 
the  position  AiBi ,  making  the  angle 
AiCAi  =  B  with  its  original  position, 
and  then  released,  it  will  vibrate  back 
and  forth.  Such  an  arrangement  is 
called  a  torsion-pendulum. 

1st.  To  find  the  force  necessary 
to  twist  the  bar  CD  through  a  given 
angle. 

Let  9  =  AxCA-i  be  the  angle  of  twist,  and  AiBi  be  the  neutral  position 
of  the  cross-bar. 

Let  the  forces  +  F,  -  F act  upon  the  cross-bar  at  J,,  and  B-i ,  at  right 
angles  to  the  cross-bar.  Then,  if  the  limit  of  elasticity  of  CD  is  not  ex- 
ceeded, we  have  (Vol.  II,  Statics,  page  310)  for  equiUbrium 


(1) 


where  E  is  the  coefficient  of  elasticity  for  the  material  of  the  bar  CD,  I  is 
the  length  of  the  bar  CD,  0  is  the  angle  of  twist  AiCA^ ,  and  Iz  is  the  polar 
moment  of  inertia  of  the  cross-section  of  the  bar  CD  (Vol.  II,  Statics^  page 
271). 

We  have  then 

or  if  the  angle  9  is  measured  from  some  fixed  line  with  which  the  neutral 
position  of  AiBi  makes  the  angle  0,  the  angle  of  twist  is  6  —  0  and 


^-^(^-^)- 


(2) 


2d.  To  find  the  time  of  an  oscillation. 

Now  let  the  forces  +  F,  —  F  he  removed.  The  cross-bar  will  vibrate 
back  and  forth. 

Let  /be  the  moment  of  inertia  of  the  cross-bar  and  masses  m,  m  with 
reference  to  CD  as  an  axis. 
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The  angular  acceleration  at  any  instant  for  which  the  angle  of  twist  is 
/Jis 

and  the  moment  of  the  elastic  forces  is,  from  (1), 

EIz 


l-^' 


We  have  tjien  (page  170) 


d?^  EI, 

^^  =  -  -r^- 

Multiplying  by  dft  and  integrating,  we  have 
dfi'  IzE  ^      ^      ^ 

When  /?  =  0,  the  angular  velocity  a?  =  -^  is  zero.    Hence 

Cit 

Const.  =  ^e« 
and 


or 


^^-y  RE  a/^—^' 


IzE  4/93  _  ^ 
Integrating  again,  we  obtain,  if  ^  =  0  when  /?  =  0, 


t-J  ^^    sin-^^ 


which  between  the  limits  of  /5  =  +  fl  and  /J  =  —  0  gives  for  the  time  of 
an  oscillation 


If  we  substitute  the  value  of  E  from  (2),  we  have 

'^dF 


^-W'^^ w 


from  which  we  obtain 


2rF=I{0-  <p)— .    (5) 


Equation  (5)  gives  the  moment  2ri^if  the  time  of  oscillation  Tand  the 
angle  of  twist  (9  —  <p)  are  observed.     The  force  i^is  of  course  in  poundals. 

All  these  formulas  of  course  hold  good  only  provided  the  limit  0/ elas- 
ticity of  CD  is  not  exceeded. 
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Bd.  To  find  the  density  of  the  earth  hy  the  torsion-pendulum. 

The  plan  of  determining  the  density  of  the  earth  by  means  of  the 
torsion-pendulum  was  first  suggested  by  the  Rev.  John  Mitchel  and 
executed  by  Mr.  Cavendish  in  1798.  At  the 
request  of  the  Astronomical  Society  of  Eng- 
land Mr.  Bailey  made  a  new  determination 
and  published  the  results  of  upwards  of  2000 
experiments  with  balls  of  different  weights 
and  sizes  suspended  in  a  variety  of  ways,  in 
the  Memoirs  of  the  Astronomical  Society^ 
Vol.  XIV. 

The  torsion-rod  was  very  slight,  so  that  it 
could  be  easily  twisted.  Two  small  balls  A  i , 
Bi  of  mass  m,  m  were  suspended  from  the 
torsion-rod  by  a  light  cross-bar.  Two  large 
balls  E^  F  of  mass  Jf,  M  were  placed  on  a 
platform  which  turned  about  a  pivot  directly  under  C,  so  arranged  that 
the  centres  of  mass  of  the  four  balls  were  in  the  same  horizontal  plane. 

The  masses  at  E,  F  were  first  placed  at  right  angles  to  the  cross-bar  in 
its  neutral  position  AiBi ,  which  was  noted.  Then  the  masses  at  E^  F 
were  brought  quite  near  to  the  small  masses  at  Ai,  Bi,  so  that  their 
mutual  attraction  caused  an  oscillation  back  and  forth  on  each  side  of 
the  neutral  position,  and  the  time  of  oscillation  Tand  angle  B  —  0  =AiCAi 
noted. 

We  have  then  from  (5) 


2rF=:I{e  -  <p)7jr.. 


But  (Vol.  II,  Statics,  page  48)  the  force  of  attraction  between  the 
masses  m  and  If  is 

gR^   mM 

E  '    d""  ' 


F 


where  R  is  the  radius  of  the  earth  and  E  its  mass,  and  d  the  distance  AiB 
between  the  centres  of  mass  of  the  balls  at  E  and  A-i. 

Substituting  this  value  of  F,  we  obtain  for  the  mass  of  the  earth 


E  = 


2,grR?T^mM 

I{B  —  <p)7t''dJ'' 


If  a  is  the  radius  of  the  small  balls  of  mass  m  at  Ai  and  Bi ,  and  6  is 
the  mass  of  the  cross-bar,  the  moment  of  inertia 


and  we  have 


E  = 


grR'^T'^M 


(^' 


'  +  ^'+6^' 


)" 


(p)n'*d^ 


If  e  is  the  specific  mass  of  the  earth  and  y  is  the  mass  of  a  unit 

4 
volume  of  water,  we  have  E  =  -nR^ .  ey,  and  hence 


€  = 


SgrT^M 


AyRi^-a 


-a'  +  r^  + 


6m 


•J(0  —  tp)7c'd^ 
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The  experiments  of  Bailey  gave  e  =  5.6747,  or  the  mean  density  of  the 
earth  is  5.6747  times  that  of  distilled  water  at  its  maximum  density. 

General  Formulas  for  Rotation  about  a  Fixed  Axis. — Let  a 
rigid  body  of   mass  M  rotate  about  a  fixed  axis  OZ'  with  the  angular 

velocity  ooz  and  the  angular  acceleration  az  =  -— -. 

(Xt 

Let  G  be  the  centre  of  mass.  Pass  a  plane  through  G  perpendicular  to 
the  fixed  axis.  Then  this  plane  is  the  plane  of  rotation  and  its  intersection 
O  with  the  fixed  axis  is  the  centre  of  rotation  (page  167). 


Take  0  as  the  origin,  the  fixed  axis  as  the  co-ordinate  axis  of  Z'^  and 
the  other  two  co-ordinate  axes  Z',  Y'  in  the  plane  of  rotation. 

Let  positive  rotation  be  counter-clockwise.  Through  the  centre  of  mass 
G  take  the  co-ordinate  axes  GT,  GY,  GZ  parallel  at  any  instant  to  OX', 
0Y\  OZ'.  

Let  the  co-ordinates  of  G  with  reference  to  0  be  x,  y,  and  the  co- 
ordinates of  any  point  P  of  the  body  in  general  with  reference  to  0  be  x\ 
y\  z\  and  with  reference  to  G  be  x,  y,  z. 

In  the  same  way  let  the  components  of  the  velocity  of  (7  with  reference 
to  0\)Q  Vx-,  Vy^  Vz  =  0,  and  the  components  of  the  velocity  of  any  point  P 
of  the  body  in  general  with  reference  to  0  be  Vx^  Vy\  'Oz  =  0,  and  with 
reference  to  G  be  Vx,  Vy,  Vz  =  0. 

So  also  let  the  components  of  the  acceleration  of  G  with  reference  to  0 

be  fx  ,fy ,  fz  =  0,  and  the  components  of  the  acceleration  of  any  point  P 
of  the  body  in  general  with  reference  to  0  be  fx,  fy,  fz  =  0,  and  with 
reference  to  G  be  fx,  fy.  fz  =  0. 

Then  we  have  by  reason  of  our  rotation 

x'  =  x  +  X,     y'  =  y  +  y,      z'  =  z. 

For  the  components  at  any  instant  of  the  velocity  of  any  point  P  of  the 
body,  due  to  rotation  about  the  fixed  axis  OZ',  we  have  then 


dx' 
dt 

dy^ 
dt 


vx'  =  —  y  ooz  =  —  yooz  —  yooz\ 


=  Vy    =  X'OOz  =  XGOz   +   XGOz', 


dz' 
-^=^^=^- 


.       .      .       .       (1) 


If  in  (1)  we  make  x  and  y  zero  we  have  the  components  Vx,  %,  ^^for 
rotation  about  GZ.     If  we  make  x  and  y  zero  we  have  the  components 
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'Ox,  Vy,  Vz of  the  Telocity  of  the  centre  of  mass  G  due  to  rotation  about 
OZ'.    Hence 


dx 
~dt 


z=vx  =  —  yooz 


dt 


=  Vy=  XGDz  , 


dz 
~dt 


=  tJ2  =  0; 


dz 


dx      —  -  dy      —      -  ^„  - 

=  Vx  =  -yooz,     -^=vy^xa)z,     -—=vz=0 


dt 


dt 


dt 


(la) 


The  components  at  any  instant  of  the  tangential  acceleration  of  any 
point  P  of  the  body  due  to  rotation  about  the  fixed  axis  OZ'  are  in  like 
manner  with  (1) 

f'tx  =  —  y'(Xz  —  —  yaz—  yocz ; 

fty  =  x'az  =   xaz  +  xaz  ; 
ftz  =  0. 

The  components  at  any  instant  of  the  normal  acceleration  of  any  point 
P  of  the  body  due  to  rotation  about  the  fixed  axis  OZ'  are 


f'nx  =  —  ^'^z 


xoaz, 


2    _ 


XCOz^\ 


fny  =  -  y'coz^  =  —  yooz^  — 
f'nz  =  ^- 

Hence  the  components  at  any  instant  of  the  total  acceleration  of  any 
point  P  due  to  rotation  about  the  fixed  axis  OZ'  are 

d^Oj 

-^  =  f'x  =  f'tx  +  f'nx  =  -  y'o^z  -  X'ooz^ 


=    —yCCz—  yO^Z  —  XGOz^  —  XGOz^\ 

d^v' 

-^  =f'y  =fty  +  fny  =  i»o^z  -  y' oai 

=  xaz  +  xaz  —  yooz^  —  ycoz^\ 

~=f'z=ftz+f'nz=^. 


(2) 


If  in  (2)  we  make  ^  and  'y  zero  we  have  the  components /a-,  fy.fz  for 
rotation  about  CZ.  If  we  make  ir,  y  zero,  we  have  the  components  A,  fy, 
fz  of  the  centre  of  mass  C  due  to  rotation  about  OZ'.    Hence 

^%=f^=-yaz-xo!)z\    -^=fy  =  xaz-yGOz\  -^=fz  =  ^\ 


dt 

d^ 
dt' 


-^=f^  =  -yaz-XGDz\    -~=fy  =  Xaz-yGOz\    'W^'^^^' 


(2a) 


We  can  obtain  (2)  and  (2a)  directly  from  (1)  and  (la)  by  differentiating, 
dooz 

Since  CZ  passes  through  the  centre  of  mass,  we  have 

Smx  =  0,     27ny  =  0,     2mz  =  0 (3) 
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Also,  if  m  is  the  mass  of  a  particle, 

2m  =  M, (4) 

and 

2m{x^  =  y')    =  Iz  X  moment  of  inertia  for  axis  CZ; ) 
Smix""  =  y'')  =  Iz'  X        "        "       "        **     "     0Z\  \    ' 


(5) 


Motion  of  Centre  of  Mass.— From  (2)  and  (2a)  we  have  for  the  sum  of 
the  components  of  all  the  elective  forces  (page  168)  after  reduction  by 
(3)  and  (4) 


2mfx' 

=  —  Myaz 

-  MXGOz' 

=  Mfx', 

^mfy' 

=  Mxaz  — 

Myooz  = 

Wv\ 

2mfz 

=  0. 

(6) 


But  by  D'Alembert's  principle  (page  168)  the  sum  of  the  components  of 
the  impressed  forces  in  any  direction  is  equal  to  the  sum  of  the  com- 
ponents of  the  effective  forces  in  that  direction. 

Hence,  the  centre  of  mass  moves  at  any  instant  as  if  all  the  mass  and 
impressed  forces  were  collected  at  the  centre  of  mass. 

Momentum. — From  (1)  and  (la)  we  have  for  the  sum  of  the  components 
of  momentum  of  all  the  particles,  after  reduction  by  (3)  and  (4), 


Smvx  =  —  Myaoz  =  Mvx 

2mvy  =  MxGOz  =  Mvy  ; 
2?nvz'  =  0 


(7) 


Hence,  the  momentum  of  the  body  is  the  same  as  for  all  the  mass 
collected  at  the  centre  of  mass. 

Moment  of  Momentum. — Let  IS^'mx-,  ^'my,  IVS'  mz  he  the  sum  of  the 
moments  of  momentum  of  all  the  particles  about  the  co-ordinate  axes 
OX',  0Y\  OZ'  for  any  fixed  axis  of  rotation  0Z\  and  IS^mx,  it>my,  IS^mz 
for  the  co-ordinate  axes  CZ,  CY^  CZ.  Then  we  have  from  (1),  after 
reduction  by  (3)  and  (5), 

iSs'mx  =  2m{vz'y'  -  Vy'z')  =  —  Goz^mx'z'  =  ~  cozSmxz  =  JXSmx;  ') 

Ub'my  =  2m{VxZ'  —  Vzid)  =  —  a>z2my'g'  =  —  ooz^myz  =  iS^my\    \     (8) 

iS^'mZ    =   'SmiVy'x'—  Vx'y')   =  IzOOZ'  J 

The  last  of  these  equations  is  equation  (II),  page  171. 
We  shall  see  in  the  next  chapter  that  at  any  point  of  a  body  there  are 
at  least  three  rectangular  axes  for  which  we  have 

Smx'y'  =  0,     Smx'z'  =  0,     2my'2'  =  0. 

These  axes  are  called  principal  axes  for  that  point.  Hence  if  the 
fixed  axis  OZ'  is  a  principal  axis,  we  have,  taking  the  other  two  principal 
axes  as  co-ordinate  axes, 

/ft'mx  =  0,      /lb' my  =  0,      HS'mz  =  Iz^OZ' 

The  resultant  moment  of  momentum  is  in  general 


Ob'm  -■=    VOb'^'mx  +  a!i'\iy  +  /ft'^mz, (9) 
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and  the  direction-cosines  of  the  resultant  axis  of  moment  of  momentum 
are  then 

IVS'mx  fVS'rny         Its'mz 


iS^'m  '         aSb'm  '        ^' 


(10) 


If  the  fixed  axis  OZ'  then  is  a  principal  axis,  the  resultant  axis  of 
moment  of  momentum  coincides  with  the  fixed  axis. 

Kinetic  Energy. — Let  v'  be  the  velocity  of  any  particle  and  v  the  ve- 
locity of  the  centre  of  mass  C  with  reference  to  0  (figure,  page  190),  so 
that 

Then  we  have,  from  (1), 

-mvx"^  ■—  •^rrvy'^Qi)^  —  iTvyyoo^  +  -my^'aoz^', 

—mvy'^  =  —mx^GOz  +  inx  xoo^  +  —mx^wz^. 

Adding  these,  we  have  for  the  sum  of  the  kinetic  energy  of  all  the 
particles 

£J'  =  2^mr/^ 
2 

=  l(i»  +y^)G0z^2in  —'yooz^'Smy  +'xoi>z^'2mx  +  -G0z^'2m{x'  +  y\ 
2 

or,  reducing  by  (3),  (4)  and  (5), 

E'  =  lif(^'»  +  y^)  ooz^  +  \-IzC^z^  =  \u^z^.       .     .     .     (11) 

This  is  equation  (IV),  page  171. 

Moment  of  the  EflFective  Forces. — Let  l^'fxi  ftlfy^  ffSs'fz"^  the  sums 
of  the  moments  of  the  effective  forces  (page  168)  about  the  co-ordinate  axes 
0X\  0Y\  OZ'.   Then  we  have  from  (2),  after  reduction  by  (3),  (4)  and  (5), 

it>'fx  =  ^mifz'y'  —fy'z')  —  —  az^mxz  +  coz'^'Smyz ; 

iSi'fy  =  2m{fx'^  —fz'oc')  =  —  ocz^myz  —  coz^2mxz;  [    .     (12) 

USS'fz  =  2m(fy'x'  —fx'y')  =  Izocz. 

The  last  of  these  equations  is  equation  (I),  page  170. 
"We  have  (page  191),  reducing  by  (3)  and  (5), 

^mif'tzy  —  f'tyz)  =  —  az^mxz; 
2?n{f'tx2  —f'tzx)  —  —  az2myz\ 
2m(f'tyX  —f'txy)  =  Izocz. 

These  terms  in  equations  (12)  therefore  give  the  moments  about  CZ", 
CY,  GZoi  the  effective  tangential  forces.  We  have  also  from  (la),  reduc- 
ing by  (3), 

2m{f'nzy  —f'nyZ)  =  +  ooz^'^myz,     2m{f'nx2  —f'nzX)  =  —  ooz^Smxz. 
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These  terms  inexquations  (13)  therefore  give  the  moments  about  GX^  CY 
of  the  effective  deflecting  forces. 

If  the  fixed  axis  OZ'  is  a  principal  axis  we  have  (page  192) 

/IR /a:  =  0,  aSi'fy  =  0,  /IB'/z  =  Iz'az. 

External  Forces. — If  any  two  points  of  the  body  situated  upon  the 
axis  of  rotation  are  fixed  the  axis  is  fixed.  Conceive  then  the  body  to  be 
fixed  to  the  axis  at  two  points  distant  a'  and  a"  from  the  origin  0,  and  let 
the  reactions  of  these  points  on  the  body  resolved  parallel  to  the  co-ordinate 
axes  be  respectively  J?a;',  -Ry',  Rz  and  Rx\  By",  Rz"  (see  figure,  page  190). 

These  forces  are  i7npressed  forces {pa,go  168);  but  since  they  are  internal 
to  the  system,  consisting  of  the  body  and  some  other  body  upon  which  the 
axis  rests  or  to  which  it  is  fastened,  we  call  them  internal  forces. 

All  other  impressed  forces  acting  upon  the  body  we  may  then  call  ex- 
ternal forces . 

Let  these  other  impressed  external  forces  be  Fi,  F^,  Fs,  etc.,  making 
the  angles  (cri ,  /3i ,  yi),  {a^ ,  /^a ,  ;k2),  etc.,  with  the  co-ordinate  axes.  Then 
we  have  for  the  resultant  components  of  these  external  forces 


Fx  =  Fi  cos  ai  +  F-i  cos  a^  +  etc.  =  2F  cos  a ; 
Fy  =  Fi  cos  /5i  +  Fi  cos  A  +  etc.  =  ^F  cos  /?; 
Fz  =  Fi  cos  ri  +  Fi  cos  Yi  +  etc.  =  SFcosr- 


(13) 


Moment  of  the  External  Forces.  —Let  USs'ex,  ISts'ey,  IfSs'ez  be  the 
sums  of  the  moments  of  the  external  forces  about  the  co-ordinate  axes  0X\ 
0Y\  0Z\  and  let  (xi',  y/,  ^Z),  (Xi,  yi\  z^),  etc.,  be  the  co-ordinates  of 
the  points  of  application  of  the  external  forces  Fx,  F^^  etc.   Then  we  have 


SSex  =  ^Fy'  cos  y  —  '^Fz'  cos  /?; 
g^ey  =  '^F^  COS  a  —  "^Fx!  cos  y\ 
flb'e-j  =  'SFod  cos  y?  —  '^Fy'  cos  a. 


(14) 


Pressures  on  the  Fixed  Axis.— We  have  by  D'Alembert's  principle 
(page  168)  the  resultant  of  the  impressed  forces  equal  to  the  resultant  of 
the  effective  forces,  or,  from  (6), 


Fx  +  Rx  +  Rx    =  ^mfj  =  -  Myaz  -  Mxooz^  =  Mfx\ 
Fy  +  By'  +  Ry"  =  ^mfy'  =  Mxaz  —  Myooz^  =  Mf^; 
Fz  +  Rz'  +  Rz"  =  ^mfz'  =  0. 


(15) 


Also  taking  moments  about  the  co-ordinate  axes,  we  have  by  D'Alem- 
bert's  principle,  from  (12)  and  (14), 

2Fy'  cos  r  —  ^Fz'  cos  (i  —  Ry'a'  —  Ry"a" 

=  ISs'fx  =  —  az2mxz  +  ooz^2myz\ 
2Fz'  cos  a  -  'SFx'  cos  y  -f  Rxa'  +  Rx"a"  \      (16) 

=  is^'fy  =  —  azSmyz  —  GOz*'^rrixz\ 

^Fx'  cos  ft  —  ^F^/  cos  a        =  Hs'fz  =  J^z'acz. 

From  the  last  of  these  equations  we  can  find  az ,  and  then  from  the  first 
two  and  the  first  two   of  (15)  we  can  find  Rx\  Rx",  Ry,  Ry'.     Tnen 
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Rz  and  Rz"  are  indeterminate,  but  their  sum  is  given  by  the  last  of  equa- 
tions (15). 

If  there  are  no  external  forces,  or  if  all  the  impressed  forces  pass 
through  the  centre  of  mass,  we  have  from  the  last  of  equations  (16)  in 
■either  case_a2  =  0,  and  all  terms  containing  az  in  (15)  and  (16)  disappear. 
Now  —  Mxoo^  and  —  Myoo^  are  the  sums  of  the  components  parallel  to  X' 
and  Y'  of  the  deflecting  forces  of  the  particles  and  +  oo^'Smy'z'  and 
—  GDz^'2,mx'z'  are  the  moments  about  X'  and  Y'  of  the  deflecting  forces  of 
the  particles. 

If  OZ'  and  hence  CZ  is  a  principal  axis,  we  have,  taking  the  other  two 
principal  axes  as  the  co-ordinate  axes  X'  and  Y'  (page  192),  ^myz  =  0, 
'Emxz  =  0,  or  the  moments  of  the  deflecting  forces  are  zero. 

If  the  fixed  axis  passes  through  the  centre  of  mass,  we  have  in  (15) 
X  =  0,  y  =  0,_  or  the  sums  of  the  components  of  the  deflecting  forces 
MxGOz^  and  Myoo^  are  zero. 

Hence,  if  a  hody  rotates  about  a  principal  fixed  axis  through  the  centre 
of  mass,  there  will  he  no  stress  on  that  axis  due  to  the  deflecting  forces. 

Permanent  Axis.— If,  then,  there  are  no  external  forces,  or  if  all  the 
impressed  forces  pass  tfirough  the  centre  of  mass  and  a  free  body  rotates 
about  a  principal  axis  through  the  centre  of  mass,  that  axis  remains  un- 
■changed  in  direction  in  space  and  the  body  will  always  rotate  about  it  with 
uniform  angular  velocity.  For  this  reason  it  is  called  an  axis  of  permanent 
rotation,  or  the  permanent  axis. 

If  there  are  no  external  forces,  or  if  all  the  impressed  forces  pass  through 
the  centre  of  mass,  and  a  free  body  rotates  about  some  other  axis  than  the 
principal  axis  through  the  centre  of  mass,  the  deflecting  forces  of  the  par- 
ticles will  cause  the  axis  of  rotation  to  change  its  direction  and  the  body 
will  never  rotate  about  the  permanent  axis.  If,  therefore,  we  observe  a 
body  to  rotate  a  short  time  about  an  unchanging  axis  with  uniform  angular 
velocity,  we  infer  that  it  rotated  about  it  from  the  beginning  of  the  motion, 
that  the  axis  is  a  principal  axis  through  the  centre  of  mass  and  that  all 
the  impressed  forces  are  either  zero  or  pass  through  the  centre  of  mass. 

Centre  of  Percussion. — Suppose  a  single  force  acting  in  the  plane  of 
rotation  at  right  angles  to  OG.    Take  0(7  as  the  axis  of  X',  and  let  Fy  be 
the  force,  and  the  distance    CA  —p.     Then 
i^a:  =  0,    F,  =  Q,    Rz'  =  0,     Rz"  =  0,     y  =  0,      A^"  ^^' 

z'  =  0,  x'  =  X  +  p,  y'  =  0,  cos  a  =  0,  cos  /3  =  1,      \   ^'       .^        I 

cos;^  =  0.    Hence,  from  (15)  and  (16),  o  c      p    a 

Rx  =  Rx    +  Rx"  =  -  MXGOz^\ 

Ry  =  Ry'  +  Ry"  =  —Fy-\-  Mxaz\ 

ItS'fx  =  0,     OS'fy  =  0,     flb'/z  =  Fy{x  +p)  =  Iz'az  =  M(K^  +  x)az. 

If  cDz  is  zero,  Rx  is  zero.  If  we  eliminate  az  from  the  second  and  last 
of  these  equations  we  obain 

Fyipx  -  A-') 

■Ky  —      rr"'^   ' 

;  k""  +  X 

This  is  the  same  as  equation  (3),  page  181.  For  Ry  =  0,  then,  we  have 
for  the  centre  of  percussion,  just  as  on  page  181, 

---A      or  x=  k'  +  x''  ^  i; 

X       Mx^  X  Mx 
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EXAMPLES. 

(The  student  should  carefully  check  these  examples.) 

(1)  A  prismatic  bar  AB  falls  through  a  height  h,  retaining  its 
horizontal  position  until  one  end  strikes  a  fixed  obstacle  D.  Find 
the  motion  after  impact,  considering  the  bodies  non-elastic. 

Ans.  Let  m,  be  the  mass  of  the  bar,  I  its  length,  and  u^  the  velocity  of  the 
centre  of  mass  C  at  the  instant  of  impact. 

Then  in  equations  (4),  (5),  (6),  page  186,  we 
have 

e  =  0,  63  =  0,  mj  =  00  =  m^  -\- m<i ,  u^  =  0. 

3     Hence  we  have  for  the  velocity  of  translation 

of  AB  after  impact 


Dl 


Vi  =  Ui  —  Ui 


Kz' 


UiP' 


t<z'-\-p'         t<z'+p' 


i.    •      (1> 


and  for  the  angular  velocity  about  C  after  im- 
pact 


UiP 


Kz'+P' 


(2> 


In  the  present  case  we  have  (page  177)  Kz^  =  -r^ .  and  for  the  end  A  strik- 


ing  p  =  -{-  ■—,  for  the  end  B  striking  p 


and  Ui  =  —  ^2igh,  the  minus 


sign  denoting  motion  towards  D.     Hence  in  both  cases  oi  A  or  B  striking 

^«  =  -  4  ^^^' 

or  the  motion  of  (7  is  towards  D.     Also  if  A  strikes 


or  if  B  strikes 


«»>  =  -  2"^  V^gh, 


'^''^'^^iV^sh, 


the  (-f-)  sign  denoting  counter-clockwise  and  the  (— )  sign  clockwise  rotation 
about  G. 

We  can  obtain  (1)  and  (2)  directly  as  follows  :  From  page  171  we  have 


moment  of  momentum 


m^Uip 


UiP 


m,{Kz'-{-p')        K^^'^' 


Also  at  the  instant  of  impact 


Hence 


^,  =  pa>„ 


«, 


Kz^+P^' 
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The  momentum  after  impact  is  then 


ITliVi 


m-tUiP^ 


K,^+P'=-J""'^^''- 


The  impulse  is 


The  velocity  at  any  point  distant  y  from  C,  after  impact,  is 


u^p 


P  V^gh 


^«-2/^»  =  7^7+7/^-2^)  =  -  ^ff^.(p-yh 
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(3) 


(4) 


(5) 


where  p  and  y  are  positive  towards  A  and  negative  towards  B.    Hence  for  A 

striking 

_  _  dy2gh(l 
~  21     \2 


yoa^ 


)■ 


and  for  B  striking 


«„  —  voa..  =  — 


3  V2gh 
21 


[\A 


After  impact  the  centre  moves  in  the  same  vertical  with  a  uniform  accelera- 
tion g,  while  the  angular  velocity  go  remains  unchanged. 

(2)  An  inextensible  string  is  wound  around  a  cylinder  and  has  its 
free  end  attached  to  a  fixed  point.  The  cylinder  falls 
through  a  height  h,  and  at  the  instant  of  impact  the 
string  is  vertical  and  tangent  to  the  cylinder.  Find  the 
motion  after  impact. 

.  ur^  2  ur  2  u 

(3)  An  iron  hall  of  mass  mi  =  65  pounds  moving 
with  a  velocity  of  36  ft.  per  sec.  strikes  a  pine  beam  of 
uniform  rectangular  cross-section  in  the  centre  line  of  a 
side,  at  right  angles,  at  a  distance  p  =  If  ft.  above  the  centre  of 
mass.  The  mass  of  the  beam  is  m^  =  842.4  pounds,  its  length  6  ft, 
and  breadth  2  ft.  If  the  beam  is  at  rest,  find  the 
motion  after  impact,  considering  the  impact  as  non- 
elastic. 


mi 


TWa 


Ans.  The  moment  of  inertia  (page  175)  is  the  same  as  for 
concentrated  at  a  corner.     We  have  then 

^=f[gy  +  (|)']=2.416»..    or    ..'  =  2.416. 
Hence,  from  page  186,  the  velocity  of  the  ball  after  impact 


e-T 


2  ft. 


■Vi  =Ui 


m^K^Ux 


=  36(l 


2035.2 


{mx-^m^)Kz^-\-mxp'^      ^^y      2192.3-|-65x 
The  velocity  of  the  centre  of  mass  of  the  beam  after  impact  is 


p^J  =5.364  ft.  per  sec. 


«?a  = 


\\  +  Wa)^a*  +  triip 


^  =  2.364  ft.  per  sec. 
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The  angular  velocity  of  the  beam  after  impact  is 


(»2  = 


niipui 


{mi  +  mi)Kz^  -\-  mip'^ 


—  1.712  radians  per  sec. 


F-« 


>+F 


(4)  Suppose  a  wheel  and  axle  composed  of  holloiv  disks  for  the 

wheel  and  axle  and  a  solid  cyl- 
inder for  the  journal.  The  radius 
of  the  ivheel  is  a  =  3  ft.,  of  the 
axle  b  =  2  ft.,  of  the  journal 
r  =  1  inch.  Let  the  mass  of  the 
ivheel  be  W  =  5  lbs.,  of  the  axle 
A  -  B  lbs.,  of  the  journal  J  =  2 
lbs.  Let  the  moving  mass  be  R 
'=  10  lbs.  and  the  mass  lifted 
Q  =  5  lbs.  Let  the  string  be  per- 
fectly flexible  and  disregard  its 
mass.  Let  P  start  from  rest  and 
fall  for  a  time  t  =  5  sec.  Discuss^ 
the  motion  of  the  apparatus,  tak- 
ing into  account  the  mass  of  the 
ivheel,  axle  and  journal,  and  the 
friction,  the  coefficient  of  kinetic 
friction  being  ^  =  0.07.  Take 
g  =  B2^  ft.-per-sec.  per  sec.  {Com- 
pare example  (7),  page  79.) 
Ans.  From  page  176  we  Lave  for  axis  through  the  centre  of  mass  C  of 
wheel,  axle  and  journal,  at  right  angles  to  the  plane  of  the  wheel, 

W 
Moment  of  inertia  of  wheel    =  -^{a^  +  &')  =  32. 5  lb. -ft.'; 


axle       =— (&«  +  r'')  =  6A 


144 


Hence  the  moment  of  inertia  of  wheel,  axle  and  journal  is 

I  =  ^{a^  -f  6»)  +  f-{b^  +  r«)  +  ^r«  =  38|U  lb. -ft.' 

Let  /  be  the  linear  acceleration  at  the  circumference  of  the  wheel,  and  a  it» 
angular  velocity.     Then  we  have 

f 
aa  =f,     or    a  =  — , 

and  the  linear  acceleration  at  the  circumference  of  the  axle  is 


Now,  by  D'Alembert's  principle,  page  168,  the  impressed  forces  and  the 
reversed  effective  forces  constitute  a  system  of  forces  in  equilibrium.  That  is, 
the  algebraic  sum  of  the  horizontal  and  vertical  components  must  be  zero,  and 
the  algebraic  sum  of  the  moments  of  the  forces  about  any  point  must  be  zero. 

The  impressed  forces  are  the  upward  reaction  R  at  the  centre  C,  the  down- 
ward weights  Pg,  Qg,  Wg,  Ag.  Jg  of  the  masses  P,  Q,  and  the  wheel,  axle 
and  journal,  the  friction  J^at  the  circumference  of  the  journal,  and  the  equal 
opposite  and  parallel  reaction  —  i'^of  the  bearing.     The  moment  of  the  fric- 
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tion  is  then  the  moment  of  a  couple  -\-F,  —  F,  or  is  lb'  at  any  point  (page  72, 
Vol.  II,  Statics). 

The  effective  forces  are  Pf  acting  down,  Q-f  acting  up  and  the  effective 

forces  of  the  particles  of  the  wheel,  axle  and  journal.  All  these  effective 
forces  are  to  be  reversed  in  direction.  Since  C  is  the  centre  of  mass  of  the 
wheel,  axle  and  journal,  the  effective  forces  of  the  particles  occur  in  couples, 
and  their  algebraic  sum  is  zero,  and  hence  the  algebraic  sum  of  their  com- 
ponents in  any  direction  is  zero.  The  algebraic  sum  of  their  moments  about 
C  is,  from  page  170,  given  by 

Ia  =  ll=  [^{a^  +  ¥)  +  i^(&'  +  r')  +  f-r^f  =  12||f/ poundal-ft. 
a       \_2a  2a  2a    _\ 

We  have  then  for  equilibrium  of  the  impressed  forces  and  the  reversed 
effective  forces,  taking  forces  to  the  right  and  upwards  positive  and  forces  to 
the  left  and  downwards  negative, 

-\-F-  F=0', (1) 

+  E-Pg-Qg-Wg-Ag-Jg-{-Pf-Q^f=0;      ,    .    (2) 

It/ 

and  taking  moments  about  C  and  counter-clockwise  rotation  positive, 

-  Pga-\-Qgb  +  Fr-\-Ia-{.Pfa-\-Q-f=0.      ...    (3) 

a 

From  (2)  we  have  for  the  pressure  upon  the  bearing 

E  =  {P-{-Q-{-W+A  +  J)g-lp-  e^y Poundals. 

We  can  also  find  B  as  we  have  in  Ex.  (7),  page  79.     Thus, 
Tension  on  left    =  Qig  -f  — /]  poundals. 

-        ••  right  =  ^(5-  -/) 
Hence  pressure  on  bearing  is 

B  =  {W+  A  -{-  J)g  +  Q(g  +  ^-f^  +  P(g  ^n 
or 

n  =  {P-^Q  +  W+A-\-J)g-(p-  ^M/poundals. 
The  friction  for  new  hea/ring  (page  79)  is  then 
^  =  iE^^  =  ^fi[}P  +  Q+W+A  +  J)g-{P-  ey/]poundals, 

where  /a  is  the  coefficient  of  kinetic  friction  and  ^  is  the  angle  of  bearing. 

Inserting  this  value  of  F  and  the  value  of  la  in  (3),  we  obtain  for  the 
acceleration /at  the  circumference  of  the  wheel  (compare  Ex.  (7),  page  79) 

(^  -  «j)^  -  ^(^  +  Q+W+A  +  J), 

y—j  1^ L . .      (4) 
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If  /(^  is  small,  sin  y5  =  /J,  and  we  have  for  the  given  numerical  values 

/  =  0.401365'  =  13.912  ft-per-sec.  per  sec. 
The  acceleration  of  Q  is  then 

— /  =  8.608  ft.-per-sec.  per  sec. 

The  velocity  of  P  at  the  end  of  the  time  t  =  5  sec.  is 
V  =ft  =  Q4:M  ft.  per  sec, 
and  the  angular  velocity  of  the  wheel  is 

V 

00=  —  =  21.52  radians  per  sec. 
The  velocity  of  Q  at  the  end  of  ^  =  «  sec.  is 

-^  =  43.04  ft.  per  sec. 
a 

The  pressure  M  on  the  bearing  is 

R  =  22.324265r  poundals  =  22.32426  pounds. 
The  friction  is 

F=  /LiB  =  lM21g  poundals  =  1.5627  pounds. 

The  moment  of  the  friction  is 

Fr  =  0.13022^  poundal-ft.  =  0.13022  pound-ft. 

The  moment  of  the  effective  forces  of  the  particles  of  the  wheel,  axle  and 
journal  is 

la  =  5.15315'  poundal-ft.  =  5.1531  pound-ft. 

The  distance  s  described  by  P  is 


€  = 

->  = 

=  161.4  ft. 

The  distance  described  by  Q 

is 

b 

107.6  ft. 

Tension  on  right  =  P{g  — /)      =  5.98645'  poundals  =  5.9864  pounds. 
*       "     left  =Q(g-\-^-Az=  6.3378^       "         =  6.3378      ** 

Moment  of  tension  on  right  =  17.9592  pound-ft. 
"       *'        "  left   =  12.6756 


Difference  =    5.2836  =  Fr -\-  la. 

Work  of  P  =  5.9864  X  161.4  =  966.205  ft.-lbs.  =  Ps  -  ~. 

2^ 

"     on  0  =  6.3378  X  107.6  =  681.947     "        =  Q-s  4-  ^^. 
^  a     '    2aV 

Work  of  friction  and  on  wheel  =  284.258     '* 
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Work  of  friction  and  on  wheel  =  284.258  ft. -lbs. 

Work  of  friction  =  F-s  =     7.005    *• 

a 


Work  on  wheel  =  277.253  =  i  -co'  (page  171). 

-^  ff 

966  205 
The  power  of  P  (page  49)  =  — ^ —  =  193.241  ft. -lbs.  per  sec,  or 

o 

193.241       .„_ 

— Prtt—  =  0.35  horse-power. 

The  efficiency  of  the  machine  (page  52)  is 

681.947 


966.205 


=  0.70. 


59 
From  equation  (3)  we  see  that  la  -\-  Pfa  +  Q—fis  the  sum  of  the  moments 

of  the  reversed  effective  forces.  From  page  174  this  is  equal  to  Mfa,  where 
Jf  is  the  reduced  mass  of  P,  Q,  W,  A  and  J,  reduced  to  the  circumference  of  the 
toheel.    This  reduced  mass  (page  174)  is 

ft2         TF  4  T 

^=-P+««^  +  2^('''  +  *')+^(*'  +  '^  +  ^'-- 

We  can  then  write,  instead  of  (3), 

-  Pga  +  ^^&  +  -^  +  Mfa  =  0, 

f=- if •       w 

If  we  substitute  the  values  of  J[f  and  i'^we  obtain  (4). 

Now  Pg  is  the  weight  of  P,  and  Q—g  is  the  weight  of  Q  reduced  to  the  cir- 

a 

cumference  of  the  wheel,  that  is,  is  the  weight  which  acting  at  the  circumference 

would  have  the  same  moment  as  Qg  acting  where  it  does.     In  the  same  way 

r 
-r-F  is  the  friction  reduced  to  the  circumferonce  of  the  wheel. 

Hence  Pg  —  Q-g F  is  the  reduced  moving  force.    We  have  then  the 

a        a 

equation  of  force  (page  2) 

Mf  =  7'educed  moving  force, 
or 

_  reduced  moving  force 
"*  ~         reduced  mass       ^  ' 

(5)  Suppose  a  wheel  and  axle  composed  of  hollow  disks  for  the 
rim  or  outer  circumference  C,  the  hub  H  ana  the  axle  A,  of  a  solid 
cylinder  for  the  journal  J,  and  of  four  spokes,  each  spoke  ^  being  a 
bar  of  uniform  cross-section.  Let  the  outer  radius  of  C  be  a  =  20 
inches  and  the  inner  radius  r*  =  19  inches,  the  outer  radius  of  H  be 
ri  =  8  inches  and  the  inner  radius  6  =  6  inches,  the  radium  of  the 
journal  J  be  r  =  1  inch.  Let  the  mass  of  the  rim  or  outer  circum- 
ference be  C  =  40  lbs.,  of  the  hub  H  =  12  lbs.,  of  the  axle  A  =  10 
lbs.,  of  the  journal  J=2  lbs.,  and  of  each  spoke  S  =  15/4  lbs.    Let 


202 


KINETICS   OF   A    RIGID   BODY — ROTATION.  [CHAP.  I» 


the  moving  mass  &e  P  =  60  lbs.  and  the  mass  lifted  Q  =  160  lbs.  Let 
the  string  be  perfectly  flexible  and  disregard  its  mass.  Let  P  start 
from  rest  and  fall  for  a  time  t  =  S  sec.  Discuss  the  motion  of  the 
apparatus^  taking  into  account  the  mass  of  the  wheel,  axle,  journal 
and  spokes,  and  the  friction,  the  coefficient  of  kinetic  friction  being 
Ti  =  0.07.     Take  g  =  B2^  ft.-per-sec.  per  sec. 

Ans.  'J'he  moment  of  inertia  of  a 
spoke  with  reference  to  an  axis  through 
its  centre  of  mass  at  right  angles  to  the 
plane  of  the  wheel  is  (page  175) 


A  3  )' 


>-? 


With  reference  to  a  parallel  axi» 
through  the  centre  C  it  is  then  (page 
173) 

8/r^  -  ri 
3V      3 

For  four  spokes  we  have  then  the 
moment  of  inertia  for  the  axis  through  C 
at  right  angles  to  the  plane  of  the  wheel 


'V<-^r 


4Sfr, 


z^r 


3  V      2 


-)+45(-±i.'y. 


□ 


p  The  reduced  mass  of  the  spokes,  re- 
duced to  the  circumference,  is  then  (page 
174) 


48 /r. 
The  moment  of  inertia  of  the  rim  is  (page  176) 

.2' 


^(«^+M, 


and  the  reduced  mass  of  the  rim  is  then 

G 


2^,(a*  +  r4»)  =  38.05  lbs. 


The  moment  of  inertia  ot  the  hub  is 


^r^'  +  n 


and  the  reduced  mass  of  the  hub  is 


2a' 


^(r,2  +  6')  =  1.5  lbs. 


The  moment  of  inertia  of  the  axle  is 


i-(b'-\-r^\ 


and  the  reduced  mass  of  the  axle  is 


0.4625  lbs. 
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The  moment  of  inertia  of  the  journal  is  (page  175) 

2  ' 
and  the  reduced  mass  of  the  journal  is 

^—  =  0.00125  lbs. 
2a* 

'     The  reduced  mass  of  Q  is 

^  =  14.4  lbs. 

The  reduced  mass  of  P  is  P  =60  pounds. 
Hence  tho  total  reduced  mass  is 
if  =  60  + 14.4  +  0.00125  +  0.4625  + 1.5  -f  38.05  +  7.2125  =  121.62625  lbs. 
From  I'he  preceding  example  we  have  for  the  acceleration /of  P 


(^-«3^-^^ 


f=^ — ± — (i> 

For  the  pressure  B  upon  the  journal  we  have,  just  as  in  the  preceding: 
example, 

i2  =  (P  4-  g -f  (7+  4;S'+i3"+  A-\-J)g-lp-  ^^V poundals. 
The  friction  for  new  bearing  (page  79)  is  then 

where  //  is  the  coefl&cient  of  kinetic  friction  and  /S  is  the  angle  of  bearing. 
Inserting  this  value  of  F  in  (1),  we  obtain 


/= 


[P-(i^)s-£^^^P+^+('+^^+B+^  +  ^)9 


M 


a  sin  p\  a) 


If  ^  is  small,  sin  /J  =  yS  and  we  have  for  the  given  numerical  values 

/  =  0.09^^  =  2.895  ft.-per-sec.  per  sec. 
The  acceleration  of  Q  U  then 

— /  =  0.8685  ft.-per-sec.  Der  sec. 
a 

The  velocity  of  P  at  the  end  of  the  time  <  =  3  sec.  is 
D  =/j  =  8.685  ft.  per  sec, 

and  the  angular  velocity  of  the  wheel  is 

CO  =  -  =  5.211  radians  per  sec 
a 
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The  velocity  of  Q  at  the  end  oi  t  =  d  sec.  is 

-V  =  3.6055  ft.  per  sec. 

The  pressure  B  on  the  bearing  is 

B  =  297. 92g  poundals  =  297.92  lbs. 
The  friction  is 

F=uB  =  20.8544^  poundals  =  20.8544  lbs. 

The  moment  of  the  friction  is 

Fr  =  1. 737875^  poundal-ft.  =  1.737875  lb. -ft. 

The  angular  acceleration  is 

f 
a=  —  =  1.737  radians-per-sec.  per  sec. 

The  moment  of  inertia  for  rim,  spokes,  hub,  axle  and  journal  is 

/=  131.184  lb.-ft.«. 

The  moment  of  the  effective  forces  of  the  particles  of  rim,  spokes,  hub, 
axle  and  journal  is 

Ia=  227.8666  poundal-ft.  =  7.0829  lb. -ft 

The  distance  8  described  by  P  is 

s  =  ^t'  =  13.0275  ft. 

The  distanc3  described  by  Q  is 

-8  =  3.90825  ft. 
a 

Tension  on  right  =  P{g  —f)      =  54.6^  poundals  =    54.6  lbs. 
"       "     left  =  qlg+^f]  =164.32^      "       =  164.32  *' 

Moment  of  tension  on  right  =  91.00  lb. -ft. 


left    =  82.16 


((   it 


Difference  =    8.84  =  i^-|-/a. 
Work  of  P  =   54.6   X  13.0275   =  711.3015  ft.-lbs.  =Ps-  ~. 
"      onQ  =  164.32  X    3.90825  =  642.2036     *'      =  ^-^^  +  ^^ 


**      of  friction  and  on  wheel    =    69.0979      " 
"      of  friction  =  i^-«  =    13.5841      " 


Work  on  wheel  =    55.5138      "     =  -^  —go*  (page  171). 

A  g 
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711  3015 
The  power  of  P  (page  49)      =  — ^ =  237.1005  ft.-lbs.  per  sec,  or 


237.1005 
550 


=  0.43  horse-power. 


The  eflBciency  of  the  machine  (page  52)  is 

_  642.2036 
^~  711.3015 


=  0.93. 


(6)  A  hollow  circular  disk  whose  outer  radius  is  ai,  inner  radius 
hi  and  thickness  ti  revolves  about  an  axis  perpendicular  to  its  plane. 
Find  the  thickness  t^  of  an  equivalent  disk  whose  outer  radius  is  a» 
and  inner  radius  h^. 

Ans.  For  any  angular  velocity  co  or  acceleration  a  we  must  have 

IiGoov  Iia  =  IiGo  or  I^a. 
That  is,  Ii  =72.     But  (page  176) 

/i  =  Jf,(ai'»  +  &i2)  =  STttxiai^  -  b,''){ai^  +  h^)  =  6ittx{ai*  -  &i*), 
where  d  is  the  density  or  mass  of  a  unit  of  volume.     In  the  same  way 
/a  =  d7tti{a^*  —  b^^). 


Hence 


(7)  A  sphere  of  radius  r  rotates  about  the  axis  YY  at  a  distance 
a.  Find  the  height  d  of  an  equivalent  cylinder  of  radius  of  base  r 
ivhose  axis  is  parallel  to  YY  at  a  distance  b. 

Ans.  The  moment  of  inertia  of  a  sphere  whose  mass  is  Mi  about  any  diam- 
2 
eter  is  (page  176)  /i  =  —Mir^.    The  moment  of  inertia  of  a  cylinder  of  mass  M» 
5 


about  its  axis  is  (page  175)  M^ 
to  the  axis  YY  we  have  then 
2 


2  • 


With  reference 


Ii' 


^Mir^^  +  Mia^    U  =  M^-. -{- M^h\ 
o  <« 


Hence  we  have 


0  ti 


But  if  8  is  the  density, 
4(J7rr3 


D 


e 


Ml  = 


3 
Hence 


and    M-t  =  SnrH. 


8       2r''  +  Sa' 

d  :=  — T  •    

15       r"  +  26» 


(1) 


If  the  cylinder  and  sphere  rotate  about  the  axis   YT  without  turning  on 
their  own  axes,  they  can  be  treated  as  particles,  and  we  have 

Ii'  =  Mia\    /a'  =  MJ)\ 
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If  the  cylinder  and  sphere  have  the  angular  velocity  or  acceleration  go  or  a 
About  their  own  axes  and  the  angular  velocity  or  acceleration  a?'  or  a'  about 
YY,  either  in  the  same  or  opposite  directions,  then  we  have 

2  r^ 

5  * 


5  i 


Hence 


8       3r2(»_±_5aW 
15  ^  *  "^  ±  2¥oo' ' 


or    d=:  — ?•  . 


8       2r''a  ±  5a^a' 


15       r^a±  2¥a' 


(3) 


If  the  bodies  are  rigidly  connected  with  the  axis  YY  we  have  go  =  go'  or 
«=«'  in  the  same  direction,  and  obtain  equation  (1).  If  the  bodies  do  not 
turn  on  their  own  axes  go  and  a  are  zero,  and  we  have 


^  =  iV 


5a^ 
2b' 


If  the  bodies  turn  about  their  axes  with  the  same  angular  velocity  or  accel- 
eration, as  about  YY,  but  in  the  opposite  direction,  we  have 

8        27-2  -  5a' 
d  =  -—r  '  - 


15 


26» 


(8)  Upon  a  vertical  hollow  axle  whose  outer  radius  is  ri  and 
inner  radius  ra,  and  length  I,  there  is  fixed  a  circular  disk  of  radius 
a,  at  right  angles  to  the  axle.  Under  the  action  of  a  force  the 
angular  velocity  cai  is  attained.  If  now  the  force  ceases  to  act,  find 
(a)  the  time  of  coming  to  rest ;  (b)  the  number  of  revolutions  in  that 
time. 

Ans.  Let  the  mass  of  the  axle  be  A,  and  of  the  disk  I).  Then  the  moment 
of  inertia  of  the  axle  is  (page  176) 


and  the  moment  of  inertia  of  the  disk  is 

The  total  moment  of  inertia  is  then 
/ 


y(r,'  +  r,2)+   ^{a'-^r,^). 


The  pressure  on  the  axle  is  (D  -\-  A)g  poundals.     The  moment  of  the 

II,  8ta 


friction  for  hollow  flat  pivot  is  then  (Vol 

2 
3 


Statics,  page  193) 
\r,^-r,^y 


where  //  is  the  coefficient  of  kinetic  friction. 
If  a  is  the  angular  retardation,  we  have  then 


la  =  M,    or    a 
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The  angular  velocity  at  the  end  of  any  time  t  is  then 

CO  =  cai  —  at. 
The  time  of  coming  to  rest  is  then 

_    (»1         Igoi 

~    a    ~    M  ' 

The  number  of  radians  described  in  the  time  t  is 


=  ODit 


■af 


2M 


The  number  of  revolutions  is  then 

2tz 


n  = 


(9)  Find  the  mass  of  a  fly-wheel  for  a  given  angular  velocity, 
length  of  crank  and  applied  force. 

Ans.  Let  the  greatest  angular  velocity  be  co^,  the  least  goi,  and  let  go  be  the 
mean  angular  velocity,  and  let  the  difference  of  ao^ 

GO 

and  &  1  be  — .     Then  we  have 
a 


00^  ~\-  COi  J        00 

oa  = ^r and     —  =002  —  ci>i, 

a  a 


and  hence 


2a 


w<i, 


-+^.  .  .  .  (1) 


^ 

A 

A 

1             ° 

5>- 

^ 

%. 

I 

\ 

¥ 

\^ 

b' 

D 

p 

VHnt 


Let  the  length  of  crank  be  r  =  OB,  and  the  connecting-rod  be  very  long 
compared  to  r,  so  that  the  constant  force  P  exerted  by  the  connecting-rod  may 
be  considered  as  practically  acting  always  in  the  same  vertical  direction.  Let 
Q  be  the  resistance  at  the  end  B  of  the  crank. 

When  the  crank  has  turned  through  the  angle  AOB  =  e  from  the  dead 
point  A,  the  work  of  P  is  Pr{l  —  cos  e),  and  the  work  of  the  resistance  is 
Qre.  If  then  the  angular  velocity  at  A  is  coi  and  at  B,  co^,  and  J  is  the 
moment  of  inertia  of  the  fly-wheel,  we  have  for  P  and  Q  in  pounds 


2g 


I{QOi^  —  <»,')  =  Pr(l  —  cos  e)  —  Qre. 


(2) 


In  every  complete  revolution  the  work  of  P  and  Q  must  be  equal.     We 
have  then  for  a  complete  revolution, 
(a)  for  single-acting  engine 


2rP  =  27crq,    or    q=-P  =  0.3183P ; 


(&)  for  double-acting  engine 


4rP  =  %7trQ,     or     Q  =  -P 


0.6366P. 


(3) 


.     (4) 


{a)  Single-acting  Engine. — At  any  point  B  we  can  resolve  Pinto  a  normal 
component  along  OB  and  a  tangential  component  P  sin  e,  which  causes  change 
of  motion.  At  the  dead  point  A  this  component  is  zero  and  increases  up  to  a 
point  B  for  which  it  is  equal  to  Q.  We  find  the  corresponding  value  of  the 
angle  AOB  =  e,  then  from 

P  sin  ei  =  Q  =  0.3183P,     or    e,  =  0.103  n  =  18°  33'  36.5". 
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From  B,  P  sin  e  increases  up  to  the  point  C,  and  from  this  point  again 
decreases  to  the  point  B',  where  it  is  again  equal  to  Q,  and  we  have  th& 
corresponding  value  of  the  angle  AOB'  =  ea  from 

Psin  ea  =  ^  =  0.3183P,     or    e^  =  0.897  7t  =  161°  26'  23.5". 

From  B*,  P  sin  e  decreases  to  the  dead  point  D,  where  it  is  again  zero. 
The  motion  is  then  accelerated  from  B  to  B' ,  since  between  these  points 
P  sin  e  is  greater  than  Q.  Between  A  and  B  and  B'  and  D  it  is  retarded. 
The  angular  velocity  is  then  least  at  B  and  greatest  at  B\  and  then  decreases 
to  its  minimum  value  at  B  again. 

If  the  crank  moves  a  fly-wheel  the  moment  of  inertia  of  which  is  /,  we 
have  then  the  increase  of  kinetic  energy  from  B  to  B'  equal  to  the  work  done, 
or  for  the  distance  BOB'  and  P  and  Q  in  pounds  and  r  in  feet 


^/(...^  -  o,.^) 


2rP  cos  ex  -  qr^it  -  2ei). 


.     .     (5> 


If  we  substitute  in  (5),  Q  =  — Pfrom  (3),  we  have 


^7((»a2  _  oj^'i)  ^  p^  ^2  cos  ei  -  1  +  ?^y 


(6) 


Substituting  €i  =  0.103  tc,  cos  ei  =  yl  —  sin^  ei  =  0.948  and  the  values, 
of  GOi  and  coa  from  (1),  we  obtain 


/  = 


1.102Pm5' 


or 


/=' 


2.204Prg 


(7) 


From  (7)  for  a  given  force  Pin  pounds,  length  of  crank  r  in  feet  and  rang& 

of  angular  velocity  a?i  and  go^,  or  ratio  a  =  ^,  "      — ^•,  we  can  find  the  mo- 
*=  "^  2((»2  —  coi) 

ment  of  inertia  /of  the  fly-wheel  and  can  then  design  it. 

(&)  Double-acting  Engine. — At  the  point  B  we  have,, 

as  before,  from  (4) 


Hence 


Psin  ei  =  ^  =  0.6366P. 

e,  =  0.2196  7t  =  39°  32'  19.5". 


From  B  to   B'   then  the  motion  is  accelerated  as: 
before,  and  the  angular  velocity  is  (»i  at  P  and  oo-t  at  B' . 
From  B'  to  B"  the  motion  is  retarded  to  goi  ,  from  B"  to 
B'"  accelerated  to  taa,  and  from  B'"  to  B  retarded  to  cdi. 
We  have  then  as  before,  for  P  and  Q  in  pounds  and  r  in  feet, 


2Pr  cos  ei  —  Qr{7C 
Substituting  as  before,  we  obtain 


-^i(«>,'  -  00.^) 


26r). 


1  = 
1  = 


0A210Prag 

0.842Pr.y 
(»a» 


5* 


(8> 
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We  can  call 

a>i  -{-  aoi  CO 


the  coefficient  of  steadiness.  The  greater  a  is  taken,  the  less  the  difference 
(»3  —  GOy  of  the  limiting  velocities,  and  the  steadier  the  action.  Ordinarily  a 
is  taken  at  from  30  to  100,  according  to  the  steadiness  desired. 

If  H  is  the  horse-power  of  the  engine  and  n  the  number  of  revolutions  per 
minute,  we  have  for  single-acting  engine 

2Prn        „  „        16500iJ 

33000="^'      or    Pr  =  — ^— . 

For  double-acting  engine 

4Frn         „  „        82505" 

33000  =  ^'      or    Pr  =  -^. 

Thus  for  a  double-acting  engine  of  25  horse-power  making  32  revolutions 

per  minute,  and  a  =  64,  we  have  go  =  — ^^r —  radians  per  sec.     From  (8), 

taking  ^  =  32  ft.-per-sec.  per  sec. 

7=  494900  lb.-ft.2 

If  the  outside  radius  of  the  fly-wheel  is  ri  =  6  ft.  and  the  inside  radius  is 
ra  =  5.5  ft.,  we  have,  if  we  disregard  the  spokes, 

/  =  Min^  +  ra')  =  494900,     or    if  =  7470  lbs. 

If  we  take  the  density  of  iron,  480  lbs.  per  cubic  foot,  the  thickness  of  the 
rim  t,  we  have 

Jlf  =  480  X  27tritiri  -  r,)  =  7470,    or    t  =  0.8  ft. 

(10)  A  homogeneous  prismatic  bar  AB  constrained  to  rotate 
about  a  fixed  axis  at  A  receives  a  direct  impact  from 
a  sphere  whose  mass  is  mi  and  velocity  m.  Find  the 
angular  velocity  aoa  of  the  bar  and  the  velocity  Vi  of 
the  sphere  after  impact  if  the  bodies  are  perfectly 
elastic. 

Ans.  Let  the  mass  of  the  bar  be  m,  and  k-q'^  the  square  of 
its  radius  of  gyration  with  reference  to  the  axis  at  A.  Also 
let  rta  be  the  distance  AB. 

Then  from  equations  (4)  and  (3),  page  183,  /-% 

_  _        2mia^Ui  __  7rha^j-jrht<^^  ^-^ 

(11)  In  the  preceding  example  let  there  be  no  fixed  axis.  Find 
where  the  impact  must  take  place  in  order  that  the  initial  velocity 
at  the  end  A  may  be  zero. 

Ans.  At  the  centre  of  percussion  (page  180).  Hence  if  G  is  the  centre  of 
mass,  K-a'  the  radius  of  gyration  with  reference  to  the  axis  through  A,  CA  =  s 

and  CB  =  p,  we  have  p  —  — . 
s 
We  obtain  the  same  result  from  equations  (5),  (6),  page  186. 
Thus  from  (5),  since  u^  =  0,  ea  =  0, 

(1  +  e)myK^'Hx 
I),  — 


(7/ii  4-  Wa)/<'3'*  +  rnip^ 
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and  from  (6) 

(1  +  e)m,pui 

0^3  =:   — 


(mi  +  mi)Ku^  -\-mip^ ' 

Now  since  for  origin  at  A  and  AC  coinciding  witli  axis  of  Y,  Vi  =  —  sgo^  , 
we  have 

Sp  =  Ki^,     OT     p  =  . 

8 

We  see  then  that  the  position  of  the  point  of  impact  is  independent  of  the 
magnitude  of  the  impulse  and  whatever  the  value  of  e,  that  is,  whether  the 
bodies  are  elastic  or  inelastic. 

If   the  point  of  no  initial  velocity  is  at  a  distance  d  from  C,  we  have 

'Oi  —  doo  =  0,  OT  dp  =  —  K■^  or  p  = —. 

(12)  A  horizontal  uniform  dish  is  free  to  revolve  about  a  vertical 
axis  through  its  centre,  A  man  walks  around  on  the  outer  edge. 
Find  the  angular  distance  passed  over  by  the  man  and  disk  when 
he  has  walked  once  round  the  circumference. 

Ans.  Let  M  be  the  mass  of  the  man  and  D  the  mass  of  the  disk,  and  r  its 

radius.     Then  /  =  ^r'^. 

Let  a  be  the  angular  acceleration  of  the  disk  and  F  the  force  exerted  on 
the  circumference.     Then  (page  170) 

_Fr__  2Fr^  _  2F 
^-   I   -  Br''  ~  Dr' 

If  «!  is  the  angular  acceleration  of  the  mass,  we  have  F=  Mra^,  and  hence 

The  angular  distance  of  the  disk  is  —at''  and  of  the  mass  ^  ait'',  and  when 
the  mass  arises  at  the  initial  point  we  have 

Inserting  the  value  of  ai,  we  have  for  the  angular  distance  of  the  mass 

1      ,,  _      2;rD 
2-^^^  -i>  +  2Jf' 

and  for  the  angular  distance  of  the  disk 

-at^  = 


Z  i>  +  2M' 

(13)  Let  a  body  of  mass  M  on  the  horizontal  arm  AB  be  free  to 
rotate  about  the  vertical  axis  ED.  Let  the  body  be  acted  upon  by  a 
horizontal  force  F  of  constant  magnitude  ahvays  at  right  angles  to 
AB  at  the  distance  AB  =  r.  Let  the  distance  AC  of  the  centre  of 
mass  C  from  the  axis  he  d.  Find  the  number  of  turns  which  the 
body  will  make  about  the  axis  DE  in  the  time  t. 


CHAP.  I.] 


EXAMPLES. 


211 


Ans.  Let  k  be  the  principal  radius  of  gyration  of  the  body  with,  reference 


to  the  axis  through  G  parallel  to  DE,  and  k'  the 
radius  of  gyration  with  reference  to  the  axis  DE. 
Then  (page  176) 

k""  =  /ca  +  d\ 

Then  (page  170)  we  have  for  the  angular  accel- 
eration 

_         Fr 

If  6  is  the  angular  distance,  we  have  0  =  -^oct^,  or 

Frf" 


The  number  of  complete  rotations  will  then  be 
6  Frf 


27t      ^TtM^K-^ -\- d'^) 


If  the  body  is  a  sphere  2  feet  in  diameter,  weighing  100  lbs.,  the 
centre  5  ft.  from  the  axis,  and  F  is  a  force  of  25  lbs.  at  the  end  of  a 
lever  8  feet  long,  find  the  number  of  turns  in  5  minutes,  {g  =  32  ft.- 
per-sec.  per  sec.) 


Ans.    n  = 


SS^r  X  8  X  300» 


7200000 
127;r 


4;rxl00f|+25\ 
The  time  necessary  to  make  one  turn  is 


45 
1845  — —  turns. 


/4^Xl00f|  +  25^ 


255^X8 


=  2.23  sec. 


(14)  A  sphere  whose  mass  is  m  rests  upon  the  rim  of  a  horizontal 
disk  of  mass  D.  A  perfectly  flexible  string  passes  round  the  disk 
and  over  a  pulley  and  has  a  mass  P  attached  to  its  lower  end.  Dis- 
regarding friction  and  the  mass  of  the  pulley  and  string,  find  the 
distance  described  by  P  in  the  time  t. 

Ans.  Let  B  be  the  radius  of  the  disk  and  r  the  radius  of  the  sphere. 

If  the  sphere  moves  with  the  disk  as  if  it 
were  part  of  it,  i.e.,  rotates  about  the  axis 
ab  in  the  same  time  that  it  rotates  about  the 
parallel  axis  AB,  we  have  the  moment  of 
inertia  of  the  sphere  with  reference  to  the 
axis  AB,  pages  173  and  176, 

2 

0 

In  this  case  we  have  for  the  angular  ac- 
77\       celeration  about  AB 

PgR 


Dp 


2  D 

g-wir'  4-  mB^  -[-  ~B? 
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Hence  the  acceleration  /  of  P  is 
f=Ra  = 


Pg 


(^4^)+f 


(1) 


The  distance  described  by  P  is  then 


s  =  ^ft^  = 


Pgt' 


2m 


(^+S) 


+  i> 


If  the  sphere  does  not  rotate  about  the  axis  db,  as  when,  for  instance,  it  is 
hung  from  the  rim,  we  may  consider  it  as  a  particle,  and  its  moment  of  inertia 
is  mS^.     We  have  then 

PgR 


a  = 


mB^-^-^B? 


f  = 


_    Pg 


m  + 


D' 


(3) 


and 


Pgt' 


2m +  i)- 
In  either  case,  if  we  take  the  reduced  mass  (page  174),  we  have 
Reduced  mass  Xf=  moving  force. 

If  the  sphere  has  an  angular  acceleration  (Xi  not  equal  to  a  about  a6  in  the 
positive  direction  (counter-clockwise),  we  have  for  the  moment  of  the  force 

2 
causing  this  rotation,    -mr^ai.     Hence,  by  D'Alembert's  principle  (page  168), 

0 

2  D 

PgR  —  -mr^ai  —  rnP^a  -  -^B?a=  0, 


PgR--mr'^ai 


(15)  A  dish  of  mass  D  is  free  to  rotate  about  a  horizontal  axis 
AB.  A  perfectly  flexible  string  passes  round  the  disk  and  has  a 
mass  P  attached  to  its  lower  end.  Find  the  distance  described  by  P 
in  t  seconds^  neglecting  friction  and  the  mass 
of  the  string. 

Pgr 


Ans. 


iV'+f^' 


/  = 


Pg 


*-  'nP   -2P  +  B' 


r       2Pr  +  Dt* 


^  =  2^  = 


Pgf" 


2Tt{2P-\-J))r 
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(16)  A  dish  of  mass  D  has  a  motion  of  translation  u  and  of  rota- 
tion e  in  its  own  plane,  when  suddenly  any  point  of  the  disk  becomes 
fixed.    Find  the  angular  velocity  go  about  the  fixed  point . 

Ans.  Let  p  be  the  perpendicular  distance  between  the  fixed  point  P  and  the 
direction  of  motion  of  translation  u  at  the  instant  when  P  becomes  fixed,  and  d 
the  distance  between  P  and  G. 

Then  the  moment  of  inertia  of  the  disk  with 
reference  to  the  axis  through  P,  if  K  is  the  prin- 
cipal radius  of  gyration,  is 

and  the  moment  of  momentum  is 


Bk^€  +  Bup. 


We  have  then  (page  171) 


_  DK'^e  -f  Pup  _  K-V  4-  up 


PiK-"  +  d') 


K^   +(?' 


(17)  A  sphere  of  mass  m  and  radius  r  has  an  angular  velocity  e 
and  contracts  until  its  radius  is  nr.  Find  the  final  angular 
velocity  oo. 

Ans.  By  the  principle  of  conservation  of  areas  (page  143)  the  moment  of 
momentum  is  constant      Hence 


■=^mr'6 
5 


mn^r'^GO,     or    a?  =  — ^e' 


5  n' 

The  initial  kinetic  energy  of  rotation  is  (page  171) 

1 


E, 


:mr^€^, 


and  the  final  kinetic  energy  of  rotation  is 

1 


E 


2^2  ^.,3    _ 


-mn'r'Go- 


5 -        5 

The  gain  of  kinetic  energy  of  rotation  is  then 


m-r-e* 


E- 


El  =  —mr*€^  -^ 


•(.-')■ 


This  gain  of  kinetic  energy  must  be  at  the  expense  of  potential  energy 
(page  87). 

[(18)  In  the  preceding  example  find  the  loss  of  potential  energy  due  to 
eontraction. 

Ans.  Let  m'  be  the  mass  of  a  particle  on  the  surface  of  the  sphere.  The 
attraction  between  the  sphere  and  this  particle  is  (Vol.  II,  Statics,  page  47) 

m'm  _  m'ml^g 
^~r^  -      Mr""    ' 

where  R  is  the  radius  and  M  tne  mass  of  the  earth,  and  g  the  acceleration  of 
gravity  at  the  earth's  surface. 

The  attraction  for  any  point  within  the  sphere  varies  directly  as  the  distance 
from  the  centre.     Hence  at  a  distance  p  from  the  centre  the  attraction  is 
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During  contraction  the  attraction  is  inversely  as  the  square  of  the  distance 
from  the  centre.  Hence  the  attraction  at  a  distance  a;  of  a  particle  originally 
at  p  is 

The  loss  of  potential  energy  of  the  particle  is  then 


m'mE'gp^ 

X  =  np 


/dx_  __  m'mR'^gp^fl  -  n\ 
-^  ~       m^~\    n    J' 


The  mass  of  a  unit  of  volume  of  the  sphere  is  j •    The  volume  of  a 

spherical  shell  of  radius  p  is  Aytp^dp.    Hence  the  mass  of  an  elementary 
shell  is 


Substituting  this,  we  have  for  the  loss  of  potential  energy  of  an  elementary 
shell 


Zm?R'gfl  -n\ 
Mr^    \     n     J 

The  total  loss  of  potential  energy  is  then 


p^dp. 


Sm^' 


This  loss  of  potential  energy  must  be  converted  into  kinetic  energy  (page 
87). 

We  have  just  seen  in  the  preceding  example  that  the  gain  of  kinetic 
energy  of  rotation  is 

Imruf^) (2) 

Hence  if  (1)  is  greater  than  (2),  the  difference  must  be  converted  into  heat 
energy.     The  energy  converted  into  heat  is  then 

^^^^^[^JR^gn  -  Mr^e^il  +  n)] (3) 

If  we  divide  by  g,  we  have  this  energy  in  ft. -lbs.  If  we  then  divide  by  J, 
the  mechanical  equivalent  of  heat,  we  obtain  the  number  of  heat  units.  We 
have  then  for  the  number  of  heat  units  generated 

XT       *!,    *      •*        wi(l-7?.)r„    ^,         Mr^6\l  4- n)~\ 

No.  of  heat  units  =  -^Vrr-r--    SmR^n ^ — ! — ^     . 

5JMn^r  |_  ^  J 

If  5  is  the  density  of  the  sphere  and  y  is  the  density  of  water,  the  mass  of 
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<^ 
a  volume  of  water  equal  to  the  sphere  is  —m.    If  o"  is  the  specific  heat  of  the 

sphere  and  jTthe  number  of  degrees  rise  of  temperature,  we  have 
No.  of  heat  units  =  — mT. 

r 


Hence 


'^L  9  J 


"''    >i.M        3' 


(19)  The  moment  of  inertia  of  the  shaft  OiB  with  reference  to  its 
axis  of  rotation  is  miKi^  =  40000  Ib.-ft^  and  that  of  the  trip-hammer 
BO2  with  reference  to  its  axis 
of  rotation  is  m^K-i^  =  150000  Ih.- 
fp    The  arm  OiB  of  the  shaft 
is  ai  =  2  ft.  and  that  BO2  of  the 
hammer  is  a^  =  Qft.     The  an- 
gular velocity  of  the  shaft  be- 
fore impact  is  ei  =  1.05  radians 
^er  sec.    Find  the  velocity  after 
impact  and  the  loss  of  energy  at  each  impact,   supposing  both 
bodies  inelastic. 

Ans.  (page  182).     The  angular  velocity  of  the  shaft  after  impact  is 

.  ^^  4  X  1.05  X  150000  ^„..       ,. 

^^  =  1-^^  -  40000X36  +  150000X4  =  ^'^^^  '^^'"^^  ^''  ^^- 

The  angular  velocity  of  the  hammer  after  impact  is 

6X3X1.05        ...^      ,. 

GOi  =  -; =  0.247  radians  per  sec. 

51 

The  loss  of  energy  at  each  impact  is  (page  171)  in  foot-poundals 

In  foot-pounds  we  have  then 

-€i^ — GOi^ — GOi^  =  201.63  foot-pounds. 


2g      '  2g       '  2g 

(20)  A  ballistic  pendulum  weighing  30000  lbs.  is  set  in  oscillation 
by  a  Q-lb.  ball,  and  the  angular  displacement  is  15°.  If  the  distance 
s  of  the  centre  of  mass  from  the  axis  is  5  ft.  and  the  distance  a^ 
of  the  point  of  impact  below  the  axis  is  5.5ft.,  and  the  number  of 
oscillations  per  minute  is  n  =  40,  find  the  velocity  of  the  ball. 

A       /  1QRN  3006      120X32.2X5       .    ^,,       wqoq  *^ 

Ans.  (page  185).  u^  = -^  .  40  x  3.1416  X  5.5  '^^  ^^    =  ^^^^  ^*-  ?"'  «^^- 

(21)  An  iron  ball  of  mass  mi  —  65  lbs.  strikes  with  a  velocity  of 
Ui  =  36  ft.  per  sec.  a  beam  of  wood  of  rectangular  cross-section 
whose  mass  is  mi  =  842.4  lbs.  at  a  distance  p  =  If  ft.  above  the 
centre  of  mass  C.  The  length  of  the  beam  is  5  ft.  and  the  thickness 
2  ft.    Find  the  velocity  of  the  ball  after  impact,  also  the  velocity  of 
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the  centre  of  mass  C  and  the  angular  velocity  of  the  beam,  regarding 
the  bodies  as  inelastic. 


Ans.  (page  185).     The  square  of  the  semi-diagonal  is 


e 


2  ft. 


Hence  the  moment  of  inertia  of  the  beam  (page  175)  is 


and 


^«^3  =  ~  X  7.25  =  2035.2 
3 


tc^  =  ^  X  7.25  =  2.416. 
o 


Hence  the  velocity  of  the  ball  after  impact  is 


«x  =  36  - 


36  X  2035.2 


907.4  X  2.416  +  65  X  1.75« 
The  velocity  of  the  centre  of  mass  is 


=  5.364  ft.  per  sec. 


36  X  65  X  2.416 


~  907.4  X  2.416  +  65  X  1.752 
The  angular  velocity  is 

36  X  65  X  1.75 


=  2.364  ft.  per  sec. 


907.4  X  2.416  +  65  X  1.75« 


=  —  1.712  radians  per  sec. 


CHAPTER  IL 

MOMENT  OF  INERTIA. 


DETERMINATION  OF  MOMENT  OF  INERTIA.  RADIUS  OF  GYRATION.  REDUC- 
TION OF  MOMENT  OF  INERTIA.  MOMENT  OF  INERTIA  FOR  A  LINE.  FOR 
A  PLANE  AREA.  FOR  A  POINT.  ELLIPSOID  OF  INERTIA.  PRINCIPAL 
AXES.  MINIMUM  MOMENT  OF  INERTIA,  EQUIMOMENTAL  CONES.  REDUC- 
TION OF  PRODUCT  OF  INERTIA.  EQUIMOMENTAL  BODIES  OR  SYSTEMS. 
MOMENTS  AND  PRODUCTS  OF  INERTIA  OF  BODIES. 

Moment  of  Inertia  of  a  Body.— We  have  already  seen  in  the 
preceding  chapter  (page  172)  the  part  played  by  the  moment  of 
inertia  in  rotary  motion.  In  the  present  chapter  we  shall  show  how 
to  determine  the  moment  of  inertia. 

We  may  define  the  moment  of  inertia  of  a  body  with  reference 
to  any  point,  line  or  plane  as  the  sum  of  the  products  obtained  by 
multiplying  the  mass  of  each  element  of  the  body  by  the  square  of 
its  distance  from  that  point,  line  or  plane. 

If  m  is  the  mass  of  an  element  and  r  its  distance  from  any  point, 
line  or  plane,  then  the  moment  of  inertia  is 


'  =:    I  mr^. 


The  determination  of  the  moment  of  inertia  of  a  body  is  then  a 
mere  problem  of  integration. 

We  denote  the  moment  of  inertia  with  reference  to  the  centre 
of  mass,  or  a  line  or  plane  through  the  centre  of  mass,  by  7;  with 
reference  to  any  other  point,  line  or  plane  by  J'. 

Radius  of  Gyration.— The  radius  of  gyration  of  a  bodjr  with  ref- 
erence to  any  point,  line  or  plane  is  that  distance  at  which,  if  the 
entire  mass  M  of  the  body  were  concentrated  in  a  single  particle, 
the  moment  of  inertia  would  be  the  same  as  for  the  body  itself. 

We  denote  the  radius  of  gyration  with  reference  to  the  centre  of 
mass,  or  a  line  or  plane  through  the  centre  of  mass,  by  /<*.  For  any 
other  point,  line  or  plane  we  denote  it  by  k' 

We  have  then 

I'  =  Mk'^    I  =  Mk\ 
or 


r  I 

317 


M'  M' 
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Reduction  of  Moment  of  Inertia.— We  have  already  found  (page 
173)  the  theorem  of  moment  of  inertia  for  parallel  axes,  viz., 

I'  =  1  +  Md\ 

or,  the  moment  of  inertia  of  a  body  with  reference  to  any  line  is 
equal  to  the  moment  of  inertia  with  reference  to  a  parallel  line 
through  the  centre  of  mass,  plus  the  product  of  the  mass  of  the 
body  by  the  square  of  the  distance  between  the  two  lines. 

If  therefore  we  know  /  and  d,  we  can  lind  J',  or  conversely,  if 
we  know  1 '  and  d,  we  can  find  /. 

We  have  then  also 

K'^  ^k""  +  d\ 

Evidently  the  moment  of  inertia  with  reference  to  any  line  through 
the  centre  of  mass  is  less  than  for  any  parallel  line,  and  the  radius 
of  gyration  with  reference  to  any  line  through  the  centre  of  mass  is 
less  than  with  reference  to  any  parallel  line. 

Moment  of  Inertia  with  Reference  to  a  Line. — Let  OZ  be  any  line 
and  ZOY,  ZOX,  any  two  rectangular  planes  passing  through  that 

line.  Then  for  any  particle  of  a  body 
of  mass  m  whose  co-ordinates  are  x, 
Y  y,  z,  we  have  the  moment  of  inertia 

with  reference  to  OZ 

mr^  =  mx^  +  mi/'. 

Summing  the  moments  of  inertia 

for  all  the  particles  of  the  entire 

X  body,  we  have  for  the  moment  of 

inertia  of  the  body  with  reference  to 

the  line  OZ 

2mr^  =  ^mx^  +  2my^. 


But  ^mr'  is  the  moment  of  inertia  of 
the  body,  J'z,  with  reference  to  the  line  OZ,  and  Smx''  =  Izy\  Smy^ 
=  I'zx ,  are  the  moments  of  inertia  of  the  body  with  reference  to  the 
planes  ZO  Y  and  ZOX.    Hence 


I'z  =  I'zy  H-  I 


zx , 


or,  the  moment  of  inertia  of  any  body  with  reference  to  a  line  is 
equal  to  the  sum  of  the  moments  of  inertia  for  any  two  rectangular 
planes  passing  through  that  line. 

Cor.  For  any  plane  area  as  YOX,  we  have 

I'z  =  I  X  +  ly  J 


or,  the  moment  of  inertia  of  any  plane  area  with  reference  to  a  line 
perpendicular  to  the  plane  is  equal  to  the  sum  of  the  moments  of  in- 
ertia for  any  two  rectangular  lines  in  the  plane  through  the  foot  of 
the  perpendicular. 

Moment  of  Inertia  with  Reference  to  a  Point.— Let  O  be  any  point, 
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OZ  any  line  through  that  point,  and  YOX  a  plane  through  the 
point  perpendicular  to  the  line. 

Then  for  any  particle  of  a  body 
of  mass  m  whose  co-ordinates  are 
£f,  2/,  z^  we  have  for  the  moment  of 
inertia  with  reference  to  O 

mr^  =  maj'  +  my'^  +  mz^. 

Summing  the  moments  of  iner- 
tia for  all  the  particles  of',the  entire 
body,  we  have  for  the  moment  of 
inertia  of  the  body  with  reference 
toO 

2mr^  =  2mx^  +  2my^  +  2mz^. 

c 

But  ^mr^  —  Jo'  is  the  moment 
of  inertia  of  the  body  with  reference  to  the  point  O,  and  '2mx^  = 
Tzy,  'Smy'^  =  I'zx,  '2mz'^  =  I'xy,  are  the  moments  of  inertia  of  the 

Ly  with  reference  to  the  co-ordinate  planes.    Hence 


1  zy, 

bod: 


lo'  =  I'zy  +  I'zx  +  I' 


XP' 


But  we  have  just  seen  that  I'zy  +  I'zx  =  I'z-    Hence 


Jo'  =  Iz'  +1 


xy- 


That  is,  the  moment  of  inertia  with  reference  to  any  point  is  equal 

to  the  sum  of  the  moments  of  inertia  for  any  three  rectangular 

planes  through  that  point; 

Or,  is  equal  to  the  sum  of  the  moments  of  inertia  for  any  line 

through  the  point  and  a  plane  through  the  point  at  right  angles  to 

this  line. 

Ellipsoid  of  Inertia.— The  ellipsoid  of  inertia  gives  the  relations 

existing  between  the  moments 
of  inertia  of  a  body  with  refer- 
ence to  all  lines  passing  through 
any  given  point. 

Let  this  point  be  the  origin 
O,  let  m  be  the  mass  of  any 
particle  of  a  body  whose  co-or- 
dinates are  a?,  y,  z,  with  refer- 
ence to  any  assumed  system  of 
rectangular  axes  through  O, 
and  let  OR  be  any  line  through 
the  origin,  making  the  angles 
^,  ^,  y  with  the  axes.  Let  r  be 
the  perpendicular  from  m  on 
this  line,  then  we  have 

r'  =  a;'  4-  2/'  4-  2'  —  {x  cos  a  +  y  cos  /5  +  z  cos  yY. 

We  have  then  for  the  moment  of  inertia  of  m  with  reference  to 
the  line  OR 


A 

m 

/ 

y 

ti 

r" 

^ 

X 

y' 

X' 

-f 

y^ 

U' 

mr 


'  =  m\x^  +  y^  +  z^  —  (X  cos  a  +  y  cos  ^  +  z  cos  yY], 
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Summing  the  moments  of  inertia  for  all  the  particles  of  the  en- 
tire body,  we  have,  since 

cos'  a  +  cos''  ft  +  cos''  r  =  1. 

for  the  moment  of  inertia  of  the  body  with  reference  to  the  line 
OR 

^mr^  =  2m  [(a?"  +  2/'  +  2;')  (cos'  a  +  cos'  /S  +  cos'  y) 

-  (a?  cos  a  +  ycos/S  +  z  cos  yf]- 
Multiplying  and  reducing, 

2mr^  =  2m{y^  +  2')  cos'  a  +  2m{x'  +  z^)  cos'  /? 

+  2m(x^  +  y^)  cos'  y  —  22myz  cos  /5  cos  y 

—  22mxz  cos  a  cos  y  —  22mxy  cos  a  cos  fi. 
But  (page  218) 

2m{y^  +  2')  =  Ix\     2m{x^  +  ;2;')  =  ly',    2m{x''  +  2/')  =  //, 

are  the  moments  of  inertia  of  the  body  with  reference  to  the  axes 
of  X,  F,  and  Z,  and  ^mr^  =  J '  is  the  moment  of  inertia  of  the  body 
with  reference  to  the  line  OR. 

Using  this  notation  we  have  then 

I'  —  Ix  cos'  a  +  ly  cos'  /?  +  Iz  cos'  y  —  22myz  cos  /?  cos  y 

—  22mxz  cos  a  cos  ;^  —  22mxy  cos  a  cos  /?.    (1) 

Let  M  be  the  mass  of  the  body  and  /<■',  kx,  Ky,  kz  be  the  radii  of 
gyration  of  the  body  with  reference  to  the  line  OR  and  the  axes  of 
X,  Y,  Z,  respectively.    Then 

r  =  Mk",     Ix  =  MKx'\     ly  =  MKy'\      h  =  Mkz'\ 

and  equation  (1)  can  be  written 

2 
K-'  =  K-x'  cos'  a  +  Ky'^  cos'  /?  +  Kz'^  cos'  ;'  —  —i2myz  cos  /5  cos  y 


2  2 

—  —  2mxz  cos  a  cos  ^  —  ^  2mxy  cos  «:  cos  ^.    (2) 

Now  suppose  we  lay  off  a  distance  OP  =  I  from  O  along  the  line 
OR  and  make 

OP  =  Z  =  ^, 

K 

where  p  is  any  arbitrary  length  we  please,  and  let  x\  y\  z'  be  the 
co-ordinates  01  the  point  P.  Then  whatever  the  assumed  value  of 
p,  we  have 

-  P'  KX' 
X    =  I  COS  a  =  — J-  COS  a,     or     COS  a  =  — „-  : 


p'  /<•'?/' 


?,''  =  Z  COS  y3  =  —  cos  /J,    or    cos  /3  = 


P' 


Z'  =  Z  cos  y  =    ~  cos  ^,      or     cos  ;/=-,- 


(3) 
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Substituting  these  values  in  (2),  we  obtain 

"-J  iK"  +  ^  r  +  ^'^^  -  ^  (■2myz)^ft 

2  2 

-  ^  {.:Smxz)xfz'  -  -^^  {:Smxy)x'^  =  1.    (4) 

This  is  the  equation  of  an  ellipsoid.  If  we  multiply  by  M,  then 
since  Mp*  =  MP'k^  =  ri',  we  have 

PI'  =  IxOC'  +  lyy'^  +  Izz'""  —  2{2myz)i/z' 

—  2(2mxz)x'z'  —  2{2mxy)x'y'.     (5) 

That  is,  if  we  lay  off  on  every  line  OR  through  the  origin  a  distance 

I  =  — ;-,  where  the  distance  p  may  have  any  arbitrary  value,  all  the 

points  P  thus  determined  ivill  lie  in  the  surface  of  an  ellipsoid. 

This  ellipsoid  is  called  the  ellipsoid  of  inertia  of  the  point  O,  be- 
cause the  square  of  the  reciprocal  of  any  one  of  its  semi  diameters 

f  ^  =  —J  1  multiplied  by  the  mass  M  of  the  body,  is  proportional  to 

the  moment  of  inertia  (Mk"^)  of  the  body  with  reference  to  the  coin- 
cident line  through  the  point  O. 

Expressions  of  the  form  2mriru ,  where  ri,  ra  are  the  distances 
of  an  elementary  mass  m  from  two  planes,  are  called  moments  of 
deviation  or  products  of  inertia.  We  adopt  the  latter  term  and  de- 
note them  by  D.  Thus  2mxy  =  Dxy  is  the  product  of  inertia  icith 
reference  to  the  XYaxes.  In  like  manner  2myz  =  Dyz  and  2mzx 
=  Dzx  are  the  products  of  inertia  with  reference  to  the  yz  and  zx 
axes  respectively. 

The  equation  of  the  ellipsoid  of  inertia  for  any  point  O  can  then 
be  written 

Mp^'^y^   Mp*y^^    Mp*^^  -^'  ^^^ 

When  the  point  O  is  the  origin  for  any  assumed  set  of  rectangular 
co-ordinate  axes,  x\  y[ ,  z'  are  the  co-ordinates  of  any  point  oi  the 
ellipsoid  for  these  axes;  kx  Ky\  k^'  are  the  radii  of  gyration  of  the 
body  with  reference  to  the  axes  of  X,  F,  Z  respectively;  Dxy,  Dyz, 
Dzx  are  the  respective  products  of  inertia  with  reference  to  the  xy, 
yz,  and  zx  axes ;  M  is  the  mass  of  the  body,  and  p  is  any  assumed 
constant  length. 

Principal  Axes.— The  point  O  is  the  centre  of  the  ellipsoid.  The 
axes  of  figure  OA,  OB,  OC  of  the 
ellipsoid  are  called  the  principal  axes 
at  the  point  O,  and  the  moments  of 
inertia  of  the  body  with  reference  to 
these  principal  axes  are  called  the 
principal  moments  of  inertia  at  the 
point  O. 

These  principal  moments  of  iner- 
tia must  evidently  include  the  great- 
est and  least  of  all  the  moments  of 
inertia  at  the  point  O,  the  least  corre- 
sponding to  the  longest  semi-diameter  OA,  and  the  greatest  to  the 
shortest  semi-diameter  OC. 

For  any  point  O,  then,  there  must  evidently  be  at  least  one  set 
of  rectangular  axes,  OA,  OBj  OC,  which  are  principal  axes. 
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Now  the  equation  of  an  ellipsoid  referred  to  its  centre  and  axes 
has  the  form 

Ax''  +  By"  +  Cz""  =  1. 

Comparing  with  equation  (6),  we  see  that  the  equation  of  the 
ellipsoid  of  inertia  takes  this  form  when 

Dxy  =  ^mxy  =  0,      Dyz  =  2myz  =  0,      Dzz  =  2mzx  =  0,     (7) 

in  which  case  it  becomes 

Kx"x"   +  Ky"y"   +  Kz"z"  =  P\ (8) 

where  Kx,  Ky\  kz  are  the  principal  radii  of  gyration  with  reference 
to  the  principal  axes.  Equations  (7)  are  therefore  the  equations  of 
condition  for  principal  axes. 

If  any  two  of  these  conditions,  as  for  instance 

Dxy  =  2mxy  =  0.        D/^z  =  ^myz  =  0, 

are  fulfilled,  the  equation  of  the  ellipsoid  of  inertia  at  any  point  O 
becomes 


Kx'^X"   +  Ky''y''   +  iCz^'z'^  -  -lifz'x' 


2Dzx 
M 


We  see  from  this  equation  that  for  any  given  values  of  z',  x',  we 
have  two  equal  values  of  y'  with  opposite  signs.  Hence  the  surface 
of  the  ellipsoid  is  symmetrical  with  respect  to  the  zx  plane,  and 
hence  the  axis  of  Y  is  a  pri7icipal  axis  at  the  origin. 

Conversely,  if  a  line  is  a  principal  axis  at  one  of  its  points, 
then  taking  this  point  as  origin  and  the  line  as  axis  of  F,  the 
conditions 

Dxy  =  2mxy  =  0,    Dyz  =  '2myz  =  0 

must  be  satisfied. 

We  see,  moreover,  that  if  a  line  is  a  principal  axis  at  one  of  its 
points  as  O,  it  will  not  in  general  be  a  principal  axis  at  any  other 
of  its  points.  For,  taking  the  line  as  axis  of  Y  and  O  as  origin,  we 
must  have  ^mxy  =  0  and  2myz  =  0.  If  now  we  take  some  other 
point  on  the  line  at  a  distance  a  from  O  as  origin,  if  the  line  is  a 
principal  axis  for  this  point  also  we  must  have 

2mx(y  —  a)  =  0,    2mz(y  —  a)  =  0, 

which  can  only  be  the  case  when  2mx  =  0  and  2mz  =  0,  that  is, 
when  the  line  passes  through  the  centre  of  mass. 

Hence,  a  line  cannot  be  a  principal  axis  at  more  than  one  of  its 
points,  unless  it  passes  through  the  centre  of  mass;  in  the  latter 
case  it  is  a  principal  axis  at  every  one  of  its  points. 

The  ellipsoid  for  the  centre  of  mass  is  called  the  central  ellipsoid 
of  inertia. 

From  equations  (1)  and  (2)  we  have  also  for  the  equation  of  the 
ellipsoid  of  inertia  at  a  point  O,  referred  to  its  principal  axes, 

r   =  Ix  cos'  a  +  ly'  cos'  /?  +  Iz  cos'  y (9) 

K'-'  =  Kx"^  cos'^  oc  -f  Ky'''  cos'  ft  +  ftz'^  cos'  y.  .    .    .  (10) 
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That  is,  the  moment  of  inertia  of  a  body  with  reference  to  any 
line  is  equal  to  the  sum  of  the  products  obtained  by  multiplying  the 
principal  moments  of  inertia  for  any  point  of  the  line,  respectively, 
by  the  squares  of  the  cosines  of  the  angles  which  the  line  makes  with 
the  principal  axes  at  that  point. 

In  finding  the  ellipsoid  of  inertia  for  a  body  at  any  point,  con- 
siderations of  symmetry  are  often  of  assistance. 

Thus  if  a  body  has  a  plane  of  symmetry,  then  taking  this  plane 
as  the  yz-plane  and  a  perpendicular  to  it  at  any  point  as  the  axis  of 
X,  we  have  for  any  given  values  of  y,  z,  two  equal  values  of  x  with 
contrary  signs.  Hence  2mxz  =  0  and  ^mxy  —  0,  whatever  the 
position  of  the  other  two  co-ordinate  planes. 

Therefore,  any  perpendicular  to  a  plane  of  symmetry  is  a  prin- 
cipal axis  at  its  point  of  intersection  ivith  the  plane ;  and  a  per- 
pendicular to  a  plane  of  symmetry  at  the  centre  of  mass  is  a  prin- 
cipal axis  at  every  one  of  its  points. 

If  the  body  has  two  planes  of  symmetry  at  right  angles  to  each 
other,  then  taking  one  as  the  yz--pla,iie  and  the  other  as  the  2;a?-plane 
and  their  intersection  as  the  axis  of  z,  it  is  evident  that  all  three 
products  of  inertia  vanish,  and 

Dxy  =  2mxy  =  0,     Dyz  =  2myz  =  0,    Dzx  =  2mzx  =  0, 

710  m.atter  where  the  origin  be  taken  on  the  axis  of  z. 

Hence,  the  prijicipal  axes  at  any  point  on  the  line  of  intersection 
of  two  rectangular  planes  of  symmetry  are  this  line  of  inter- 
section and  the  two  perpendiculars  drawn  to  it  at  the  point,  in 
each  plane. 

If  there  are  three  planes  of  symmetry  at  right  angles  to  each 
other,  their  point  of  intersection  is  the  centre  of  mass,  and  their 
lines  of  intersection  are  the  principal  axes  at  the  centre  of  mass. 

Minimum  Moment  of  Inertia.  — Let  /  be  the  moment  of  inertia 
of  a  body  with  reference  ^to  any  line  through  the  centre  of  mass, 
T  the  moment  of  inertia  with  reference  to  any  parallel  line  at  a 
distance  d  from  the  first,  and  M  the  mass  of  the  body.  Then  we 
have  seen  (page  218)  that 

r  =  J-f  Md''-, 

that  is,  the  moment  of  inertia  of  a  body  with  reference  to  any  line 
is  equal  to  its  moment  of  inertia  with  reference  to  a  parallel  line 
through  the  centre  of  mass,  plus  the  product  of  the  mass  of  the 
body  by  the  square  of  the  distance  between  the  two  lines. 

We  see,  then,  that  the  moment  of  inertia  of  a  body  with  refer- 
ence to  any  line  through  the  centre  of  mass  is  less  than  the  mo- 
ment of  inertia  with  reference  to  any  other  parallel  line. 

Hence,  the  least  principal  moment  of  inertia  at  the  centre  of 
Tnass  is  the  least  of  all  the  moments  of  inertia  of  the  body,  and  is 
equal  to  the  mass  M  multiplied  by  the  square  of  the  reciprocal  of 
the  longest  semi-diameter  of  the  central  ellipsoid. 

Discussion  of  the  Ellipsoid  of  Inertia. — Let  Ix,  ly,  Iz  be  the  prin- 
cipal moments  of  inertia  at  the  centre  of  mass. 

(1)  Let  Ix  =  ly  =  Iz  =  Mk\  where  M  is  the  mass  of  the  body 
and  K  is  the  principal  radius  of  gyration  for  each  principal  axis. 
In  this  case  we  see  from  (9)  that  the  central  ellipsoid  is  a  sphere, 
and  therefore  all  moments  of  inertia  at  the  centre  of  mass  are 
equal  to  Mk'^  and  all  axes  through  it  are  principal  axes.    The  radius 

of  the  sphere  is  then  — ,  so  that  the  mass  M  multiplied  by  the  square 
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of  the  reciprocal  of  any  radius  gives  the  moment  of  inertia  for  the 
coincident  line. 


Let  O  be  any  other  point  at  a  distance  CO  =  d  from  the  centre 
of  mass  C.  Let  OR  be  any  line  making  the  angle  6  with  CO, 
Then  the  moment  of  inertia  with  reference  to  this  line  is 


/'  =  Mk''  +  Md''  sin''  6. 

For  all  lines  through  O  perpendicular  to  CO  the  moment  of  in- 
ertia is  then  M{k'^  +  d'^),  while  for  the  line  CO  the  moment  of  inertia 
is  Mk^.    The  ellipsoid  of  inertia  becomes  then  a  prolate  spheroid 

whose  greatest  principal  axis  is  OA  =  —  or  the  same  as  the  radius 

of  the  sphere,  while  all  axes  through  O  perpendicular  to  OA  are 

principal  axes,  and  equal  to 


In   this   case  we   have 


Vk''  +  d' 
(2)    Let  Ix  >  ly  and  Iy=zlz=  MKy\ 

Mkj,''  >  MKy\  or  Kx>  Ky,  or  —>  —.      The  semi-diameters  of   the 

Ky  Kx 

central  ellipsoid  along  the  axes  of  F  and  Z  are  then  both  equal  to 
— ,  and  along  the  axis  of  X  the  semi-diameter  is  — .      The   central 

ellipsoid  is  then  an  oblate  spheroid  whose 

greatest  principal  axis  is  CB  =  — ,  con- 

^y 
stant  for  all  lines  through  C  perpendicu- 
lar to  the  least  principal  axis  CA  =  — • 

i<x 

There  are  two  points  on  the  axis  CA 
at  which  the  ellipsoid  is  a  sphere  of  radius  — •    At  these  points  all 

*^x 

moments  of  inertia  must  be  equal  to  Zc,  since  Ix  is  unchanged  by 
the  change  of  point.    These  points  can  be  found  as  follows : 

Let  xhe  the  distance  from  C  to  any  point  O  on  the  axis  of  X  or 
on  CA  prolonged.  If  all  moments  are  equal  at  this  point,  we  must 
have 

Ix  =  Iy+  Mx"  =  Iz  +  Mx\ 
Hence 


-•o 


X=±\/^±-^  =  ±  \/k^ 


M 

It  is  evident  the  ellipsoid  can  become  a  sphere  at  no  other  points. 
(3)  Let  Ix  =Iy  =  MKx'  and  ly  >  Iz.    In  this  case  we  have 


Ky>  Kz,    or 


1        1 
—  >  — . 

Kz  Ky 
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The  semi-diameters  of  the  central  ellipsoid  along  the  axes  of  X 
and  Fare  then  both  equal  to  —  and  along 

the  axis  of  Z  the  semi-diameter  is  — .    The 

central  ellipsoid  is  then  a  prolate  spheroid 
whose  axis  is  that  of  Z.  There  is  no  point 
in  this  axis  at  which  the  ellipsoid  becomes  a 
sphere,  because  we  find  as  before 


^±\/k 


M 


±    ^Kz  —   Ky. 


Since  Ky  >  Kz  we  have  the  square  root  of  a  minus  quantity. 

(4)  Let  Ix>  Iy>  Iz-  Then  the  central  ellipsoid  is  one  of  three 
unequal  axes  at  the  centre  of  mass  and  cannot  be  a  sphere  at  any 
point. 

Equimomental  Cones. — From  equation  (8)  we  have  for  the  equa- 
tion of  the  ellipsoid  of  inertia  at  any  point  O,  referred  to  its  centre 
and  principal  axes 

Kx'x'^  +  Ky'-'y'^  +  Kz'^z!'  =  p\ 

2 

The  equation  of  a  sphere  of  radius  — ,  described  about  O  is 

The  intersections  of  this  sphere  with  the  ellipsoid  give  curves  on 
the  surface  of  the  ellipsoid. 

The  radius  vectors  from  O  to  every  point  of  these  curves  form 
cones  which  are  called  the  equimomental  cones.  Every  straight  line 
in  the  surface  of  these  cones  passing  through  O  to  the  ellipsoid  is  a 
semi-diameter  of  the  ellipsoid  for  which  the  moment  of  inertia  i» 
constant. 

Combining  the  two  equations  above,  we  have  for  the  equation  of 
these  cones 

(kx"  -  i<")x"  +  {Ky"  -  K'')y"  +  (Kz' -  k")z''  =  0; 
or  multiplying  by  ilf,  1-  •    •     (H) 

(ix'  -  /  V  +  (ly  -  i')y"  +  Hz  - 1')^""  =  0. 
Let  Ix  >  Iv  >  Iz.    Then  — ->  — ;  >  — r,  or  the  semi-axis  OZ  of 

Kz  Ky  Kx 

the  ellipsoid  is  greater  than  the  semi-axis  OY,  and  the  semi-axis 

OF  is  greater  than  the  semi-axis  GX 

If,  then,  —f  is  less  than  — ;  and  greater 
than  — ;,  the  intersections  of  the  sphere 

Ky" 

and  ellipsoid  give  two  tangent  cones,  the 
axis  of  one  coincident  with  OZ  and  of 

the  other  coincident  with  OY.    If  -p  — 

— r,  the  first  of  these  cones  becomes  a 
straight  line  coincident  with  OZ  and  the  other  becomes  a  plane  co- 
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incident  with  ZX.  If  --  is  greater  than  — ;,  there  is  no  intersec- 
tion. 

If  —  is  less  than  — ;  and  greater  than  — ;,  the  intersections  of  the 

K  Ky  Kx 

sphere  and  ellipsoidgive  two  tangent  cones,  the  axis  of  one  coincident 
with  O  Fand  of  the  other  with  OX.  If  -  =  — 7,  the  first  of  these  becomes 
a  plane  coincident  with  ZX,  and  the  other  a  straight  line  coincident 
with  OX,    If  —7  is  less  than  — :,  there  is  no  intersection. 

If  — 7  =  — ),  the  cones  reduce  to  two  planes  given  by 

(ktx"  -  k"')x"'  +  {Kz''  -  K'V  =  0. 

These  are  the  central  circular  sections  or  cyclic  sections  of  the 
ellipsoid.  They  intersect  in  the  axis  OF  and  divide  the  ellipsoid 
into  four  wedges,  whose  centre  lines  for  one  pair  are  OZ  and  for  the 
other  pair  OX.  The  first  pair  contains  all  the  equimomental  cones 
whose  axes  coincide  with  OZ  or  the  greatest  axis  of  the  ellipsoid, 
the  other  pair  contains  all  those  whose  axes  coincide  with  OX  or 
the  least  axis  of  the  ellipsoid. 

Reduction  of  Products  of  Inertia. — We  have  already  proved 
(page  173)  the  "theorem  of  moment  of  inertia  for  parallel  axes," 
viz., 

1=1+  Md'; 

that  is,  the  moment  of  inertia  I  of  a  body  with  reference  to  any 
line  is  equal  to  the  moment  of  inertia  I  with  reference  to  a  parallel 
line  through  the  centre  of  mass,  plus  the  moment  of  inertia  Md^  of 
the  entire  mass,  concentrated  at  the  centre  of  mass,  with  reference 
to  the  original  line. 

We  can  easily  prove  a  similar  theorem  for  products  of  inertia. 

Thus  let  JDxy  be  the  product  of  inertia  of  a  body  with  reference 
to  any  two  axes  X,  Y through  the  centre  of  mass,  D'xy_the  product 
of  inertia  with  reference  to  any  two  parallel  axes,  x  and  y  the 
co-ordinates  of  the  centre  of  mass,  and  M  the  mass  of  the  body. 
Then  we  have  the  relation 

D'xy  =  Dxy  +  Mxy, 

that  is,  the  product  of  inertia  D'xy  of  a  body  with  reference  to  any 
two  axes  is  equal  to  the  product  of  inertia  Dxy  with  reference  to 
two  parallel^  axes  through  the  centre  of  mass,  plus  the  product  of 
inertia  Mxy  of  the  entire  mass,  concentrated  at  the  centre  of  mass, 
with  reference  to  the  original  axes. 

This  we  can  call  the  "  theorem  of  product  of  inertia  for  parallel 
axes."  By  means  of  it  we  can  find  U  for  any  two  axes,  if  D  for 
two  parallel  axes  through  the  centre  of  mass  and  the  co-ordinates 
of  the  centre  of  mass  are  known.  Or,  conversely,  we  can  find  D  if 
D'  and  the  co-ordinates  are  known. 

We  can  easily  prove  this  theorem  as  follows  : 

Let  x',  y'  be  thedistances  of  any  particle  m  from  the  Y'Z  and 
ZX'  planes,  let  x,  y  be  the  distances  of  the  centre  of  mass  from 
the  same  planes  and  x,  y  the  distances  of  the  particle  from  the 
parallel  planes  YZ  and  ZX  through  the  centre  of  mass. 
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Then  we  have  a?'  =  a?  +  a;,    y'  =  y  +  y^    and  hence 
2m3cfy'  =  :Sm(x  +  x){y  +  y)  =  xy2m  +  2mxy  +  x2my  +  y2mx. 

Since  the  planes  YZ  and  ZX  pass  through  the  centre  of  mass, 
we  have  2my  =  0,  2mx  =  0.    Hence 

2moc'y'  =  2mxy  +  ~xy2m. 

But  2mx'y'  =  D'xy ,    2mxy  =  Dxy     and     Sm  =  M.    Therefore 

D'xy  =  Dxy  +  Mxy. 

Equimomental  Bodies  or  Systems. — Two  bodies  or  systems  of 
bodies  are  said  to  be  equimomental  when  their  moments  of  inertia 
about  all  straight  lines  are  equal  each  to  each. 

If  two  bodies  or  systems  have  the  same  centre  of  mass,  the  same 
mass,  the  same  principal  axes  and  principal  moments  of  inertia  at 
the  centre  of  mass,  they  are  equimomental. 

Determination  of  Moments  and  Products  of  Inertia.— To  determine 
the  moment  of  inertia  of  a  body  with  reference  to  any  line,  we  have  sim- 
ply to  perform  the  summation  2mr^,  where  m  is  the  mass  of  an  element 
.and  r  its  distance  from  the  line. 

To  determine  the  product  of  inertia  we  have  to  perform  the  summation 
2jnri7\  where  ri,  ra  are  the  distances  of  an  element  of  mass  m  from  two 
rectangular  planes. 

[(1)  Moment  of  Inertia  of  a  Homogeneous  Material  Line.— Let  the 
length  AB  be  I,  and  the  linear  density  d.    Then  the 
mass  is 

and  the  centre  of  mass  is  at  the  middle  point  0. 

Let  the  line  coincide  with  the  axis  of  Y,  and  take 
the  axes  of  JT  and  Z  through  the  centre  of  mass  O. 
The  planes  ^F,  YZ,  ZX  are  planes  of  symmetry. 
Hence  (page  223)  any  three  rectangular  axes  OX, 
OY,  OZ  through  the  centre  of  mass,  of  which  any 
one,  as  OY,  coincides  with  the  line,  are  principal 
axes  at  the  centre  of  mass. 

We  have  then  for  the  moment  of  inertia  with  reference  to  the  axis  of 
Y  through  the  centre  of  mass,  coinciding  with  the  line, 

Iy  =  ^ (1) 

The  mass  of  any  element  of  the  rod  is  m  =  Sdy.  Hence  the  moment 
of  inertia  with  reference  to  OX  or  OZ  through  the  centre  of  mass  is 


:     /  7ny'  =    /  S, 


For  any  line  OR  through  the  centre  of  mass  in  the  plane  XY,  making 
the  angle  a  with  OX,  we  have  from  equation  (9),  page  222, 

P 
I  =  Ix  cos'  a  +  ly  sin'  a  =  M:r^  cos'  a    ....     (3) 
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For  any  parallel  line  at  a  distance  d  from  OR  we  have  by  the  theorem 
of  parallel  axes,  page  173, 


I'  ^  I  +  Md' 


(4> 


Equimomental  System.— Let  the  line  AB  be  replaced  by  three 
particles  of  mass  mi  at  the  ends  A  and  B  and  Wa  at  the  centre  of  mass  0. 
Then  we  have 

2wi  +  ma  =  if, 
and  for  a  line  through  B  parallel  to  OX^  since  in  this  case  (i  =  -5, 


'"■''+ ""^  (ly = ^  I +^©'- 

From  these  two  equations  we  obtain 

1  2 

mi=z-M,         m^  =  gif. 

Hence,  the  moment  of  inertia  of  a  homogeneous  material  line  with 
reference  to  any  line  whatever  is  the  same  as  for  a  system  consisting  of  a, 
particle  of  one- sixth  the  mass  at  each  end  arid  a  particle  of  two  thirds  the 
mass  at  the  centre  of  mass. 

Product  of  Inertia. — Take  the  axes  of  X  and  Y  through  the  centre  of 
mass  0,  and  let  the  line  ^^  be  in  the  plane  XY 
and  make  the  angle  a  with  the  axis  of  X.  Let 
p  be  the  distance  of  any  element  from  0,  and  S 
the  linear  density.  Then  the  mass  of  an  ele- 
ment is  m  =  ddft  and  its  co-ordinates  are  x  = 
p  cos  a,  y  =  p  sin  a.  The  mass  of  the  line  is 
•X       M=  81. 

We  have  then  for  the  product  of  inertia  for 
two  rectangular  axes  X,  Y  through  the  centra 
of  mass,  the  line  being  in  the  plane  XY  and 
making  the  angle  a  with  the  axis  of  X, 


dp 


Dxy=    I  mxy  =    I  ^ 


sin  a  cos  ap^dp 


81^  i^J     • 

=  Zl_  sin  a:  cos  a  =  M--  sm  a  cos  a    . 
12  1^ 


(5) 


For  any  pair  of  parallel  axes  X\  Y'  we  have  by  the  theorem  of 
parallel  axes  (page  173) 


B'tu  —  Bxy  +  Mx  y, 


(6) 


where  rr,  y  are  the  co-ordinates  of  the  centre  of  mass  0  with  reference  to 
X',  Y'. 

If  the  line  coincides  with  the  axis  of  X  or  Y  we  have 


'xy 


0,      D'xy  =  Mxy. 


(7) 
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We  see,  then,  that  the  product  of  inertia  of  a  liomogeneous  material 
line  with  reference  to  any  pair  of  rectangular  axes  is,  like  the  moment  of 
inertia,  the  same  as  for  a  system  consisting  of  a  particle  of  one  sixth 
the  mass  at  each  end  and  a  particle  of  two  thirds  the  mass  at  the  centre 
of  mass. 

[(2)  Moment  of  Inertia  of  a  Homogeneous  Material  Triangle. — 
Let  A,  B,  C  represent  the  angles  of  a  triangle;  a,  6,  c  the  sides  opposite 
respectively;  h  the  altitude  for  any  side  6,  and 

S  the  surface  density.    Then  the  mass  of  the  * — ti ij 

triangle  is 

2 

Take  an  elementary  strip  parallel  to  the  side  a" 
6  at  a  distance  y  from  the  vertex  B,  and  let  x 
loQ  the  length  of  this  strip  and  dy  its  thickness.    Then  we  have 


X  :  y  : :  b  :  h,    or 


''  =  P 


The  area  of  the  strip  is  xdy  =  —y  dy,  and  its  mass  is  m  =  -r-ydy.    We 

h  h 

can  consider  this  strip  as  a  material  line.  Its  moment  of  inertia  with  ref- 
erence to  the  coincident  line  is  then  zero.  With  reference  to  the  parallel 
line  through  the  vertex  B  it  is  then  my^.  The  moment  of  inertia  of  the 
triangle     *th  reference  to  this  line  is  then 


lb'  =    /  my'=   I 
J  Q  Jo 


4 


M^t. 


(1) 


For  the  parallel  axis  through  the  centre  of  mass  0  we  have  by  the 
theorem  of  parallel  axes  (page  173) 


J'or  the  axis  coinciding  with  the  base  6  we  have 


M 


6 


(3) 


(3) 


Now  take  any  axis  AD  through  the  vertex  A  in  the  plane  of  the  tri- 
angle. Let  pi,  Pi  be  the  perpendiculars  from  B 
and  C  on  AD.  Produce  the  side  DC  to  intersec- 
tion D  with  AD,  and  let  the  distance  AD  =  I. 
Let  Ml  be  the  mass  of  the  triangle  ADB,  so  that 
Slpx 

2 
angle  with  reference  to  the  line  AD  coinciding 
with  the  base  is,  from  (3), 


Ml  = 


The  moment  of  inertia  of  this  tri- 


Ii'  =  Mi^  = 
6 


12 


jSfa  = 


Let  M^  be  the  area  of  the  triangle  ADC,  so  that 

-^.    The  moment  of  inertia  of  this  tri- 
2 
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angle  with  reference  to  AD  coinciding  with  its  base  is,  from  (3), 


/a' 


^-  = 


"la" 


Hence  the  moment  of  inertia  of  the  given  triangle  ABO  with  reference 
to  AD  is 


/'  =  Ji'  -  h' 


81 


—  (pi'  -  Pa')  =  —  (p,  -  i?a)  .  -^i"  +  p,p^  +  p^)^ 


But  — {pi  —  Pi)  is  the  mass  if  of  the  triangle  ABC^  and 


Hence 


-=f  [(f)^(fy-(^^n (^> 

That  is,  the  tnoment  of  inertia  of  a  homogeneous  triangle  about  any  line 
is  the  same  as  for  a  system  consisting  of  a  particle  of  one  third  the  mass 
of  tJie  triangle  placed  at  the  middle  point  of  each  side. 

If  the  axis  through  A  is  at  right  angles  to  the  side  6  we  have  then 


^'^  -  3  [\2)    +  VStan^y    +  1^3  "*"  2tan^j  ' 


or 


'•■=?('•* 


hh 


tan  A 


tan^  a) 


(5) 


The  distance  from  this  axis  to  the  centre  of  mass 


3  V    "^  tan 


— V 

hA) 


Therefore  by  the  theorem  of  parallel  axes  (page  173)  the  moment  of 
inertia  with  reference  to  a  line  in  the  plane  of  the  triangle  at  right  angles 
to  the  side  b  through  the  centre  of  mass  is 


^-^^■--ihra^y  =  i(^'- 


bh 
tan  A      tan 


(6) 


Now  the  plane  of  the  triangle  is  a  plane  of  symmetry,  and  therefore 
(page  223)  the  line  through  the  centre  of  mass  at  right  angles  to  this 
plane  is  a  principal  axis  at  the  centre  of  mass. 

We  have  then  for  the  moment  of  inertia  with  reference  to  a  line 
through  the  centre  of  mass  at  right  angles  to  the  plane  of  the  triangle 


/«  =  /.  +  /.  =  ^(/.'  +  *'-,-^  +  ,-^)=3^(a'  +  6'  +  o^). 


(7) 
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Draw  the  line  BD  from  the  apex  B  to  the  middle  point  D  of  the  base  6, 
and  let  this  line  make  the  angle  go  with  the  base.  This  line  is  a  line  of 
symmetry,  passes  through  the  centre  of  mass  0,  and  bisects  every  line 
parallel  to  the  base.  Then  if  E,  F  are  the 
middle  points  of  the  other  sides,  we  have  EF= 

--  and  EN  =  FN  =  — .    Taking  \m  concen- 

trated  at  D,  E  and  F,  we  have  for  the  moment 
of  inertia  with  reference  to  the  line  BD 


Ir  =  =.M  -  sm  ft?     =  — -  sm'' 
3     \4  y  34 


(8) 


Now  suppose  an  ellipse  inscribed  in  the  tri- 
angle ABC  touching  two  of  the  sides  AB,  BC 
in  their  middle  points  E,  F.  Then  it  touches 
the  third  side  AC  in  its  middle  point  D.  Since 
EF  is  parallel  to  AC,  the  tangent  at  i),  the 
straight  line  BD  is  a  line  of  symmetry  and 

passes  through  the  middle  point  iVof  EF  s^nd.  the  centre  of  mass  0,  which 
is  also  the  centre  of  the  ellipse. 

Let  OD  =  r,  and  let  Oe  =  r'  be  the  semi-conjugate  diameter,  parallel 
to  A  C,  and  aa  the  angle  between  r  and  r'.  Then,  since  the  area  of  an 
ellipse  is  equal  to  ;r  x  rectangle  of  the  semi-axes,  we  have  for  the  area 
^'  of  the  ellipse 


A' 


Ttrr  sm  go. 


1  3 

Now  ON  =  — r,  and  hence  from  the  equation  to  the  ellipse  EN^  =  -r-r^] 
3  4 

If  then  we  take  ~M  concentrated  at  D,  E  and  F,  we  have  for  the 

o 


moment  of  inertia  of  the  triangle  with  reference  to  the  line  BD 


Ir  =  —M  .  --r'^  sin'*  co  = 


M     A' 


(9) 


"We  see  then  that  the  moments  of  inertia  with  reference  to  OD,  OE,  OF 
are  inversely  proportional  to  OD',  OE'^,  OF''.  This  is  also  the  case  for  the 
ellipse  of  inertia.  The  ellipse  of  inertia  coincides  then  with  the  inscribed 
ellipse  at  the  points  D,  E,  F,  and  also  at  the  opposite  ends  of  the  diameters 
through  these  points.  But  two  conies  cannot  cut  each  other  in  six  points 
unless  they  are  identical.  Hence  the  inscribed  ellipse  is  an  ellipse  of 
inertia.    Let 


.e  any  semi-diameter  of  this  ellipse,  where  p  is  any  arbitrary  distance  and 
K  is  the  radius  of  gyration  for  the  axis  coinciding  with  I. 

Then  the  square  of  the  reciprocal  of  any  semi-dameter  f -=5-  =  — J  mul- 
tiplied by  the  mass  M  is  proportional  to  the  moment  of  inertia  Mk^  with 
reference  to  the  coincident  line  through  the  centre  of  mass  0. 

We  can  take  p  any  arbitrary  length.    Thus  in  the  present  case  we  have 


M       Ir  A'"" 

~  =  -,orfrom(9)^*=— . 


2;r' 
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For  this  value  of  p  the  ellipse  of  inertia  is  tangent  at  the  middle  points 
i),  E,  F  of  the  sides. 

If  we  take  -^rri  =  —r  we  have  p*  =  -—3-. 
{2ry      p*  Tt 

For  this  value  of  p  the  ellipse  circumscribing  the  triangle  and  having 
its  centre  at  the  centre  of  mass  0  is  the  ellipse  of  inertia. 

Let  Kr^  Kr'  be  the  radii  of  gyration  for  the  axes  r  and  /,  and  kx^  Ky  be 
the  radii  of  gyration  for  the  principal  axes  of  the  ellipse.     From  (8)  we 

have  Kr  = =-,  and  from  (3)  Kr'  =  — 7^-    We  have  then 

3  |/6  3  |/3 

_  jo«  _  2j^    ^  _  _^  _  gj/y 

~  Kr  ~  b  sin  go'  ~  Kr'   ~        h      ' 

The  lengths  of  the  principal  semi -axes  are  ~,  — .    Now  the  parallelo- 

Kx     Ky 

gram  upon  two  conjugate  semi-diameters  is  equal  to  the  rectangle  of  the 
principal  semi-axes.    Hence 

p'  1         6  i/12 

rr'  sin  go  =  ,    or     =     ,,     . 

KxKy  KxKy  on 

"We  have  also  from  (7) 


=  ^,[a^-,h^  +  c^). 


Kx'   +   Ky'  =  -^U'   +   b'  + 

Solving  these  two  equations,  we  obtain  for  the  principal  axes  at  the 
centre  of  mass,  if  J  =  —  =  the  area  of  the  triangle, 

icx'  =  ^[  (a'  +  b'  +  c')  +  y/ia"  -f  6^  -f  cT~48z/''J;     .     (10) 

Ky""  =  ^^a'  -F  5'  -f  c^)  -  s/(a^  +  6«  +  ey  -  48J»J  .    .     (11) 

We  have  then  for  the  angle  ^x  which  the  principal  axis  of  X  makes 
with  the  base  b 

^' 
h'                             T?  ~  '^^ 
Kx^  cos^  ^x  +  Ky""  sin'  ^x  =  7^,     or    cos"  6x  =  —^ 5.      (13) 

lo  Kx    —  Ky 

Equation  (13)  locates  the  principal  axis  of  X  with  reference  to  the 
base  b. 

For  any  axis  in  the  plane  of  the  triangle  through  the  centre  of  mass, 
making  the  angle  a  with  the  axis  of  X,  we  have  then 

K-x"  COS'  a  +  Ky""  sin'  «  =  /<•' (13) 

Cor.  1.  For  an  isosceles  triangle  we  have  a  =  c,  and  W  =  c^  —  —, 
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Hence  from  (10),  (11)  and  (13),  Kx""  =  Jq,  Ky"  = 

6x  =  0.  Hence  the  principal  axes  at  the 
centre  of  mass  in  the  plane  of  the  triangle  are 
parallel  and  perpendicular  to  the  base  6,  and 
we  have  for  the  moment  of  inertia  /  with  ref- 
erence to  any  line  OR  in  the  plane  of  the 
triangle  through  the  centre  of  mass  0,  making 
the  angle  a  with  the  base  6, 


,   and  cos'  Qa;  =  1  or 


18 


/  =  -TTT-  cos'  a  +  -rj-  sln'  a.       (14)  ^ 


For  the  moment  of  inertia  with  reference  to    '■^ 
a  line  OZ  through  the  centre  of  mass  0  at  right  angles  to  the  plane  of  the 
triangle,  we  have  from  (7) 


'^  =  ^[^'^1^' 


(15) 


For  any  line  through  the  centre  of  mass  making  the  angles  a^  fi^  y 
with  the  principal  axes,  we  have 


Mh''  My  M 

-^cos'a  +  -^cos'/3  +  — 


h^  +  \l) 


cos'  y. 


(16) 


Cor.  2.  For  an  equilateral  triangle  we  have  for  any  line  in  the  plane  of 
the  triangle  through  the  centre  of  mass 


/  = 


Mb'' 

24 


no  matter  what  the  angle  with  the  base  6. 
For  the  polar  moment  of  inertia 


Iz  = 


Mb"" 
~\2 


For  any  line  through  the  centre  of  mass 


Mb"" 


Mb"" 


J=  — cos'a+     ^^ 


cos'  /?  + 


Mb"" 
12 


cos'  y. 


h 

/ 

/  ° 

r 

— 

— 'c 

CoR.  3.  For  a  right-angled  triangle  we  have  a  =71^ 
a"  +  ¥  =  c\ 

Hence  from  (10),  (11)  and  (12) 


Kx' 


&  4-  Vc* 


S/i'ft' 


36 


cos-*  ^x  = 


18 


c'  -  \/c* 


3^'6' 


36 


-^y 


Also,  we  have 
I  —  Mkx"  cos'  oc  -H  ifx-y'  sin'  or,    Iz  = 


18 


Kx    —  Ky' 


lb 


18 


Ih 


18  ' 
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Product  of  Inertia. — Take  as  before  an  elementary  strip  parallel  to  the 

side  6  at  a  distance  y  from  the  ver- 
tex B.    Then  we  have  as  before  the 

mass  of  this  strip  m  =  —y  dy^  and 

its  length  x=i  -y. 

From  page  228  we  have  for 
the  product  of  inertia  of  this  strip 
for  two  rectangular  axes  X,  Y 
through  its  centre  of  mass,  the 
slice  being  in  the  plane  JCY  and 
making  an  angle  a  with  the  axis 
of  X, 


dxy  =  — -r-  Sin  a  cos  a  =  — — 
13  12/(( 


sin  a  cos  a .  y 


Let  BD  be  a  line  of  symmetry  passing  through  the  vertex  B  and  the 
middle  B  of  the  side  6,  and  therefore  passing  through  the  centre  of  mass 
N  of  the  slice.  Let  p  be  the  distance  BIf,  and  let  the  line  BW  make  the 
angle  go  with  the  side  6. 

Then  we  have  p  sin  oa  =  y,  ot  p  =  -r^ — ,  and  the  co-ordinates  of  the 

sin  GO 

centre  of  mass  N  for  two  parallel  rectangular  axes  X\  Y'  through  the 

vertex  B  are 


X  =  p  cos  {ca  +  a)  =  — 
y"  =  /3  sin  (ft?  +  a)  =  — 


sin  cl> 

y 

sin  GO 


cos  {go  +  a)'^ 
sin  (ft?  +  a). 


The  product  of  inertia  of  the  slice  with  reference  to  these  axes  is  then 


d'xy  =  dxy  +  tnxy 


8b 


12h' 


sin  a  cos  a  y 


h  sin''  ft? 


sin  (a?  +  a)  cos  (go  +  a)y^dy. 


The  product  of  inertia  of  the  triangle  with  reference  to  the  two  rectan- 
gular axes  X\  Y'  through  the  vertex  B  in  the  plane  of  the  triangle,  if 
the  side  6  makes  the  angle  a  with  the  axis  of  X',  is  then 

/^  Sb*  Sb 

-— r-  sin  a  cos  a  y^dy  +  - — r-^ —  sin  (ft?  +  a)  cos  (ft?  +  a)  y*dy 
kill/  li  sin   ft? 

h 


Sb'h  Sb' 

= -^  sm  cc  cos  a +  ^^^^ 


sin  (ft?  +  a)  cos  (ft?  +  a) 


=  ir\  7^  sin  a  cos  «  +  .   ^      sin  (ft?  +  a)  cos  (ft?  +  or)    .     . 
3   [_13  sin''  a?         ^  '         ^  ^ _\ 

The  co-ordinates  of  the  centre  of  mass  of  the  triangle  are 
_         27i  .  -         2h 


(17) 


3  sin  ft? 


cos  (ft?  +  a), 


3  sin  00 


sin  (go  +  a). 
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The  product  of  inertia  of  the  triangle  with  reference  to  two  rectangular 
axes  X,  Y  through  the  centre  of  mass  in  the  plane  of  the  triangle,  if  the 
side  6  makes  the  angle  a.  with  the  axis  of  X,  is  then 

Dxy  =  lyxy  —  Mx  y  =  —    -  sin  a  cos  a 

+  3  g^^2  ^  sin  (ft?  +  a)  cos  {oo+  a)    .     (18) 

This  is  the  same  as  for  a  particle  of  one  third  the  mass  M  at  the  middle 
point  of  each  side.  y" 

We  see,  then,  that  the  product  of  inertia  of  a  homo- 
geneous triangle  with  reference  to  any  pair  of  rectangu- 
lar axes  is,  like  the  moment  of  inertia,  the  same  as  for 
a  system  consisting  of  one  third  the  mass  of  the  triangle 
placed  at  the  middle  point  of  each  side. 

We  have  then  for  the  two  axes  X",  T"  through  the 
vertex  A  in  the  plane  of  the  triangle,  if  the  side  h  makes 
the  angle  a  with  the  axis  of  X", 

Mr  6"  (? 

J)"xy  =  T    -^  sin  a  cos  a  +  -^  sin  {A  +  a)  cos  {A  +  a) 

\h  sin  a  +  c  sin  {A  +  «)]  [h  cos  a  +  c  cos  {A  +  a)] 


]■ 


or  reducing, 

I)"xy  =  ■«     ^'  sin  a  cos  a  +  c"  sin  {A  +  a)  cos  {A  +  a)  +  —  sin  {%a+A)    , 


The  co-ordinates  of  the  centre  of  mass  are 


5  cos  a:  +  c  cos  {A  +  oc) 


Hence  we  have  also 


I^xy  =  jy'xy 


Mxy 


=  ^^&»sma 


y  = 


cos  a 


6  sin  a  +  c  sin  {A  4-  a) 
3  ' 


4  he 

+  c^  sin  {A  +  a)  cos  {A  +  a)  —  -  sin 

Cor.     If  a=  0,  we  have,  from  (18)  and  (19), 
Mh'' 


{2a  +  A)\, 


(19) 


D: 


^^-18  tan 


^ MhF  _h 6"1 

la?""   18  Ltan^  ~  2J 


For  an  isosceles  triangle  (»  =  90  and  therefore  sin  {go  y.  a)  —  gob  a.  and 
cos  {00 -\-  a)  =  —  sin  a,  and  we  have  from  (18) 

If  in  this  a  =  0,  we  have  Dxy  =  0. 

For  an  equilateral  triangle  (»  =  90  and  h''  =  ^6',  hence  Dxy  =  0, 
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(3)  Moment  of  Inertia  of  a  Homogeneous  Material  Parallelogram. 

— Since  a  parallelogram  is  composed  of  two 

equal  triangles  ABC  and  BDC,  and  since 

the  moment  of  inertia  of  a  triangle  with 

reference  to  any  line  is  the  same  as  for  one 

third  the  mass  at  the  middle  of  each  side, 

it  is  evident  that  the  moment  of  inertia  of 

a  parallelogram  with  refer mce  to  any  line  is  the  same  as  for  a  particle  of 

one  sixth  the  mass  of  the  parallelogram  at  the  middle  point  of  each  side, 

and  a  particle  of  one  third  the  mass 
of  the  parallelogram  at  its  centre  of 
mass. 

If  A  is  the  acute  angle  and  the 
adjacent  sides  are  AC  =  h  and  AB  = 
c,  we  have  then  for  the  line  EQ 
through  the  centre  of  mass  0  in  the 
plane  of  the  parallelogram,  parallel 
to  the  side  6, 


1        /C  \2  if 


c""  sin'  A, 


(1) 


where  c  sin  A  is  the  altitude  h  of  the  parallelogram  for  the  bass  6. 

The  moment  of  inertia  with  reference  to  the  line  through  the  centre  of 
mass  0  in  the  plane  of  the  parallelogram,  at  right  angles  to  the  side  &,  is 

MIc  V       MlhV       Jf/  \ 

/.  =  _(^-cos4)+-(-)  =  -(.'  +  o'cos'^)..     .     (2) 

The  plane  of  the  parallelogram  is  a  plane  of  symmetry,  and  therefore 
(page  223)  the  line  through  the  centre  of  mass  at  right  angles  to  the  plane 
is  a  principal  axis  at  the  centre  of  mass. 

We  have  then  for  the  moment  of  inertia  with  reference  to  a  line 
through  the  centre  of  mass  at  right  angles  to  the  plane  of  the  parallelo- 
gram 

M , 
Ii  =  Ib  +  Ih=~{b' 


U'^  +  cA 


(3) 


For  the  moment  of  inertia  with  reference  to  any  line  in  the  plane  of 
the  parallelogram  through  the  centre  of  mass  0,  making  the  angle  0  with 
the  side  6,  we  have 

/=-(-sm(A-6))  +  -^^sm0J 

Mr 

=  —    c'^sin''  (A-e)  +6'' 

The  moment  of  inertia  with  reference  to  a  line  HF'm  the  plane  of  the 
parallelogram  through  the  centre  of  mass  0,  parallel  to  the  side  c,  is 


sm^ 


(4) 


_  M_l 


3  \2 


sin  J.    = 


M_ 
"12" 


h"^  sin'  A. 


(5) 


Now  suppose  an  ellipse  inscribed  in  the  parallelogram  touching  the 
sides  at  the  middle  points  E,  F,  G,  H.  The  area  A  of  the  parallelo- 
gram is 

A 
A  =  be  sin  A;    hence,    c  sm  ^  =  — . 
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We  have  then,  from  (1), 

I  -  ^  —-—       ^' 


12    *"      ^lef-* 


1 


We  see  then  that  the  moments  of  inertia  with  reference  to  OB^  OF  are 
inversely  proportional  to  OE^^  OF"^.  The  inscribed  ellipse  is  therefore  an 
ellipse  of  inertia.    Let 


1  =  '^ 

K 

be  any  semi-diameter,  where  p  is  any  arbitrary  distance  and  k  is  the 
radius  of  gyration  for  the  coincident  line.      Then  the  square  of  the 

reciprocal  of  any  semi-diameter  f-^  =  — ^ j  multiplied  by  the  mass  M  is 

proportional  to  the  moment  of  inertia  iKf/c''  with  reference  to  the  coincident 
line  through  the  centre  of  mass  0. 
We  have  then  in  the  present  case 

M         lb  .        ^^ 
_      or    p*  =  -. 


K) 


Let  Kb,  Kc  be  the  radii  of  gyration  for  the  axes  EG  and  HF,  parallel 
respectively  to  the  sides  a  and  c,  and  let  kx  and  Ky  be  the  radii  of  gyration 
for  the  principal  axes  of  the  ellipse.     From  (1)  and  (5)  we  have 


c  sin  A 

^b  = -r-, 

2  i/3 

h  sin  A 

We  have  then 

0E  = 

/o«       2  Vlp'' 
Kb  ~  0  sin  A^ 

Kc       0  Sin  A 

P^    p"^ 
The  lengths  of  the  principal  semi-axes  are  — ,  — .    Now  the  parallelo- 

Kx     Ky 

gram  upon  two  conjugate  semi-diameters  is  equal  to  the  rectangle  of  the 
principal  semi-axes.     Hence 

OE.OFAnA=-^,    or     -J- = -Ji- =  *4 . 

KxKy  Kxi^y  OC  Sm  ^         A 

We  have  also,  from  (3), 

6«  +  c* 


i^X^   +  Ky^ 


13 


Solving  these  two  equations,  we  obtain  for  the  principal  axes,  if  A  is 
the  area  of  the  parallelogram  =  ho  sin  A^ 

Kx'  =  -^p  +  C*  -  V(6«  +ey-4.A'\      ...    (6) 
<cy«  =  -^[6«  -t-  c»  +  VQ>'  +cy-4:A^.      ...    (7) 
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"We  have  then  ior  the  angle  Bx  which  the  principal  axis  of  X  makes 
with  the  side  b 


(f  sin"  A 


Kx""  cos'  0x  +  V  sin'  Bx 


c'  sin'  A 
12      ' 


or 


cos'  0x  = 


12 


-^^2/^ 


A-a;-*  -  ATi/-' 


-.   (8) 


Equation  (8)  locates  the  principal  axis  of  X  with  reference  to  the  side  b. 

For  any  line  in  the  plane  of  the  parallelogram  through  the  centre  of 
mass,  making  the  angle  a  with  the  axis  of  X,  we  have 


Kx^  cos'  cc  +  Ky"^  sin'  a  =  k*'. 


(9) 

90°   and  z/  =  bh. 


Cor.  For  a  rectangle  c  =  h,    c  sin  A  =  hy     A 
7i'  6' 

Hence  /Cx'  =  -r-r-,     /<"/  =  -717'     ^x  =  0,  and  therefore  the  principal  axes 
12  12 

at  the  centre  of  mass  are  parallel  to  b  and  h. 

We  have  then  for  any  line  OR  in  the  plane  of  the  rectangle  through 
the  centre  of  mass,  making  the  angle  a  with  the  base. 


I  =  -— —  COS''  a  +  — -r-  sm'  a. 
12  12 


Hence 

^^  -  12"'      ^^  -  "12"'    • 
and  for  the  polar  moment  of  inertia 
if(/t'  +  6') 


/z  = 


12 


(10) 


(11) 


(12) 


For  any  line  through  the  centre  of  mass  making  the  angles  a,  /?,  ;k, 
with  the  principal  axes 


^      Mh'      ^          Mb'       ^  ^  ^   M(h'  +  5') 
j=__cos'a  +  — cos'/5+ 


cos"  y. 


(13) 


[Product  of  Inertia. — Take  an  elementary  strip  parallel  to  the  side 
ft  at  a  distance  y  from  the  centre  of 
mass  0. 

The  mass  of  this  strip  is  m  =  Sidy, 
and  its  length  is  b. 

From  page  228  we  have  for  the 
product  of  inertia  of  this  strip  for  two 
rectangular  axes  X,  F,  through  its 
centre  of  mass,  the  strip  being  in  the 
plane  XY  and  making  an  angle  a  with 
the  axis  of  X, 


w&'    .  5ft»    . 

dxv  =  - —  sm  a  cos  a  =  — -  sin  a  cos  a. .  ay. 


''xy 


Let  EFhe  a  line  of  symmetry  passing  through  the  middle  points  Band 
Fof  the  two  opposite  sides  AG,  BD,  and  therefore  passing  through  the 
centre  of  mass  N  of  the  strip.    Let  p  be  the  distance  ON,  making  the 

y 

angle  A  with  the  side  h.     Then  p  sin  A  =  y,     or    p  =  ^ — -,  and  the  co- 

sin  A 
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ordinates  of  the   centre  of  mass  iV  for  two  parallel  rectangular    axes 
through  the  centre  of  mass  0  are 


X  =  p  Qos  {A  ■\-  a)  = 
y  =  psm{A  +  a)  = 


y 


sin  A 

y 

sin^ 


cos  {A  +  a), 
sin  {A  +  a). 


The  product  of  inertia  of  the  strip  with  reference  to  these  axes  is  then 

d¥  db 

d'xy  =  dxy  +  mxy  =  -—-sin  a  cos  a .  dy  +    .  ^   .  sin  (J.  +  a)  cos  {A +  a)y^dy. 
1/0  sm  jcL 

The  product  of  inertia  of  the  parallelogram  with  reference  to  two  rect- 
angular axes  X,  Y,  through  the  centre  of  mass  0  in  the  plane  of  the 
parallelogram,  if  the  side  &  makes  the  angle  a  with  the  axis  of  X,  is 


I>xy  = 

_  ^ 

2 


"Is" 


sin  a  cos  a.  dy  ■{•    .  ^   a  sin  (A  +  a)  cos  {A  +  a)y^dyj 
sm  ^ 


or,  since  8h7i  =  M  =  the  mass  of  the  parallelogram, 


Dxy  =  ~^\  5' si 


sin  a  cos  a  + 


sin'*  A 


sin  {A  +  oc)  cos  {A  + 


.,]. 


(14) 


Cor.  1 .  For  a  rectangle  ^=90°,  sin  {A  +  a) =cos  a,  cos  {A-\-pc)=  —  sin  or, 
and  hence 


M 

Bxy  =  To  (^'^  ~  ^^)  sin  <^  cos  or. 


(15) 


For  a  square  &  =  7^  and  Dxy  =  0. 

Cor.  2.  We  see  from  (14)  that  the  product  of  inertia  of  a  parallelogram 
for  any  pair  of  rectangular  axes  is,  like  the  moment  of  inertia,  the  same 

as  for  a  particle  of  -Mat  the  middle  point  of  each  side  and  -Mat  the 

ceYttre  of  nxass. 

[(4)  Moment  of  Inertia  of  a  Homogeneous  Circular  Disk.— Let 
r  be  the  radius  and  p  the  radius  of  any  elementary  circular  strip  of  thick- 
ness dp.  Then  the  area  of  this  element  is 
27cpdp,  and  if  d  is  the  surface  density,  its 
mass  is  'Zndpdp. 

The  moment  of  inertia  of  this  strip  with 
reference  to  the  axis  OZ  through  the  centre 
of  mass  at  right  angles  to  the  plane  of  the 
disk  is  then 

2nSp^dp, 


and  the  moment  of  inertia  of  the  disk  with 
.reference  to  this  axis  is  therefore 


Iz=    I    27tdp^dp  = 


Ttdr* 
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or,  since  the  mass  of  the  disk  is  M  =  rtdr^,  we  have 


Iz  =  M 


2' 


The  moment  of  inertia  with  reference  to  any  line  OX  or  OF  through 
the  centre  of  mass  in  the  plane  of  the  disk  is  evidently  the  same  for  all 
lines.     We  have  then 


Hence 


Iz  =  Iv    and    Ix  +  Iv  =  Iz 


Ix   =   Iy=-^     =   M-. 


The  moment  of  inertia  of  a  homogeneous  circular  disk  is  then  the  same 
as  for  a  particle  of  one  eighth  the  mass  of  the 
Y  disk  at  the  extremities  of  any  two  rectangular 

diameters  and  a  particle  of  one  half  the  mass  of 
the  disk  at  its  centre. 

For  a  hollow  disk  let  ri  be  the  outside  and  r% 
the  inside  radius.    Then  we  have 

n8 


I^  =  J     ^Ttdp'dp  =  y  (rz*  -  ru% 


or  the  moment  of  inertia  of  the  whole  disk  minus 
z        ^ that  of  the  hollow  space.    But 

n*  -  ra*  =  (r,"  +  7V)(ri*  -  r^)    and    ndiri"  -  r,^)  =  M. 
Hence  we  have 


Jz  =  gifCn'  +  r,')    and    I^  =  ly  =  jM(ri^  +  ra»). 
For  a  circular  ring  we  have  ri  =  ra  =  r,  and  hence 


Iz  =  Mr\    Ix  =  Iy  =  ^Mr\ 

Product  of  Inertia. — Every  diameter  through  the  centre  of  mass  is  a 
line  of  symmetry.  If  then  we  take  any  pair  of  rectangular  axes  X,  F, 
through  the  centre  of  mass  0  in  the  plane  of 
the  circle,  we  have  for  any  value  of  x  two  equal 
particles  m,  m,  with  equal  and  opposite  ordi- 
nates  +2/,  —  y.  The  product  of  inertia  2mxy 
for  these  two  particles  is  then  zero.  The  same 
holds  for  every  pair  of  particles.  Hence  the 
product  of  inertia  for  a  homogeneous  circular 
disk  for  any  pair  of  rectangular  axes  through 
the  centre  of  mass  in  the  plane  of  the  disk  is 
zero.    We  have  then 

lyxy  =  Mxy. 

Hence,  the  product  of  inertia  of  a  homoge- 
neous circidar  disk  for  any  pair  of  rectangular  axes  is,  like  the  moment 
of  inertia,  the  same  as  for  a  particle  of  one  eighth  the  mass  of  the  disk 
at  the  extremities  of  any  two  rectangular  diameters  and  a  particle  of  one 
half  the  mass  of  the  disk  at  its  centre  of  m,ass. 
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(5)  Moment   of  Inertia   of  a   Homogeneous   Ellipse.  —  Let  the 

semi- trans  verse  axis  be  a  and  the  semi-conjugate  axis  be  h.     Let  a  circle 
be  described  about  the  ellipse,  so  that  its 
radius  Oa  is  equal  to  the  semi-transverse 
axis  a. 

Tlien  we  have  for  the  ratio  of  the  mass 
of  any  element  cc  of  the  ellipse  to  that  of 
the  corresponding  element  CC  of  the  circle 


cc 
'GO 


BB 


Hence  the  moment  of  inertia  of  the 
ellipse  with  reference  to  the  principal  axis 

& 
OF  is—  times  that  of  the  circle.     In  the 
a 

same  way  the  moment  of  inertia  of  the 

ellipse  with  reference  to  the  principal  axis  OX  is  -r  times  that  of  the  circle. 

We  have  then  from  the  preceding  article,  since  drca'^  is  the  mass  of  the 
circle  and  8itdb  =  Jf  is  the  mass  of  the  ellipse, 


Iy  = 


STtba* 
4:a 


and  for  the  principal  axis  OZ 


=  M- 


4' 


Iz  =  M 


a"  +  ¥ 


For  a  hollow  elliptical  disk  the  moment  of  inertia  is  equal  to  that  for 
the  whole  disk  minus  that  for  the  hollow  space. 

The  vioment  of  inertia  of  a  homogeneous  ellipse  is  then  the  same  as 
for  a  particle  of  one  eighth  the  mass  of  the  ellipse  at  the  extremities  of 
the  two  principal  axes  and  a  particle  of  one  half  the  mass  of  the  ellipse 
at  its  centre  of  mass. 

Product  of  Inertia. — The  same  holds  for  product  of  inertia  also. 
Hence  the  product  of  inertia  of  a  homogeneous  ellipse  with  reference  to 
two  rectangular  axes  >r,  F,  through  the  centre  of  mass  in  the  plane  of  the 
ellipse  is 

M 


B: 


xy 


((f  —  y^)  sin  a:  cos  a, 


and  for  any  two  rectangular  axes  is  the  same  as  for  a  particle  of  one  eighth 
the  mass  at  the  extremities  of  the  two  principal  axes  and  a  particle  of  one 
half  the  mass  at  the  centre  of  mass. 

[(6)  Moment  of  Inertia  of  a  Homogeneous  Parabola. — Let  c  be 
the  chord  AB,  and  h  the  height  CB,  and  8  the 
surface  density. 

Then  the  mass  of  the  parabola  is 

2 
M  =  -dch, 

o 

and  the  distance  BO  of  the  centre  of  mass  0  from 
the  vertex  is 

3 
BO  =  -h. 

0 
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Let  y  be  che  length  of  an  elementary  strip  ah  parallel  to  the  chord  c  at  a 
distance  x  from  D.     Then  we  have 

xiy^-.-.h-.c",    or     y^cJ-. 
r    h 

The  area  of  this  strip  is  then  ydx  =  cdxA/  ^  and  its  mass  is 

'     h 

m  =  dcdx.i/^. 
^    h 

We  have  then  for  the  moment  of  inertia  with  reference  to  the  line  DY' 
ly'  =    /  scx'^dxx/  7i  =  -y-  =  ~^. 
For  the  principal  axis  OY  through  the  centre  of  mass  we  have  then 

The  moment  of  inertia  of  the  strip  db  with  reference  to  the  principal 
axis  OX  is  (page  228)  ^.    Hence 

La 


f^Tn^  _    f^Sc'x^dx  _ 


Ix-    I       -"    -    (^    ^<ihVh     ~    30    ~    20 


Therefore  the  moment  of  inertia  with  reference  to  OZ  is 

l^VfoV      12 


/,  =  /,  + J,  =  -if      -     +g^ 


"]■ 


Product  of  Inertia.— The  product  of  inertia  of  the  elementary  strip 
for  two  rectangular  axes  X,  Y  through  its  centre  of  mass,  the  strip  being 
in  the  plane  XY  and  making  an  angle  a  with  the  axis  of  X,  is,  from  page 

228, 

my''  .  5c'     .  3 

dxy  =  -TTT Sin  a:  cos  a  = r  sin  a  cos  a.  x*dx. 

12  127i' 

The  co-ordinates  of  the  centre  of  mass  for  two  parallel  rectangular  axes 
through  the  centre  of  mass  0  are 

X  =  (f^  ~  irjcos  a,     y  =  —  \~h  —  icjsin  a 

The  product  of  inertia  of  the  strip  with  reference  to  these  axes  is 

—        8c*      .  3,         ^csino:  cosa/S^        \a  a, 

dxv  +  mxy  = r  sm  a  cos  a.  x  dx  —  1 \-^n,^x\  x  dx. 

12/1*  h^  \5  / 

Integrating  between  the  limits  x  =  d  and  x  =  h^  we  have  for  the  prod- 
uct of  inertia  of  the  parabola  with  reference  to  two  rectangular  axes  X, 
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F,  through  the  centre  of  mass  0  in  the  plane  of  the  parabola,  if  the  prin- 
cipal axis  BG  makes  the  angle  a  with  the  axis  of  X, 


sm  a  cos  a. 


Equimomental  System. — We  can  easily  prove  that  the  moment  and 
product  of  inertia  with  reference  to  any  line  or  pair  of  rectangular  axes  is 

the  same  as  for  a  system  consisting  of  a  particle  of  ^M  at  the  extremities 

4 
^and  i^of  the  axis  OF,  a  particle  of  —  Jf  at  the  vertex  J9,  a  particle  of 

oo 

6  8 

—  M  at  the  middle  of  the  chord  AB  at  C,  and  a  particle  of  —it/  at  the  cen- 

tre  of  mass  0. 

[(7)  Moment  of  Inertia  of  a  Regular  Homogeneous  Right  Prism 
in  General. — Let  the  constant  area  of  cross- 
section  of  a  right  prism  be  A.  Take  the  end 
planes  horizontal  and  let  d  =  oohe  the  depth 
of  the  prism  or  length  of  the  axis  oo  through 
the  centres  of  mass  of  the  end  planes. 

Take  an  elementary  slice  parallel  to  the 
end  planes,  of  depth  <iy.  The  mass  of  this 
element,  if  d  is  the  density,  is 

m  =  8Ady. 

Let  Ka  be  the  radius  of  gyration  of  the 
element  for  any  line  oa  in  its  plane  through 
the  centre  of  mass  o.  Then  the  moment  of 
inertia  of  the  element  with  reference  to  this 
axis  is 

■MKc^  =  SAKd'dy. 

Take  a  parallel  line  OA  through  the  centre  of  mass  0  of  the  prism  at  a 
distance  y  from  oa.  Then  the  moment  of  inertia  of  the  element  with  ref- 
erence to  OA  is,  by  the  theorem  of  parallel  axes  (page  218), 

Mko^  +  my^  =  SAKa'dy  +  SAy'^dy. 

If  we  integrate  between  the  limits  of  y  =  +  —  and  y  =  —  — ,  we  have 

for  the  moment  of  inertia  of  the  prism  with  reference  to  any  line  OA 
through  the  centre  of  mass  0  of  the  prism  at  right  angles  to  the  axis 

d^ 
la  =  dAKa'd  +  SA~, 


or,  since  dAd  =  Jf  =  the  mass  of  the  prism, 


(1) 


Let  Kv  be  the  radius  of  gyration  of  an  elementary  slice  with  reference 
to  a  vertical  line  o  V  through  the  centre  of  mass  o.  Then  the  moment  of 
inertia  of  every  element  with  reference  to  this  axis  is 

7rn<v'^  =  SAKvdy. 
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d  d 

Integrating  between  the  limits  y=+-,y=— -,  we  have  for  the 

moment  of  inertia  of  the  prism  with  reference  to  the  vertical  line  OV 
through  the  centre  of  mass  0  of  the  prism 


Iv  =  Mkv''. 


(2> 


These  equations  are  general  for  any  regular  homogeneous  right  prism, 
whatever  the  shape  of  the  bases. 

(8)  Moment  of  Inertiaof  a  Regular  Homogeneous  Eight  Triangular 
Prism. — Let  h  be  the  altitude  of  the  triangular  bases  for  any  side  h.  Then 
we  have  for  the  line  oh  through  the  centre  of  mass  o  of  an  end  parallel 
to  the  side  5,  from  page  229, 

a        ^' 


Hence  from  equation  (1),  page  243,  for  the  parallel  line  OB  through 
the  centre  of  mass  0,  if  M  is  the  mass  of  the  prism, 


(1> 


For  the  vertical  line  OF  through  the 
centre  of  mass  0  we  have,  from  page 
230, 

Kv'  =  l^ia^  +  &^  +  c% 

where  a,  5,  c  are  the  sides  respectively 
opposite  A,  B,  C. 

Hence,  from  equation  (2),  above, 


Iv  '-=  §(«^  +  &=  +  C^). 


(3> 


For  the  line  through  0  perpendicular  to  the  plane  of  ^7  we  have, 
page  230, 

1  /  ^         hh  Ti"    \ 

^  18  v'  "  tan  ^  "^  tan"  A)' 


Kp 


Hence 


=s(- 


tan  J. 
tan  J. 


tan 
h^    \  d^ 


(3> 


We  see  then  that  the  moment  of  inertia  of  a  regular  homogeneous  right 
triangular  prism  with  reference  to  any  line  through  the  centre  of  mass  is 

the  same  as  for  a  particle  of  -r^M  at  the  middle  points  of  each  triangular 

18 

2 
side  of  each  base,  and  a  particle  of —Mat  the  centre  of  mass  of  each  face. 

Cor.  1.  If  the  bases  are  isosceles  triangles  we  have 
a^  =  <^  =  ^  +  -g,    and     ^^=3. 
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h^  (P  y  (p 


6"  ^» 


Cor.  3.  If  the  bases  are  equilateral  triangles  we  have 


t«  =  5^  =  c^  =  -h\    and 


h         J)      c      a 
taO~3  ~3  "2"* 


Hence 


h  =  M--+M-      Ip  =  M^  +  M-      Iv  =  M-.. 


34 


13 


34 


13 


13 


CoR.  3.  If  the  bases  are  right-angled  triangles  we  have 


a  =  h,     ,?  =  W  +  l\      te-n-J=*- 


Hence 


^^  =  ^18+^13 


(9)  Moment  of  Inertia  of  a  Homogeneous  Right  Parallelopip- 
-edon. — Let  h  be  the  altitude  of  the  base  for  any  side  &.  Then  we  have 
for  the  line  ob  through  the  centre  of  ^ 

mass  0  of  an  end  parallel  to  the  side  6, 
from  page  338, 


.\ 


Kb'  = 


13 


Hence  from  equation  (1),  page  343, 
for  the  parallel  line  OB  through  the 
<3entre  of  mass  0,  if  M  is  the  mass  of 
the  prism, 


M 


(1) 


For  the  vertical  line  OF  through  the 
<5entre  of  mass  0  we  have,  from  page  338, 


— k: 


^=^ 


Kv 


'-j-a(*'  +  o'). 


Hence  from  equation  (3),  page  344, 


if 


(2) 


For  the  line  through  0  perpendicular  to  the  plane  of  BV  we  have, 
page  336, 

K-p'  =  — (62  +  c=  cosM). 

Hence 


Ip=  —(6^  +  c^  +  c^cosM). 


(3) 
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We  see  then  that  the  moment  of  inertia  of  a  homogeneous  right  paral- 

lelopipedon  is  the  same  as  for  a  particle  of—M  at  the  centre  of  mass  of 

each  face. 

Cor.  If  the  bases  are  rectangular,  ^  =  90°,  c  =  A,  and  we  have 


^  M  M 


M 
12 


For  a  cube,  h  =  l  =  d,  and 


J.  _  Md^  Md" 


(10)  Moment  of  Inertia  of  a  Homogeneous  Right  Cylinder. — 

Let  r  be  the  radius  of  the  circular  base  and  d  the  depth  or  length. 

Then  for  any  line  o6  through  the  centre  of  mass- 
0  of  an  end  we  have,  from  page  240, 


-»'  =  T 

Hence  from  equation  (1),  page  243,  for  a  par- 
allel line  through  the  centre  of  mass  0,  if  M  is 
the  mass  of  the  cylinder, 


/.  =  <  +  42- 


(1) 


240, 


For  the  geometrical  axis  0  F  we  have,  page 


Kv 


a  


2' 


Hence  from  equation  (2),  page  244, 


Iv  =  M 


(2) 


For  a  hollow  circular  cylinder,  if  ri  is  the  outside  and  ra  the  inside 
radius,  we  have,  page  240,  Kb'  =  j(r,»  +  ra'')  and  k^""  =  -(tx'  +  r^). 
Hence 

/6  =  ^(n'^  +  ra') +Jlf ■^,    Jv  =  ^(n«  +  ra«).   ...    (3) 

If  the  bases  are  ellipses,  let  the  semi-transverse  axis  be  a  and  the  semi- 
conjugate  axis  I.  Then  (page  241)  we  hav6  Kb^  =  ~^,  *<<^  =\^  ^"'  =  — 4-- 
Hence 


Jb^ 


d^ 


d? 


la^M-T^M-,    Ib  =  MY  +Mt^,    Iv  =  M 


a^  +  J' 


..     .     (4) 
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For  a  hollow  elliptical  cylinder  the  moment  of  inertia  is  equal  to  that 
for  the  whole  cylinder  minus  that  for  the  hollow  space. 

If  the  bases  are  parabolas,  let  c  be  the  chord  AB,  and  h  the  height  CD 
of  the  parabolic  bases  (page  241).  Then  we  have  for  the  lines  at  right 
angles  to  the  axis  through  the  centre  of  mass  parallel  to  h  and  c,  and  for 
the  vertical  line  through  the  centre  of  mass, 


ic/.^-^,     ^c«  =  i7^^^     '^-'=^+l75^'- 


(5) 


Hence 


(6) 


[(11)  Moment  of  Inertia  of  a  Homogeneous  Sphere — Let  r  be 

the  radius,  and  take  a  circular  slice  at  a  distance  y  from  OX.    The  radius 
X  of  this  slice  is  given  by 

x"  =  r^  —  y\ 

The  area  of  the  slice  is  then  7tx'^=  7t{r^—y^). 
Its  volume  is  ndyir''  —  y^),  and  its  mass,  if  6 
the  density,  is 

'    m  =  dTtdyir^  —  y^). 

The  moment  of  inertia  of  the  slice  about 
oris  then,  page  240, 


~{r'  -  rye 


(1) 


Integrating  (1)  between  the  limits  y  =  +  r  and  y  =  0,  we  have  for  the 
moment  of  inertia  of  a  hemisphere  with  reference  to  the  line  OF  perpen- 
dicular to  its  base  at  the  centre,  since  the  mass  of  the  hemisphere  is 


4  =  |jfr'. 


(2) 


The  moment  of  inertia  of  the  slice  about  OX  is 

"^  +mr  =  ^(r«  -  ffdy  +  5;r(r»  -  y^y'dy. 


(3) 


Integrating  (3)  between  the  limits  y  =  +  r  and  y  =  0,  we  have  for  the 
moment  of  inertia  of  a  hemisphere  with  reference  to  any  line  OX  in  its 
base  through  the  centre 


■I.=lMr'. 


Integrating  (1)  or  (3)  between  the  limits  y  =  +  r,y 


...    (4) 
;*,  we  have, 
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4 
since  M  =  r-^^rr*  is  the  mass  of  the  sphere,  for  the  moment  of  inertia  of 

the  entire  sphere  with  reference  to  any  line  through  the  centre 

4  =  /^  =  ^-Mr\ 

2 
Cor.  The  formula  /  =  —Mr"^  evidently  holds  good  also  for  any  spheroid 

of  revolution  whose  equatorial  radius  is  r. 

(12)  Moment  of  Inertia  of  a  Homogeneous  Right  Cone  or  Pyr- 
amid.— Let  A  be  the  area  of  the  base,  d  the  depth  or  altitude.    Take  any 
slice  parallel  to  the  base  at  a  distance  y  from 

the  vertex.     Then  the  area  of  this  slice  is  ^^  J., 

Ay^dy 
its  volume  is  —-^^ — ,  and  if  d  is  the  density  its 


mass  IS 


SAy'^dy 


Let  Kb  be  the  radius  of  gyration  of  the  base  for  any  line  in  the  plane  of 
the  base.     Then  the  radius  of  gyration  of  the  slice  for  any  parallel  line  in 

y 

its  plane  is  -r  /<•&.    The  moment  of  inertia  of  the  slice  with  reference  to  a 

parallel  line  through  the  vertex  A  is  then 

my^Kb^           ,       ^AKh^y^dy      SAy*dy 
-dT-  +  ^2/  = ^s —  +  -^^. 

Integrating  between   the  limits  y  =  d  and  y  =  0,   we  have,   since 

—5—  =  ^  is  the  mass  of  the  cone  or  pyramid,  for  the  moment  of  inertia 
o 

for  a  line  Al  at  right  angles  to  the  axis 

lb'  =  l^(t<b'  +  ^ (1) 

For  a  parallel  axis  through  the  centre  of  mass  0 

Ib  =  Ib' -M(^jdy  =  lMKb'-h^Md' (2) 

Let  Kv  be  the  radius  of  gyration  of  the  base  for  the  axis  AG.    Then  the 
radius  of  gyration  of  the  slice  for  this  axis  is  ^tCy.    The  moment  of  inertia 
of  any  slice  with  reference  to  the  axis  ^  C  is  then 
my^Kv^  _  SAKv^y*dy 
d?      ~         d" 

Integrating  between  the  limits  y  —  d  and  y  =  0,  we  have  for  the 
moment  of  inertia  for  the  axis  A  G 

Iv  =  -^Mkv^ (3) 
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These  equatioiis  hold  good  for  any  base  ;  we  have  only  to  substitute  for 
Kb  and  Kv  their  values  in  any  case. 

1.  Right  Pyramid  with  Triangular  Base. — Thus  for  a  right  pyr- 
amid with  triangular  base  we  have  (page  239) 
for  a  line  through  the  centre  of  mass  o  of  the 
base  parallel  to  6 


Kb'   = 


18' 


where  h  is  the  altitude  of  the  triangular  base 
for  the  side  &.  Hence  for  a  parallel  line  Oh 
through  the  centre  of  mass  0  we  have,  from  (2), 


Ib  = 


W       3 


(4) 


For  a  line  through  o  at  right  angles  to  6  we  have  (page  230) 

hh 


'^^  ~18V         tan^  ^  tanMJ' 


Hence  for  a  parallel  line  through  0,  from  (2), 

hh 


^-It 


tan  A      tan' 


y-^o-- 


For  the  axis  Bo  we  have  (page  230) 


(5) 


^v  =  3g(«^  +  6^  +  (?). 


Hence  for  the  axis  Bo 


Iv  =  §{a'  +  b^  +  c'). 


(6) 


6'  h  h 

For  an  isosceles  triangle  for  base,  a^  =  ci'  =  7i^  +  -r  and  7 j  =  7:. 

°  '  4  tan  A       2 

4 
For    an    equilateral    triangle    for    base,    a^  =  P  =  c^  =  -h'^    and 

o 

h  h  _  c       a 

2  * 

h 


tan  J.        2        2 

For  a  right-angled  triangle  for  base,  a  =  h,  (f  =  h^  4-  &', 


tan  A 


=  K 


2.  Right  Pyramid  with  ParaUelogram  Base.— For  a  right  pyramid 
with  parallelogram  base  we  have  (page 
229)  for  a  line  through  the  centre  of  mass 
0  of  the  base  parallel  to  b 


Kb-'  = 


12' 


where  h  is  the  altitude  of  the  base  for  the 
side  I.  Hence  for  a  parallel  line  Ob  through 
the  centre  of  mass  0  we  have,  from  (2), 


lb 


^l+8>'- 


C) 
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For  a  line  through  o  at  right  angles  to  b  we  have  (page 


'p'  =  ,-7i{^'  +  G'  cos'  A). 


Hence  for  a  parallel  line  through  0 


h  =  ^Qy'  +  c'  cos=  A)  +  ~^Md\ 


For  the  axis  Do  we  have  (page  236) 

1 


Kv' 


13 


(&'  +  c% 


Hence  for  the  axis 


(8) 


/.  =  g(&^  +  0. 


(9) 


For  a  rectangular  base  A  =  90°  and  cos  -4=0. 

For  a  square  base  c  =  &  and  b  =  c  =  h. 

3.  Right  Cone  with  Circular  Base.— For  a  right  cone  with  circular 
base  we  have  (page  239)  for  any  line  in  the 
plane  of  the  base  through  its  centre  of  mass 


Kb 


*-T 


Hence  for  a  parallel  line  Ob  through  the  cen- 
tre of  mass  0 


For  the  axis  OF  we  have 


(10) 


Hence  for  the  axis  OV 


I.  =  :^,Mr^. 


(11) 


4.  Right  Cone  with  Elliptic  Base. — If  the  semi-axes  of  the  base  are 
a  and  6,  we  have  (page  241) 


K-a» 


&« 


Kb* 


Kv^- 


a«  +  6« 


Hence 


^«  =  io^'^  +  1^^'         ^'  =  2-0^«'  +  sV^'' 


/,,  =  -(ifa'  +  n 


.     (12) 
.     (13) 
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5.  Right  Cone  with  Parabolic  Base. — If  c  is  the  chord  AB,  and  h  the 
height  CD  of  the  base,  then  for  the  line  oC  we 
have  (page  341) 


For  the  line  oF 


For  the  axis  OV 


Kb*  = 


13  ,, 


,_  c^       12^ 
'^'^  ~  20  "^   175 ' 


Hence 


I''  =  LM<^  +  ~Md\       Ip  =  ^Mh'  +  ^<PM,     .     .    (14) 


^''  =  i00^'''  +  8-76^'- 


(15> 


CHAPTEK  in. 
MOTION  IN  TWO  DIMENSIONS. 


MOTION    OP  A  BODY    IN    GENERAL.      MOTION    IN    A    PLANE.      GENERAL    FOR- 
MULAS FOR  MOTION   IN  TWO  DIMENSIONS. 

Motion  of  a  Body  in  General. — We  have  already  discussed  (Chap. 
I,  page  167)  the  rotation  of  a  body  about  a  fixed  axis. 

Now  we  have  seen  (Vol.  II,  Statics,  page  83)  that  the  motion  of 
the  centre  of  mass  of  a  body  is  the  same  as  if  all  the  mass  and  all 
the  forces  were  collected  at  the  centre  of  mass. 

The  motion  of  a  body  in  general  consists  then  of  rotation  about 
an  axis  through  the  centre  of  mass  and  of  translation  of  the  centre 
of  mass. 

The  rotation  about  the  centre  of  mass  is  the  same  as  if  the  cen- 
tre of  mass  were  fixed.  So  far,  then,  as  motion  of  translation  is  con- 
cerned we  can  treat  the  body  as  a  particle  at  the  centre  of  mass 
and  consider  all  forces  acting  upon  the  body  as  acting  upon  this 
particle  without  change  in  magnitude  or  direction. 

So  far  as  motion  of  rotation  is  concerned  we  may  consider  the 
centre  of  mass  as  fixed. 

Motion  in  a  Plane.— Let  all  the  forces  acting  upon  a  body  be  co- 
planar  and  the  initial  velocity  of  the  centre  of  mass  be  in  the  same 
plane.  Then  the  centre  of  mass  will  move  always  in  this  plane  and 
can  be  treated  as  a  particle,  and  the  rotation  about  the  centre  of 
mass  will  take  place  in  the  same  plane  about  an  axis  perpendicular 
to  the  plane  through  the  centre  of  mass,  the  same  as  if  the  axis 
were  fixed. 

We  have  then  motion  in  two  dimensions  only. 

If  M  is  the  mass  of  the  body,  /  the  acceleration  of  the  centre  of 
mass  in  any  direction,  and  F  the  resultant  force  in  that  direction, 
we  have 

Mf=F  =  force (1) 

If  V  is  the  velocity  of  the  centre  of  mass  in  any  direction,  we 
have  for  the  momentum  in  that  direction 

Mv  =  momentum (2) 
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If  (f>  is  the  impulse  and  Vi ,  v  the  initial  and  final  velocities  of 
the  centre  of  mass  in  any  direction,  we  have 

M{v  —  tJT)  =  0  =  impulse (3> 

The  kinetic  energy  of  translation  in  any  direction  is 

E  =  ^Mv\     . (4) 

Let  F  be  any  force,  p  its  lever-arm  with  reference  to  the  axis 
through  the  centre  of  mass  at  right  angles  to  the  plane  of  motion, 
and  /  the  moment  of  inertia  oi  the  body  with  reference  to  this  axis. 
Then  if  a  is  the  angular  acceleration  about  this  axis,  we  have  (page 
170),  since,  so  far  as  rotation  is  concerned,  we  can  consider  the 
centre  of  mass  as  fixed, 

la  =  2Fp  =  moment  of  forces  causing  rotation.    .    .        (I) 

Let  m  be  the  mass  of  a  particle  and  v  its  velocity  and  r  the  lever- 
arm  of  the  velocity  with  reference  to  the  axis  through  the  centre 
of  mass  at  right  angles  to  the  velocity.    Then  we  have  (page  171) 

Igo  =  2mvr  =  moment  of  momentum  of  rotation.    .    .      (II> 

Also  if  ft?  1  is  the  initial  and  go  the  final  angular  velocity, 

1(00  —  GOi)  =  2(pr  =  moment  of  the  impulse  of  rotation.      .     .     (Ill) 

The  kinetic  energy  of  rotation  (page  171)  is 

E  =  ^Ico^ (IV> 

We  again  call  the  attention  of  the  student  to  the  analogy  be- 
tween equations  (1),  (2),  (3)  and  (4)  for  rectilinear  motion,  and  the 
corresponding  equations  (I),  (II),  (III)  and  (IV)  for  rotation,  and  to 
the  part  played  by  the  quantity  I  —  2mr^,  which  we  have  called 
the  moment  of  inertia. 

We  see  that  in  the  equations  (1),  (2)  and  (3)  for  force,  momentum 
and  impulse  for  rectilinear  motion,  if  we  replace  mass  if  by  moment 
of  inertia  J,  and  linear  acceleration  and  velocity  /  and  v  by  angular 
acceleration  and  velocity  a  and  &?,  we  obtain  moment  of  force, 
momentum  and  impulse  for  rotation. 

Also,  if  in  the  equation  for  kinetic  energy  for  rectilinear  motion 
we  replace  ilf  by  moment  of  inertia  J  and  linear  velocity  v  by  angu- 
lar velocity  go,  we  obtain  kinetic  energy  of  rotation. 

General  Formulas  for  Motion  in  Two  Dimensions. — Let  a  rigid 
body  of  mass  M  rotate  about  an  axis  CZ  through  the  centre  of  mass  C  with 

dcoz 
the  angular  velocity  ooz  and  the  angular  acceleration  az  =  ~^j  positive 

directiou  of  rotation  being  counter-clockwise  as  in  the  figure. 

Pass  a  plane  through  C  at  right  angles  to  the  axis  GZ,  and  take  the 
other  two  co-ordinate  axes  X,  Y  in  this  plane.  Then  the  plane  of  XY  is 
the  plane  of  rotation.  Let  the  body  be  so  constrained  that  the  centre  of 
mass  G  moves  always  in  this  plane  and  the  axis  GZ  is  always  at  right 
angles  to  it.  We  have  then  motion  in  two  dimensions  only,  and  the  centre 
of  mass  (7  is  a  moving  origin  fixed  in  the  body  and  moving  with  it. 
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Take  a  fixed  origin  0  in  space,  in  the  plane  of  XF,  and  take  the  co- 
ordinate axes  0X\  0Y\  OZ'  par- 
allel to  CX,  CY,  CZ. 

Let  the  co-ordinates  of  C  with 
reference  to  0  be  x^  y,  and  the  co- 
ordinates of  any  point  P  of  the 
body  in  general  with  reference  to 
0  be  x\  2/',  z\  and  with  reference 
to  C,  X,  y,  z. 

In  the  same  way  let  the  compo- 
nents of  the  velocity  of  G  with 
reference  to  0  h^  Vx,  % ,  Vz  =  0 
and  the  components  of  the  velocity 
of  any  point  P  of  the  body  in  gen- 
*•  eral  with  reference  to  0  be  vx\  %', 

Vz  =  0,  and  with  reference  to  G,  Vx ,  % ,  %  =  0- 

So  also  let  the  components  of  the  acceleration  of  G  with  reference  to  0 
be  fx ,  fy~,  fz  =  0,  and  the  components  of  the  acceleration  of  any  point  P 
of  the  body  in  general  with  reference  to  0  be  fx,  fy,  fz  =  0,  and  with 
reference  to  (7,  fx,fy,fz  —  ^' 

Then  we  have  by  reason  of  our  notation 

a;'  =  ^  -I-  ic,     y'  =  y  -ir  y,     ^  =  z. 

For  the  components  Vx,  Vy,  Vz  of  P  due  to  rotation  about  GZ  we  have 


dx 


dy 
dt 


=  Vy  =  XGOz, 


dz 
'dt 


=  Vz  =  0.      .     (la) 


At  the  centre  of  mass  G  there  is  no  velocity  due  to  rotation,  but  only 
velocity  of  translation.  Every  point  of  the  body  not  in  the  axis  GZ  has 
this  velocity  of  translation  and  also  a  velocity  due  to  rotation  about  GZ. 
We  have  then  for  the  combined  velocity  of  any  point  P  of  the  body  with 
reference  to  0 


dx'  —  — 

—  =  Vx=Vx  +  Vx  =  Vx  —  yooz ; 


dt 

d^ 
dt 


=  Vy    z=Vy  +  Vy=Vy  +  XGOz 


=  Vz   =Vz  +  Vz=0. 


(1) 


If  in  (1)  we  make  Vx  =  0,  Vy  =  0,  y  =  y'yX  =  x',  we  have  equations  (1), 
page  190,  for  rotation  only  about  a  fixed  axis  OZ'. 

We  have  for  the  components  of  the  tangential  acceleration  of  P  with 
reference  to  C,  due  to  rotation  only  about  C7Z, 

ftx  =  —  y«z,     fty  =  +  xaz,    ftz  =  0, 

and  for  the  components  of  the  normal  acceleration  of  P  with  reference  to 
(7,  due  to  rotation  only  about  GZ, 


JlLX    


XOOz 


fny  =  -  yooz^i     fi 


At  the  centre  of  mass  there  is  no  acceleration  due  to  rotation,  but  only 
acceleration  of  translation.    Every  point  of  the  body  not  in  the  axis  CZ 


=  fx 

=  fx 

+  ft=c 

+  fnx 

=  fx- 

-y(Xz- 

-  xGOz'; 

d^y' 
dt' 

=  fy' 

=  fy 

+  fty  +  fny  ■ 

=  fy  +  xaz- 

-  yooz'] 

d'2f 

df" 

=  fz 

=  fz 

+  ftz 

+  fnz 

=  0. 
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has  this  acceleration  ^f  translation  and  also  the  accelerations  due  to  rota- 
tion. We  have  then  for  the  combined  acceleration  with  reference  to  0  of 
any  point  P 


(2) 


If  in  (3)  we  make  fx  =  0,   fy  =  0,     and    y  =  y\     x  =  x\  we  have 
equations  (2),  page  191,  for  rotation  only  about  a  fixed  axis  OZ'. 

We  can  evidently  obtain  (2)  directly  from  (1)  by  differentiating,  since 

dcoz  dvx        ■^-      dy 

"dT^'''^  -dr=^^^  w  =  ^^^  =  ''^'  '*'• 

Since  GZ  passes  through  the  centre  of  mass,  we  have,  if  m  is  the  mass 
of  a  particle, 

2mx  =  0,     :Emy  =  0,     :Sm3  =  0 (3) 

Also 

2m  =  M, (4) 

and 

-2m(aj'  +  y^)    =  Iz  =  moment  of  inertia  for  CZ : 

2m{x'''  +  2/")  =  Iz'  =        "        "      "        "  '^'^'       ^    *    *    ^^^ 


for  CZ;     ) 
"  OZ'.      \    '    ' 


Motion  of  Centre  of  Mass. — From  (2)  we  have  for  the  sum  of  the  com- 
ponents of  all  the  effective  forces,  after  reduction  by  (3)  and  (4), 

2mfx'  =  Mfx,     :Smfy'  =  Mfy,     2mf^  =  0 (6) 

But  by  D'Alembert's  principle  (page  168)  the  sum  of  the  components  of 
the  impressed  forces  in  any  direction  is  equal  to  the  sum  of  the  com- 
ponents of  the  effective  forces  in  that  direction. 

Hence,  the  centre  of  mass  moves  at  any  instant  as  if  all  the  mass  and 
impressed  forces  were  collected  at  the  centre  of  mass. 

Momentum. — From  (1)  we  have  for  the  sum  of  the  components  of 
momentum  of  all  the  particles,  after  reduction  by  (3)  and  (4), 

2mvx'  =  Mvx ,    2mvy  =  Mvy ,    2mvz'  =0.      ...     (7) 

Hence,  the  momentuTn  of  the  body  is  the  same  as  for  all  the  mass 
collected  at  the  centre  of  mass. 

Moment  of  Momentum. — Let  IS^'mx-,  ISb'my^  IS^'mz  be  the  sums  of  the 
moments  of  momentum  of  all  the  particles  about  the  co-ordinate  axes 
0X\  0Y\  OZ',  and  /IRmx,  Obmy,  l!SSmz  for  the  co-ordinate  axes  CZ;  CY^ 
CZ  for  any  axis  of  rotation  CZ  fixed  in  direction  so  as  always  to  be  at 
right  angles  to  the  plane  of  motion  XT.  Then  we  have  from  (1),  after 
reduction  by  (3),  (4),  and  (5), 

IS^'mx  =  2m{Vz'y'  -  Vy'^)  =  —  G0z2mX2  =  ISSmx  ;        ^ 

iKb'my  =  :Sm{vxZ'  —  Vz'xf)  =  —  GSz^myz  =  Itmy  \  ^  .      .      (8) 

jflR'ma  =  '2m{Vy'x'  —  Vx'y')  =  Iz  ooz  +  MvyX  —  Mvxy.  J 
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In  the  last  of  these  equations  the  first  term  on  the  i\jght  is  the  moment 
of  momentum  Hbmz  for  rotation  about  CZ,  and  the  other  two  terms  on  the^ 
right  give  the  moment  of  momentum  about  OZ'  due  to  translation.  If 
there  is  no  translation^  so  that  the  body  rotates  only  about  the  fixed  axis 
CZ,  we  have  v^  =  0,  Vy  =  0,  and  hence 

This  is  equation  (II),  page  172.  _  If  the  fixed  axis  of  rotation  isOZ'  we 
have,  from  (la),  vj,  =  xa>z,  Vx  =—yoi>z,  and  hence, since Iz+M{x  +y'')=lz', 

UXS'mz  =  Iz'gOz, 

as  on  page  192,  for  rotation  about  a  fixed  axis. 

The  resultant  moment  of  momentum  is  in  general  given  by 


HS'm  =    Va^'^'mx  +  /Bb'^my  +  /Bb"wz, (9> 

and  the  direction-cosines  of  the  resultant  axis  of  moment  of  momentum 
are 


jflR'ma;         ifHb  my         fiSS'mz 


(10) 


If  the  axis  CZ  is  a  principal  axis  we  have  2mx2  =  0,  2myz  =  0, 
and  hence  /IR'mo;  =  0,  hi' my  =  0.  Hence  if  the  axis  CZ  is  a  principal 
axis  the  resultant  axis  of  momentum  coincides  in  direction  with  CZ, 
otherwise  it  makes  an  angle  with  CZ. 

Kinetic  Energy. — Let  v'  be  the  velocity  of  any  particle  and  v  the  ve- 
locity of  the  centre  of  mass  C  with  reference  to  0,  so  that 

V'^  =  Vx'^  +  Vy'\  ~V    =Vx    ■¥  Vy. 

Then  we  have,  from  (1), 

-mvx^  -^-^mvx    —  mvxyooz  +  -my^ooz^ 

1  1       —a  —  1 

,  -^mvy*  =  ~mvy     +  7nvy  XQOz  +  —ma^GOz^. 

<«  2  2 

Adding  these,  we  have  for  the  sum  of  the  kinetic  energy  of  all  the 
particles 

E'  =  2—mv'^  =  -^^tn  +  VyoozSmx  —  Vxooz'Smy  +  ~Q0z^'2m{x^  +  2/'), 
or,  reducing  by  (3),  (4)  and  (5), 

E'  =  ~M'v  +'^IzODz' (11) 

The  first  term  on  the  right  is  the  kinetic  energy  of  translation  for  the 
total  mass  collected  at  the  centre  of  mass,  and  the  second  on  the  right  is 
the  kinetic  energy  for  rotation  about  CZ.  If  there  is  no  translation,  so 
that  the  body  rotates  only  about  the  fixed  axis  CZ,  we  have 

E  =  ^-Izooz\ 


i 
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This  is  equation  (IV),  page  173.'  If  the  fixed  axis  of  rotation  is  OZ' 
we  have 

as  on  page  193  for  rotation  about  a  fixed  axis. 

Moment  of  the  Effective  Forces.— Let  IS^'fx,  Os'/y,  fli'/zbe  the  sums 
of  the  moments  of  the  effective  forces  about  the  co-ordinate  axes  OJr\ 
0Y\  OZ'.     Then  we  have  from  (2),  after  reduction  by  (3),  (4)  and  (5), 


atSfx  =  ^mifz'y'  —fyz')  —  —  az'Smxz  +  ooze's  myz ; 
i^'fy  =  ^fM/x'z'  —fz'x')  =  —  az2myz  —  GOz^'^mxz;   >    . 
a^'fz  =  2m{fy'x'  -fx'y')  =  Izoiz   +  MfyX  —  Mf^y.    J 


(12) 


In  the  last  of  these  equations  the  first  term  on  the  right  is  the  moment 
of  the  effective  forces  for  rotation  about  GZ,  and  the  other  two  terms  give 
the  moment  for  translation  of  the  effective  force  of  the  entire  mass  at  the 
centre  of  mass. 

In  the  first  two  equations  (12)  we  have  (page  193) 

2m{ftzy  —ftyz)  =  -  az^mxz,     2m(ftxZ  —  ftzx)  =  —  azSmyz. 

These  terms  therefore  give  the  moments  about  CX,  GY  of  the  effective 
forces  due  to  the  tangential  accelerations  or  the  effective  tangential  forces 
of  the  particles.     We  have  also 

2m{fnzy  —fnyz)  =  +  coz'^^myz,     27n{fnxZ  -fnzx)  =  —  QOz^^mxz. 

These  terms  therefore  give  the  moments  about  GX^  GY  of  the  effective- 
forces  due  to  the  normal  accelerations,  or  the  effective  deflecting  forces  of 
the  particles. 

If  there  is  no  translation,  so  that  the  body  rotates  only  about  a  fixed 
axis  CZ,  we  have 

lSSfz=  Izoc-z. 

This  is  equation  (I),  page  172.    If  the  fixed  axis  of  rotation  is  OZ'^  we 
have 

Hisfz  =  Iz^z , 

as  on  page  193,  for  rotation  about  a  fixed  axis. 

If  the  axis  GZ  is  a  principal  axis  we  have  /IB '/a;  =  0,  Jpg^'/y  =  0,  or  the- 
moment  of  the  effective  tangential  and  deflecting  forces  about  OX'  and 
OF'  is  zero. 

External  Forces. — Conceive  the  body  to  be  fixed  to  the  axis  GZ  at  two« 
points  distant  a'  and  a"  from  O,  and  let  the  reaction  of  these  points  on  the 
body  resolved  parallel  to  the  co-ordinate  axes  be  respectively  —  Rx^—  Ryy 
+  Rz    and  +  Rx  ,  +  Ry ,  +  Rz.    (See  figure,  page  254.) 

These  forces  are  all  impressed  forces ;  but  since  they  are  internal  to  the 
system  consisting  of  the  body  and  other  bodies,  we  call  them  internal 
forces. 

All  other  impressed  forces  acting  upon  the  body  we  call  therefore 
external  forces. 

Let  these  external  forces  be  Fi,  F^,  Fa,  etc.,  making  the  angles  (ai ,  /Si  y 
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yi ),  (o'a ,  /?2 ,  ri),  etc.,  with  the  co-ordinate  axes.    Then  we  have  for  the 
resultant  components  of  the  external  forces 


Fx  =  Fi  cos  ai  +  Fi  cos  a,  +  etc.  =  22^ cos  a; 
Fy  =  Ft  cos  /Ji  +  F^  cos  A  +  etc.  =  ^F  cos,  y5; 
i^^  =  Ficos,  ri  +  Fi  cos  Xa  +  etc.  =  :EF  cos  r- 


(13) 


Moment    of  the  External  Forces.  —Let  iS^ex,   HS^ey,   /IBe^  be  the 

sums  of  the  moments  of  the  external  forces  about  the  co-ordinate  axes  CX, 
CF,  GZ,  and  let  (oj,  ,  2/1 ,  Zi),  {x^ ,  y^ ,  2-2),  etc.,  be  the  co-ordinates  of  the 
points  of  application  of  the  external  forces  Fi ,  F2 ,  etc.   Then  we  have 


/IRea;  =  2Fl/  cos  X  —  2FZ  COS  /?; 
^ey  =  ^Fz  COS  a  —  ^Fx  COS  ;k;    j- 
/IBe;2  =  2Fx  COS  /?  —  '2Fy  cos  o^.  j 


(14) 


Pressures  on  the  Axis.— We  have  by  D'Alembert's  principle  (page 
168)  the  resultant  of  the  impressed  equal  to  the  resultant  of  the  effective 
forces,  or,  from  (6), 


Fx  =  ^mfx  =  Mfx\ 
Fy  =  :Emfy'  =  Mfy- 
Fz  +  Rz  +  Rz"  =  ^mf:i!  =  0. 


(15) 


Also  taking  moments  about  the  co-ordinate  axes  CX,  CY,  CZ,  we  have 
by  D'Alembert's  principle,  from  (12)  and  (14), 

SFy  cos  y  —  2F2  cos  /J  —  Ry{a'  +  a") 

=  /SSfx  =  —  az2mxz  +  ooz^^myz ; 

2Fz  cos  a  —  2Fx  cos  y  +  Rx{a'  +  a") 


[  (16) 


2Fx  cos  /3  —  ^Fy  cos  ol 


=  IISfy=  —  ocz^myz  —  Qo^^mxz\ 


From  the  last  of  these  equations  we  can  find  az ,  and  then  from  the  first 
two  we  can  find  Ry  and  Rx.  Then  Rz  and  Rz'  are  indeterminate,  but  their 
sum  is  given  by  the  last  of  equations  (15),  viz.,  Rz  =  Rz  +  Rz"- 

If  there  are  no  external  forces,  or  if  all  the  mipressed  forces  pass 
through  the  centre  of  mass,  we  have  in  either  case,  from  the  last  of  equa- 
tions (16),  az  =  0  and  all  terms  containing  az  disappear.  Now  +  aoz'^Smyz 
and  —  oaz^'Smxz  (page  195)  are  the  moments  about  JT and  Y  of  the  deflect- 
ing forces  of  the  particles.  If  CZ  is  a  principal  axis,  we  have,  taking  the 
other  two  principal  axes  as  the  co-ordinate  axes,  ^myz  =  0,  2mxz  =  0, 
and  the  moments  of  the  deflecting  forces  are  zero. 

Hence,  if  a  body  rotates  about  a  fixed  principal  axis  through  the  centre 
of  mass  there  is  no  stress  on  that  axis  due  to  the  deflecting  forces. 

Spontaneous  Axis  of  Rotation. — The  axis  through  tlie  centre  of  mass 
about  which  a  body  rotates  at  any  instant  we  call  the  spontaneous  axis 
of  rotation.*  In  the  case  of  motion  in  two  dimensions  it  is  of  course  always 
at  right  angles  to  the  plane  of  rotation. 


*  Usually  called  the  "  instantaneous  axis. 
axis. 


We  prefer  the  term  spontaneous 
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Instantaneous  Axis. — The  axis  fixed  in  space  about  which  a  body 
rotates  at  any  instant  when  the  centre  of  mass  moves  in  a  plane  at  right 
a7igles  to  the  spontaneous  axis  we  call  the  instantaneous  axis  of  rotation.* 

If  in  (1)  we  make  Vx  —  0,  %'  =  0,  we  have  for  the  co-ordinates  ic",  y" 
toith  reference  to  C  of  a,  point  whose  velocity  is  zero  with  reference  to  O 

Vx  —  y"ooz  =  0, 

Vy    +   X"gOz  =  0. 

Evidently  every  point  of  a  straight  line  through  this  point  parallel  to 
€Z  is  at  rest  at  the  instant.  This  line  is  the  instantaneous  axis.  Its 
<co-ordinates  with  reference  to  G  are  then 

2/"  =  ^,         ^"  =  -i (17) 

GOz  GOz 

In  the  same  way  itftx,  fty  are  the  components  of  the  tangential  accel- 
eration of  G  due  to  rotation  about  the  instantaneous  axis,  we  have  for  the 
co-ordinates  of  this  axis  with  reference  to  G 

y"  =  ^,        x"  =  -^ (18) 

ocz  ocz 

EXAMPLES. 

(1)  A  rigid  homogeneous  circular  dish  of  mass  M  whose  plane  is 
vertical  has  a  force  of  P  lbs.  applied  at  the  centre  and  rolls  without 
sliding  upon  a  rigid  horizontal  plane.     Determine  its  motion. 

Ans.  Let  the  force  P  make  the  angle  0  with  the  horizontal.  If  P  is  the 
force  in  pounds,  the  force  in  poundals  is  Pg.  The  horizontal  component  is 
Pg  cos  9  and  the  vertical  component  is  Pg  sin  0. 

Let  r  be  the  radius  and  A  the  point  of  contact.  The 
moment  of  the  impressed  forces  about  ^  is  —  Pg  cos  6 .  r. 
Let  K  be  the  radius  of  gyration  for  the  axis  through  the 
centre  of  mass  C  at  right  angles  to  the  plane  of  the  disk, 
and  /'  the  moment  of  inertia  with  reference  to  a  parallel 
line  through  A.  Then  /'  =  M{k^  +  r^),  and  we  have 
^page  353),  if  a  is  the  angular  acceleration, 

Pgr  cos  9 
Fa  =  -Pgr  cos  Q,     or    a  =  -  ^^^,  _^  ^,y 

The  axis  at  A  is  the  instantaneous  axis,  hence  (equation  (18),  page  259)  the 
linear  acceleration  of  the  centre  is 

—  Pgr^  cos  0 

ft^  =  -ra  = 


M{K^  -{-  r') 


r* 
For  a  disk  /c'  =  -^  (page  239),  hence 

_       2Pg  cos  0  —    _  2Pgrcos9 

Both  angular  and  linear  tangential  accelerations  are  then  constant  if  P 
is  constant,  and  the  displacement  and  velocity  of  the  centre  of  mass  and  the 
angular  velocity  of  the  disk  after  any  given  time  may  be  readily  determmed. 

*  Usually  called  "  spontaneous  axis."  We  prefer  the  term  instantaneous 
axis. 
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(2)  A  rigid  homogeneous  circular  dish  of  mass  M  whose  plane  is 
vertical  rolls  (without  sliding)  down  a  rigid  inclined  plane.  Deter- 
mine its  motion. 

Ans.  Let  the  radius  be  r,  tlie  radius  of  gyration  about  an  axis  through  the 
centre  of  mass  G  perpendicular  to  the  plane  of  the  disk  be  k,  and  6  the  inclina- 
tion of  the  plane,  and  A  the  point  of  contact. 

Then  the  weight  is  Mg,  the  force  parallel  to  the  plane 
is  Mg  sin  6,  and  its  moment  about  A,  —  Mgr  sin  0.  We 
have  then,  as  in  the  preceding  example, 


Fa  =  M{K^  +  r'')a  =  -  Mgr  sin  B,     or    a  =  -  ^^^^,- 


Also,  since  A  is  the  instantaneous  axis,   the  linear  acceleration  of  the 
centre  is 

—  gr^  sin  9 


tm  K'-\-r' 


Since  tc*  =  — ,  we  have 


2g  sin  0    —  _  2g  sin  6 
3r      '  "^tx  ~       3 


Both  linear  tangential  and  angular  accelerations  are  constant  and  the 
velocity  after  any  time  may  readily  be  determined. 

(3)  Find  the  time  a  rigid  homogeneous  cylinder  will  take  to  roll 
from  rest  down  a  plane  20  ft.  long  and  inclined  30°  to  the  horizon^ 
the  axis  of  the  cylinder  being  horizontal. 

Ans.  1.93  sec. 

(4)  A  rigid  homogeneous  circular  disk  of  mass  m  and  radius  r, 
whose  plane  is  vertical,  moves  in  contact  with  a  smooth  inclined 
plane  whose  angle  is  B.  From  a  point  in  the  same  vertical  plane  as 
the  disk  and  at  a  distance  from  the  inclined  plane  equal  to  the  diam- 
eter of  the  disk  a  string  is  carried  parallel  to  the  incliiied  plane  and 
is  wrapped  round  the  edge  of  the  disk,  and  its  end  is  fixed  in  the 
circumference.  Find  the  tension  T  in  the  string,  the  linear  acceler- 
ation f^of  the  centre,  and  the  angular  acceleration  ex  of  the  disk. 

^      maK"^  sin  B      ma  sin  6  .  ,         m  sin  6  „ 

Ans.   r=  -Vn — T"  =  -^ poundals  or —  lbs.; 

K^  -\-  r  6  6 

■-     gr^  sin  0        2g  sin  0  .^ 

f  = —  =  ~ ft.-per-sec.  per  sec; 

•^       /<■»  +  r'  3  ^ 

gr  sin  0        2g  sin  0       ,. 

a  =  ^T— — r-  =  -^-: radians-per-sec.  per  sec. 

K-'  +  r'  3r 

(5)  A  perfectly  flexible  and  inextensible  ribbon  is  coiled  on  the 
circumference  of  a  homogeneous  circular  disk  of  radius  r  and  mass 
m,  and  has  its  free  end  attached  at  a  fixed  point.  A  part  of  the 
ribbon  is  unrolled  and  vertical,  and  the  disk  is  allowed  to  fall  from 
rest  by  its  own  weight.  Find  the  acceleration  f  of  the  centre  and 
the  angular  acceleration  a  before  the  ribbon  becomes  wholly  unrolled^ 
and  the  distance  s  which  the  centre  will  descend  in  one  second. 

— =f. /=!•  ->=|.. 
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(6)  A  homogeneous  hemisphere  of  radius  r  performs  small  oscil- 
lations on  a  perfectly  rough  horizontal  plane.  Find  the  periodic 
time. 

Ans.  For  the  simple  pendulum  of  length  I  and  mass  m  we  have 


mg  X  ^  sin  0  =  ml' a,     or 


«=^'.(i) 


For  the  hemisphere  let  d  be  the  distance 
OC  from  the  centre  of  the  hemisphere  O  to 
the  centre  of  mass  G,  and  let  k  be  the  radius 
of  gyration  about  an  axis  through  the  centre 
of  mass  C  parallel  to  the  instantaneous  axis  at  A. 
for  the  instantaneous  axis  at  A  is 


Then  the  moment  of  inertia 


i'  =  m[K'  +  (d  sin  by  -\-{r-d  cos  6)']. 
If  6  is  small  we  may  put  sin'  6  =  0  and  cos  6  =  1,  and  we  have 

/'  =  m[K^  -\-ir-  d)^]. 
We  have  then 

gd  sin  9 


I' a  =  mg  X  d  sin  6,     or    a  = 


k'  +  {r  -  dy 


(2) 


Equating  (1)  and  (2),  we  have  for  the  length  of  the  equivalent  simple 
pendulum 


/  = 


K-s  +  (r  -  dy 


The  periodic  time  is  then 

r   g  y  dg 

(7)  A  homogeneous  circular  hoop  moving  in  a  vertical  plane  in 
contact  with  a  rough  horizontal  surface  has  at  a  given  instant  an 
angular  velocity  opposite  in  direction  to  that  which  would  enable  it 
to  roll  in  the  direction  of  its  translation  at  that  instant.  Determine 
its  motion. 

Ans.  Let  m  be  the  mass  of  the  hoop.  The  forces  acting  on  the  hoop  are  its 
weight  mg  at  the  centre  G,  the  upward  pressure 
of  the  plane  R  aX  A,  and  the  friction  jF  opposite 
to  the  direction  of  translation  AX. 

The  acceleration  of  the  centre  is  then 

m 

and  the  angular  acceleration  upon  the  axis 
through  (7 perpendicular  to  the  plane  of  the  hoop 
is,  if  K  is  the  radius  of  gyration  for  this  axis, 


a  = 


Fr 

m^' 


We  have  also 


E  —  mg  =  0,    or    B  =  mg. 


If  ju  is  the  coefficient  of  sliding  friction  we  have 
F  =  fimg. 
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Hence 

If  Vi  and  a>i  are  the  initial  values  of  the  linear  and  angular  velocities,  we 
have  then  for  the  linear  and  angular  velocity  after  any  time  t 

—     —  ^  f-^grt 

t)  =  ■Wl   —  fXgt,         GO  =  GOi —. 

If  at  any  instant  there  is  no  slipping,  we  have  at  that  instant  the  velocity 
at  A  zero,  or,  from  page  259, 

V  -^  TOO  =  0. 

If  we  eliminate  v  and  gd  by  means  of  this  equation,  we  have  then  for  the 
time  after  which  slipping  ceases 

_  K'^i'Vi  -\-  raoi) 
^  =   jugiK'  -f  r')  ' 

At  this  instant  there  is  no  tendency  to  slip  and  n  becomes  zero,  and  hence 
at  this  instant/  =  0  and  a:  =  0.  Hence  after  the  time  t  the  linear  and  angular 
velocities  are  constant  and  given  by 

—  _ —       K^(vi -\- raoy)  _r(rvi  —  K^w)^ 

_  r\i:>i  +  roi),)  _  k^go  —  t'Cx 

If  ?"»,  —  k'^gh  is  negative  xi  is  negative.     Hence  if  (»i  is  positive  and  greater 

than  ^^,  the  translation  of  the  hoop  after  the  time  t  will  be  in  the  opposite 

direction  to  the  initial  translation. 

(8)  A  homogeneous  beam  is  supported  horizontally  on  two  sup- 
ports. Find  where  one  of  them  must  be  placed  in  order  that  ivhen 
the  other  is  removed  the  instantaneous  force  exerted  on  the  former 
may  be  equal  to  half  the  weight  of  the  beam. 

Ans.  Let  d  be  the  required  distance  of  the  permanent  support  from  the 

centre  of  the  beam,  k  tlie  radius  of  gyration  of  the 

beam  about  a  normal  axis  through  the  centre,  m  the 

1^       mass  of  the  beam,  a  its  angular  acceleration,  and  R 

,       ,   _T         the  reaction  of  the  permanent   support  immediately 

i  A       after  the  removal  of  the  other.     Then 

\7ng  B  =  -^mg, 

and  for  the  centre  of  the  beam 

For  the  end  of  the  beam 

m{tc^  +  d^)a  =  mgd,     or    a  ^  ^^  !^  ^«- 
Equating  these  two  values  of  a,  we  have  d  =  k.  "'       . 
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(9)  A  homogeneous  circular  cylinder  of  radius  r,  radius  of  gyra- 
tion about  the  axis  k,  rotating  about  its  axis  with  angular  velocity 
ooi ,  is  placed  with  its  axis  horizontal  on  a  rough  inclined  plane  (co- 
efficient of  friction  ju,  inclination  6,  so  that  in  =  tan  0),  the  direction 
of  rotation  being  that  which  it  would  have  if  the  cylinder  were  roll- 
ing without  sliding  up  the  plane.    Shoiv  that  the  axis  of  the  cylinder 

will  be  stationary  for  a  time  t  =  ;;,  at  the  end  of  which  the 

/iirg  cos  6  '' 

angular  velocity  will  be  zero. 

(10)  A  uniform  square  is  supported  in  a  vertical  plane  ivith  one 
diagonal  horizontal  by  two  supports,  one  at  each  extremity  of  the 
diagonal.  Show  that  the  initial  force  on  one  support  ivhen  the  other 
is  removed  is  equal  to  one  fourth  of  the  weight  of  the  square. 

(11)  A  uniform  horizontal  bar,  suspended  from,  any  two  points 
in  its  length  by  two  parallel  cords,  is  at  rest.  If  one  of  the  cords  be 
cut  find  the  initial  tension  in  the  other. 

Ans.     T  —  ^,  wliere  I  is  tlie  length  of  tlie  bar,  d  the  distance  from 

its  centre  of  mass  to  the  point  of  attachment  of  the  uncut  cord,  and  W  is  the 
weight  of  the  bar. 

(12)  A  uniform  beam  of  weight  W  rests  with  one  end  against  a 
smooth  vertical  wall  and  the  other  on  a  smooth  horizontal  plane, 
the  inclination  to  the  horizon  being  0.  It  is  prevented  from  falling 
by  a  string  attached  to  its  lower  end  and  to  the  wall.  Find  the  force 
between  the  upper  end  and  the  wall  when  the  string  is  cut. 

Ans.  -Tf  cote. 

(13)  A  sphere  is  laid  upon  a  rough  inclined  plane  of  inclination 

6.    Show  that  it  will  not  slide  if  the  coefficient  of  friction  is  equal  to 

2 
or  greater  than  ^  tan  0. 

(14)  A  sphere  of  radius  r  whose  centre  of  mass  is  not  at  its  centre 
of  figure  is  placed  on  a  rough  horizontal  plane,  coefficient  of  friction 
jLi.    Find  whether  it  ivill  slide  or  roll. 

Ans.  Let  ^'  be  the  radius  of  gyration  of  the  sphere  about  the  line  through 
the  point  of  contact  at  right  angles  to  the  plane  of  the  centres  of  figure  and 
Then   if  the  initial  distance  of  the  centre  of  mass  from  a  vertical 


through  the  centre  of  figure  is  greater  than ,  it  will  begin  to  slide;  if 

to  roll. 


I 


CHAPTEK  IV. 
MOTION  IN  THREE  DIMENSIONS. 


MOTION  OF  A  BODY  IN  GENERAL.  GENERAL  FORMULAS  FOR  MOTION  IN  THREE 
DIMENSIONS.  PERMANENT  AXIS  OF  ROTATION.  SPONTANEOUS  AXIS  OP 
ROTATION.  INSTANTANEOUS  AXIS  OF  ROTATION.  EQUIVALENT  SCREW. 
CONSERVATION  OF  MOMENT  OF  MOMENTUM.  INVARIABLE  AXIS  AND 
PLANE.  MOTION  OF  A  RIGID  BODY,  NO  IMPRESSED  FORCES.  MOTION  OF 
A   RIGID   BODY,  IMPRESSED   FORCES. 

Motion  of  a  Body  in  General.— The  motion  of  a  body  in  general 
consists  of  rotation  about  an  axis  through  the  centre  of  mass  and  of  trans- 
lation of  the  centre  of  mass. 

So  far  as  motion  of  translation  is  concerned  we  can  treat  the  body  as  a 
particle  at  the  centre  of  mass  and  consider  all  forces  acting  upon  the  body 
as  acting  upon  this  particle  without  change  in  magnitude  or  direction. 

So  far  as  motion  of  rotation  is  concerned  we  may  consider  the  centre  of 
mass  as  fixed. 

General  Formulas  for  Motion  in  Three  Dimensions. — Let  a 
rigid  body  of  mass  M  rotate  about  an  axis  through  the  centre  of  mass  G 
with  the  angular  velocity  go  and  the  angular  acceleration  a,  and  let  the 
components  along  the  co-ordinate  axes  CX,  CF,  CZ  be  oox,  ooy,  ooz, 
«x ,  <^i/ ,  ocz-,  positive  direction  of  rotation  being  counter-clockwise  as 
shown  in  the  figure. 

Take  a  fixed  origin  0  in  space  and  take  the  co-ordinate  axes  0X\  0Y\ 
OZ'  paraUel  to  CX,  CY,  CZ. 


f  ■ 

P 

y 

/z 

X 

/ 

Let  the  co-ordinates  of  G  with  reference  to  0  be  a;,  y,  J  and  the  co-ordi- 
nates of  any  point  P  of  the  body  in  general  with  reference  to  0  be  x ,  y\ 
z\  and  with  reference  to  (7,  x^  y,  z, 
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In  the  same  way  let  the  components  of  the  velocity  of  C  with  reference 
to  0  be  ^'x,  Vy,  Vz  and  the  components  of  the  velocity  of  any  point  P  of 
the  body  in  general  with  reference  to  0  be  Vx\  %',  Vz\  and  with  reference 

to    C,   Vx,   Vy,   Vz. 

So  also  let  the  components  of  the  acceleration  of  C  with  reference  to  O 
be/x ,  fy  ,fz ,  and  the  components  of  the  acceleration  of  any  point  P  of  the 
body  in  general  with  reference  to  0  befx,  fy,  fz,  and  with  reference  to  G, 
fx ,  fy  1  fz- 

Then  we  have  by  reason  of  our  notation 


x'  =x  +  X, 


y'  =  y  + 


Z  —  z  +  z. 


For  the  components  Vx,  Vy,  Vz  of  P  due  to  rotation  about  the  axis 
through  C  we  have 


dx 
dt 

=  Vx 

=  ZGOy  - 

-yooz\ 

dy 
dt 

=  Vy 

=  XGOz- 

-ZGOx; 

dz 
dt 

=  Vz 

=  yODx 

—  XCOy 

(la) 


If  in  these  equations  we  make  gox  =0,  coy  =  0,  we  have  equations  (la), 
page  254,  for  motion  in  two  dimensions. 

At  the  centre  of  mass  G  there  is  no  velocity  due  to  rotation,  but  only 
velocity  of  translation.  Every  point  of  the  body  not  in  the  axis  of  rota- 
tion has  this  velocity  of  translation  and  also  a  velocity  of  rotation.  We 
have  then  for  the  combined  velocity  of  any  point  P  of  the  body  with 
reference  to  0 


—-—'C^—Vx-\-Vx='Ox^-  ZGOy  —  yCOz\ 


dy'  — 

—  ^Vy    =Vy  +  Vy 


Vy  +  XOOz  —  ZCOx'i 


d^ 

dt 


=  Vz    =Vz  +Vz=  Vz+  yaox  —  XGOy. 


(1) 


If  in  these  equations  we  make  (Wx  =  0,  g?^  =  0,  we  have  equations  (1), 
page  354,  for  motion  in  two  dimensions.  If  in  addition  we  make  Vx  —  0, 
^y  =  ^^y  =  y\x  =  x',  we  have  equations  (1),  page  190,  for  rotation  only 
about  a  fixed  axis. 

We  have  for  the  components  of  the  tangential  acceleration  of  P  with 
reference  to  (7,  due  to  rotation, 

fix  =  zay  —  yaz  ,         fty  =  ^a^  —  zax,         ftz  =  y«x  —  a;% , 

and  for  the  components  of  the  normal  acceleration  of  P  with  reference  to 
C,  due  to  rotation. 


fnx  =  VzOJy  —  %c 


fny  =  VxGOz  —  VzGOx  : 


fnz  =  VyGOx  —  VxOOy. 


At  the  centre  of  mass  there  is  no  acceleration  due  to  rotation,  but  only 
acceleration  of  translation.  Every  point  of  the  body  not  in  the  axis  of 
rotation  has  this  acceleration  of  translation  and  also  an  acceleration  of 
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rotation.    "We  have  then  for  the  combined  acceleration  of  any  point  P  of 
the  body  with  reference  to  0 

-^  —fx    =fx  +fnx  +  ftX  =fx  +  {VzGOy  —  VyCJz)  +   {ZOCy  —  yOiz)', 
dVy' 


=  fy  =fy+  fny  +  fty  =  fy  +  {Vxooz  —  Vzooz)  +  {xaz  —  Zax)\ 
,^   =  fz   =  fz  +  fnz  +ftz  =fz-k-  (VyOOx  —  VxGOy)  +  (yxn  —  Xxy). 


dt 
dvz 


(2a) 


If  we  put  for  Vx,  %,  Vz  their  values  as  given  by  (1),  we  have,  since  go'  = 
oox^  +  <^y^  +  oo^z^  by  reduction 


dVx  

-^  z=fx'  =  A  +  {xGi>x  +  yooy  +  zooz)o^x  -  XGo"  +  {zay  —  ya^)', 

-^  =fy'  =  fy+  {XGOx  +  ycOy  +  ZGOx)cDy  —  yOO^  +   {xa^  —  Zax)', 


dv^ 
'dt 


=  fz'  =fz  +  i^<^X  +  yOOy  +  ZG0z)G0z  —  ZGO'   +  {yax  -  xay). 


(3) 


If  in  these  equations  we  make  gjo;  =  0,  a?!/  =  0,  a?  =  ooz  and  fz  =  0,  ax  = 
0,  ay  =  0,  we  have  equations  (2),  page  255,  for  motion  in  two  dimensions. 
If,  in  addition,  we  make /a;  =  0,  /^  =  0  and  y  =  y',  x  =  x',  we  have  equa- 
tions (2),  page  191,  for  rotation  only  about  a  fixed  axis. 

We  can  obtain  equations  (2)  directly  from  (1)  by  differentiating,  since 


dvx 
dt 


„  ,         dVy     _  ^  ,        lAJi^z    _  ^  , 


dt 


dvz 
dt 


dvz 


dVx  _^       ^_f      zz^--P 
dt  ~^'''     dt   ~*^^'     dt~''''' 


dVy            - 
dt     =*^^' 

dVz      ^ 
dt  --^^^ 

doox 

dt  -^^' 

dOOy 
dt--"^^ 

dODz 

dt  ="' 

dx 

dt  -^^' 

^y    ., 
^=^^' 

dz 
dt='"- 

Since  the  axis  of  rotation  passes  through  the  centre  of  mass  C,  we  have, 
if  m  is  the  mass  of  a  particle, 


Also 


2?nx  =  0,     2jny  =  0,     2mz  =  0. 
2m  =  M, 


and 


2 mix''  +  2/»)  =  Iz ,      2m(y'  +  z')  =  Ix,      2m(x'  +  z')  =  ly  ; 
2m{x'^  +  y")  =  Iz',     Smiy"  +  z")  =  U,    :Sm(a/'  +  a'*)  =  I^. 


(3) 

(4) 

(5) 
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Motion  of  Centre  of  Mass. — From  (2)  we  have  for  the  sum  of  the 
components  of  all  the  effective  forces,  after  reduction  by  (3)  and  (4), 

:Smfx'  =  Mfx,     :Smfy'  =  Mf^,     ^mf^  =  MU    ...     (6) 

But  by  D'Alembert's  principle  (page  168)  the  sum  of  the  components  of 
the  impressed  forces  in  any  direction  is  equal  to  the  sum  of  the  components 
of  the  effective  forces  in  that  direction. 

Hence,  the  centre  of  mass  moves  at  any  instant  as  if  all  the  mass  and 
impressed  forces  were  collected  at  the  centre  of  mass. 

Momentum. — From  (1)  we  have  for  the  sum  of  the  components  of 
momentum  of  all  the  particles,  after  reduction  by  (3)  and  ^4), 

"Smvx  =  Mvx ,     ^rnvy  =  Mvy ,     2mvz'  =  Mvz.    .     .     .     (7> 

Hence,  the  momentum  of  the  body  is  the  same  as  for  all  the  mass  col- 
lected at  the  ce7it7'e  of  mass. 

Moment  of  Momentum. — Let  ISb'mx,  UX^'my,  iSs'mz  be  the  sums  of 
the  moments  of  momentum  of  all  the  particles  about  the  co-ordinate  axes 
OX',  0Y\  OZ'.  Then  we  have  from  (1)  after  reduction  by  (3),  (4) 
and  (5), 


^'mx=^m(Vz'y'—Vy8')=Ix0^x—<^y^^^y—(^z^mxz  +  Mvzy—Mvy  z ; 
£ISb'my=2m{Vx'z' —Vz^)  =IyGOy— GOx^mxy—  oaz^myz  +  Mvx  z—Mvz  x  ; 
lSi'mz—'2m{Vy'oi^—Vxy')=IzG!)z—oox^mxz—GOy^myz+MvyX—Mvx  y-  - 


\  (8) 


The  last  two  terms  in  these  equations  give  the  moment  of  momentum 
about  0X\  0Y\  OZ'  due  to  translation,  the  others  due  to  rotation  about 
the  axis  through  the  centre  of  mass  C. 

If  we  make  oax  =  0,  g5^  =  0,  %  =  0,  ;^  =  0,  equations  (8)  become  equa- 
tions (8),  page  355,  for  motion  in  two  dimensions. 

The  resultant  moment  of  momentum  is  given  by 


Ob'm  =  VlS^"mx  +  i!S^'\iy  +  £S^"'mz, (9) 

and  the  direction-cosines  of  the  resultant  axis  of  moment  of  momentum  are 
COS  Bx  =  -arr-  ,     cos  By  =  -——-,     cos  6z  =  -j^r, — •   .    .    (10) 

If  we  have  rotation  only  without  translation,  we  have  from  (1),  making 
^=0,  %  =  0,  %  =  0  and  taking  x',  y',  z',  in  place  of  x,  y,  z, 

Vx  =  Z'aoy  —  y'ooz ,     %'  =  x'ooz  —  Z'cox  ,     Vz  =  y'aox  —  ^ooy , 

and  equations  (8)  become  in  this  case,  for  rotatio7i  only,  without  trans- 
lation, 

aS'mx  =  2m{VzY  —  V^)  =  Ix'g^x  —ooy^mx'y'  —  ooz^mx'z';  ^ 

m'my  =  'SmiVx'z'  -  Vz'xf)  =  ly' ooy  —  GOx^mxfy'  —  ooz^my'^;  I      (8a) 

/R  mz  =  2m{vy'x'  —  Vx'y')  =  Iz  GOz  -  oox^m^z'  —  ooy^my'z^.   J 

If  the  axes  OX',  OY',  OZ'  are  principal  axes  we  have 

^rnxfy'  =  0,     2mx'z'  =  0,    2my'z'  =  0; 
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and  in  this  case,  for  rotation  only^  we  have 

That  is,  for  rotation  only  without  translation,  the  moment  of  mo- 
mentum about  a  principal  axis  is  equal  to  the  product  of  the  moment  of 
inertia  and  angular  velocity  about  that  axis. 

The  same  principle  holds  good  for  the  axis  of  rotation  through  the 
centre  of  mass  (7,  ivhether  it  is  a  principal  axis  or  not.  For  let  this  axis 
be  the  axis  of  z,  for  instance.  Then  we  have  gox  =  0,  coy=  0,  ooz  —  oo,  and 
from  the  last  of  equations  (8),  making  Vx  =  0^  Vy  =  0,  we  have  for  rotation 
only  about  the  axis  of  rotation  through  C 

Kinetic  Energy. — Let  v'  be  the  velocity  of  any  particle,  and  v  the 
Telocity  of  the  centre  of  mass  C  with  reference  to  0,  so  that 

i/2  =  Vx'  +  Vy"  4-  Vz'\      'V    =  ^'  +  V   +^/. 

Then  we  have  from  (1),  after  reducing  by  (3),  (4)  and  (5),  for  the  sum 
of  the  kinetic  energy  of  all  the  particles, 

:E'  —  ^,^-mi/'  =  -tMv    +  ■^Ixoox'  +  -^lyooy''  +  -^Tz<^z^  —  ooxooy^mxy 

—    G0xG0z2mX2  —   GDyGOz^myZ. 

Now  we  have  for  the  direction-cosines  of  the  axis  of  rotation  through  C 


COx  _  GOy  OOz 

cos  a  =  — -,     cos  p  =  — ^-,     cos  y  =  — 

GO  GO  GO 


and  hence 


U'  =  -Mo'  +  —  Go\Ix  cos**  oc  +  ly  cos''  /5  +  Iz  cos'  y  —  2^mxy  cos  a  cos  /? 

—  2^mxz  cos  a  cos  y  —  22my2  cos  fi  cos  y). 

But  (page  220)  the  quantity  in  parenthesis  is  the  moment  of  inertia  / 
for  the  axis  of  rotation.    Hence 

JE:'  =  Imv  +1-I0O* (11) 

This  is  the  same  as  equation  (11),  page  256,  for  motion  in  two  dimensions. 
The  first  term  on  the  right  is  the  kinetic  energy  of  translation  for  the  total 
mass  collected  at  the  centre  of  mass,  and  the  other  term  is  the  kinetic 
energy  of  rotation  about  the  axis  of  rotation  through  C.  If  there  is  no 
translation,  we  have  ^  =  0,  and  hence  for  rotation  only  about  an  axis 
through  G 

For  rotation  only  about  any  axis  through  0  we  have 
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or  if  OX',  OF',  OZ'  are  principal  axes, 

Moment  of  the  EflFective  Forces — Euler's  Dynamic  Equations. — 
Let  /llb'/x,  aS^'fy,  IKs'fz  be  the  sums  of  the  moments  of  the  effective  forces 
about  the  co-ordinate  axes  OX',  0Y\  OZ'. 

Then  we  have  from  (2),  after  reduction  by  (3),  (4)  and  (5),  if  the  co- 
ordinate axes  are  principal  axes, 

aSSi'fx  =  'Smifz'y'  —  fy'z)  =  Wz  y  —  Mfy  Z  +  Ixax  —  {ly  —  h) a>ya>z  ;  1 

US^'fy  =  2m{fx'z'  —  fzx')  =  Mfx  Z  —  Wz  cc  +  lyay  —  {Iz  —  Ix)a)zGOx;  f  C^^) 

/IB'/Z  =   2m{fy'x'  —fzV')  =  Mfy  X  —  Mfx  y  +  IzOCz   —  {Ix  —  Iy)Q!>xOOy.  J 

If  in  these  equations  we  make  /^  =  0,  ^  =  0,  ax  =  0,  ay  =  0,  cja;  =  0, 
GOy  =  0,  we  have  equations  (12),  page  257,  for  motion  in  two  dimensions 
and  principal  axes. 

In  these  equations  the  first  two  terms  on  the  right  give  the  moments 
about  CI',  CY,  CZ  for  the  effective  force  due  to  translation  of  the  entire 
mass  collected  at  the  centre  of  mass. 

We  have  (page  265)  for  principal  axes,  reducing  by  (3)  and  (5), 

2m{ftzy  —  ftyz)  =  Ixax ,    2m{ftxZ  —  ftzx)  =  lyay , 
Smiftyx  —ftxy)  =  IzOLz. 

These  terms  in  equations  (12)  give  then  the  moments  about  CX,  CY,  CZ 
for  the  effective  tangential  forces  due  to  rotation  about  CZ.  We  have  also 
(page  265)  for  principal  axes,  reducing  by  (3)  and  (5), 

^m{fnzy—fnyZ)  =  —  {ly—I^GOnGOz,    '2m{fnxZ—fnzX)  =  —  {Iz  —  Ix)oi>zGOx, 
'Sm{fnyX  —fnxy)  =  -  (Jx  —  Iy)G0xG0y. 

These  terms  in  equations  (12)  give  then  the  moments  about  CX,  CF,  CZ 
for  the  effective  deflecting  forces. 

If  we  have  rotation  only  without  translation  about  an  axis  through  0, 

we  have  fx,  fy,  fz  zero  in  (12) ;  and  since  in  equations  (2)  x^  y,  z  become 
x',  y',  ^ ,  equations  (12)  become,  if  /«',  ly  ^  Iz  are  the  moments  of  inertia 
about  the  principal  axes  OX'^  OY'^  0Z\ 

IS^'fx  =  Ixax   —  {ly    —  Iz')G0yC0z  ;  \ 

^'fy  =  ^y^y  —  i^z  —  Ix)gozgox ;  V     ....    (13a) 

It'fz    =  Iz'az  —  {Ix    —  Iy)GdxGOy.     ) 

These  equations  are  known  as  Euler^s  dynamic  equations  for  rotation. 

Impressed  Forces. — Let  the  impressed  forces  be  Fi,  F^,  Fs,  etc., 
making  the  angles  (on,  /Si,  yi),  {a^,  ^i,  y-i),  etc.,  with  the  co-ordinate 
axes.     Then  we  have  for  the  resultant  components  of  the  external  forces 

Fx  =  Fi  cos  ai  +  Fi  cos  a-i  +  etc.  =  2F  qo&  a\\ 

i?V=  Ficos/?! +-^aC08/Ja  4-etc.  =2^cos/S;  >■     .     .     (18) 

Fz  =  Fi  cos  yi  +  Fi  cos  y^  +  etc.  =  ^F  cos  ^  ;  ) 
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Moment  of  the  Impressed  Forces. — Let  /Rear,  /Bbe?/,  /IRe^  be  the 

sums  of  the  moments  of  the  impressed  or  external  forces  about  the  co- 
ordinate axes  CJT,  (77,  CZ,  and  let  {Xi ,  y^ ,  ei),  {x^,  y-i,  z^),  etc.,  be  the 
co-ordinates  of  the  points  of  application  of  the  impressed  or  external  forces, 
Fi,  Fi,  etc.    Then  we  have 

aSex  =  2Fy  cos  X  —  2F2  cos  /? ;  "j 

iSSey  =  2F2  COS  a  —  2Fx  COS  ;^  ;    > (14) 

jflBez  =  2Fx  COS  /3  —  2Fz  cos  a.  ; 

Permanent  Axis  of  Rotation. — Let  a  body  rotate  about  one  of  the 
principal  axes  through  the  centre  of  mass,  as  for  instance  the  axis  CZ. 
Then  we  have  oox  =  0,  ooy  =  0,  and  from  (13a), 

IVbfx  =  Ixax,     IXSfy  =  lyay,     UXSfz  =  Izaz ; 

that  is,  the  moments  of  the  effective  deflecting  forces  about  CX,  CY,  CZ 
are  zero.     By  D'Alembert's  principle  we  have 

IWSfx  =  i^ex ,      /lib/!/  =  ^ey,      ISi^fz  =  /IRez- 

Now  if  there  are  no  impressed  forces,  or  if  all  the  impressed  forces 
always  pass  through  the  centre  of  mass,  or  always  form  a  system  whose 
resultant  moment  about  C  is  zero,  or  if  the  resultant  of  all  the  impressed 
forces  always  lies  in  the  plane  of  rotation,  we  have  iS^ex  =  USbfx  =  0, 
IS^ey  —  ^fy  —  0,  or  ax  =  0,  ay  =  0,  and  therefore  the  axis  CZ  will 
remain  unchanged  in  direction  and  the  body  will  always  rotate  about  it. 
For  this  reason  the  principal  axis  through  the  centre  of  mass  in  such  case 
is  called  a  permanent  axis  of  rotation. 

If  therefore  we  observe  a  body  to  rotate  a  short  time  about  an  un- 
changing axis,  we  infer  that  it  rotated  about  it  from  the  beginning  of  the 
motion  and  that  the  axis  is  a  principal  axis  through  the  centre  of  mass. 
If  the  angular  velocity  is  uniform,  we  infer  that  all  the  impressed  forces 
are  zero  or  always  pass  through  the  centre  of  mass.  If  the  angular 
velocity  is  not  uniform  we  infer  that  the  resultant  of  all  the  impressed 
forces  always  lies  in  the  plane  of  rotation. 

Spontaneous  Axis  of  Rotation. — The  axis  through  the  centre  of 
mass  about  which  a  body  rotates  at  any  instant  we  call  the  spontaneous 
axis  of  rotation.*  If  go  is  the  angular  velocity  about  the  spontaneous 
axis  and  cos  a,  cos  /5,  cos  y  are  its  direction  cosines,  w^e  evidently  have 


00  =   \/gOx^   +  O^y"^  +    t»z^ 

oox  ^       ^y  ^z     \     '     '     '     ^-^^^ 

cos  a  =  — ,     cos  p  =  — ,     cos  y  =  — . 

GO  GO  GO      J 

Also,  if  in  (la)  we  make  Vx  =  0,  Vy  =  0,  Vz  =  0,  we  obtain  the  equa- 
tions of  the  locus  of  all  those  points  which  have  no  velocity  due  to  rotation, 
that  is,  the  equations  of  the  spontaneous  axis.  Taking  then  x^\  y'\  z"  as 
the  co-ordinates  for  any  point  of  the  spontaneous  axis  with  reference  to  (7, 
we  have 

GOr  GOr  OOii 

/'  =  -^y",    X"  =  — /',    y"  =  -^af' (16) 

OOy^     ^  GOz  OOx 

*  Usually  called  the  '  *  instantaneous  axis. "  "We  prefer  the  term  spontaneous 
axis. 


Vx 

a-/' 

".,,. 

00  z' 

GOt, 

Vz 

OOy' 

wz 

GOx 
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These  then  are  the  equations  of  the  projections  of  the  spontaneous  axis 
on  the  co-ordinate  planes  YZ,  ZX,  XY,  respectively. 

We  have  just  seen  that  if  the  spontaneous  axis  is  a  principal  axis  and 
there  are  no  impressed  forces,  or  if  all  the  impressed  forces  always  pass 
through  the  centre  of  mass,  or  always  form  a  system  whose  resultant 
moment  about  G  is  zero,  or  if  the  resultant  of  all  the  impressed  forces 
always  lies  in  the  plane  of  rotation,  the  direction  of  the  spontaneous  axis 
will  remain  unchanged  and  it  is  a  permanent  axis  of  rotation. 

If  the  spontaneous  axis  is  not  a  principal  axis,  or  if,  being  a  principal 
axis,  the  preceding  conditions  are  not  fulfilled,  it  will  continually  change  in 
direction  and  describe  a  cone  whose  vertex  is  the  centre  of  mass. 

Instantaneous  Axis  of  Rotation. — The  axis  Jixed  in  space  about 
which  a  body  rotates  at  any  instant  when  the  centre  of  mass  moves  in  a 
plane  at  right  angles  to  the  spontaneous  axis  we  call  the  instantaneous 
axis  of  rotation.* 

If  in  equations  (1)  we  make  Vx  =  0,  Vy'  =  0,  %'  =  0,  we  obtain  the  equa- 
tions of  the  locus  of  all  those  points  whose  velocity  is  zero  at  the  instant, 
that  is,  the  equations  of  the  instantaneous  axis.  Taking  then  ic",  y",  z" 
as  the  co-ordinates  for  any  point  of  the  instantaneous  axis  with  reference 
to  C,  we  have 


(17) 


These  then  are  the  equations  of  the  projections  of  the  instantaneous 
axis  on  the  co-ordinate  planes.  Comparing  with  equations  (16),  we  see  that 
the  instantaneous  and  spontaneous  axes  are  parallel^  and  the  velocity  of 
the  centre  of  mass  is  at  right  angles  to  their  plane. 

If  in  (17)  we  make  g^c  =  0,  g:^  =  0,  %  =  0,  we  obtain  equations  (17), 
page  259,  for  motion  in  two  dimensions  only. 

If  the  axis  of  angular  acceleration  through  the  centre  of  mass  coincides 
with  the  spontaneous  axis,  we  can  evidently  replace  cox^  ooy,  goz  by  ax, 
ay,  az,  and  Vx,  Vy,  %  by /to,  fty,  ftz,  and  obtain 

,''  ^  ^y"  ^  fk^      ^'  =  ^^"  _  Hl^      y"  =  ^x"  -  ^.       (18) 
a/  ay'  az  a^'       ^         ax  a^         ^     ' 

If  in  these  equations  we  make  ax  =  0,  a^  =  0,  ftz  =  0,  we  obtain  equa- 
tions (18),  page  259,  for  motion  in  two  dimensions  only. 

Equivalent  Screw.  (Compare  Vol.  I.,  Kinematics,  page  201.) — When 
there  is  an  instantaneous  axis  it  must  then  be  parallel  to  the  spontaneous 
axis  and  the  motion  of  the  centre  of  mass  must  be  at  right  angles  to  their 
plane. 

But  the  velocity  of  the  centre  of  mass  in  general  may  make  an  angle 
greater  or  less  than  90°  with  the  spontaneous  axis.  In  such  case  the  ve- 
locity of  the  centre  of  mass  may  be  resolved  into  a  component  along  the 
spontaneous  axis  and  at  right  angles  to  it,  and  the  entire  motion- of  the 
body  at  any  instant  is  then  in  general  equivalent  to  its  rotation  about  an 
axis  parallel  to  the  spontaneous  axis  and  translation  along  this  axis. 

The  motion  of  the  body  is  then  a  screw  motion  consisting  at  any  instant 
of  rotation  about  an  axis  and  translation  along  it. 


*  Usually  called  the  ' '  spontaneous  axis."  We  prefer  the  term  instantaneous 
axis. 
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We  have  for  the  angular  velocity  about  the  screw  axis,  and  for  its  di- 
rection-cosines, since  it  is  parallel  to  the  spontaneous  axis,  equations  (15), 


00  =  ^QOx     +   OOy^  +   0D«';  j 

cos  a  = =  cos  p  =  — -.       cos  y  = .    ( 

Oi)    '  GO  00         \ 

Let  u  be  the  velocity  along  the  screw  axis,  and  other  notation  as  in  figure, 
page  264.    Then  we  have 

—    ^X  GOy  GOz 

GOx  .  ^y  .  ^z  . 

U =  'Ox,         U =  Vy,         U =  Vz. 

00  '  GO  *"  GO 

Inserting  the  values  of  Vx\  %',  %'  from  (1)  and  letting  x",  y",  z"  be 
the  co-ordinates  for  any  point  of  the  axis  of  the  screw  with  reference  to 
the  centre  of  mass  (7,  we  have  from  these  two  equations 


a?  "~  GOx     +    GOy^   +    GOz 


(20) 


fi>|/  OOy  GOGOy  GOz  GOz  COOOz 

GOx  GOx  GO  GOx' 


h.     (21) 


Equation  (20)  gives  the  unit  pitch  of  the  screw,  or  the  distance  of  ad- 
vance —  during  a  rotation  of  one  radian. 

GO 

Equations  (21)  are  the  equations  of  the  projections  on  the  co-ordinate 
planes  of  the  screw  axis,  which  we  see  from  equations  (16)  is  parallel  to  the 
spontaneous  axis.  When  there  is  no  translation  along  the  screw  axis, 
that  is,  when  the  velocity  of  the  centre  of  mass  is  at  right  angles  to  the 
spontaneous  axis,  we  have  ti  —  0,  and  equations  (21)  become  the  same  as 
equations  (17),  and  the  screw  axis  is  the  instantaneous  axis. 

But  when  w  =  0  we  have,  from  (9), 

VxGOx  +  VyGOy  +   VzGl>z  =  0 (22) 

Equation  (22)  is  then  the  condition  for  rotation  only  without  transla- 
tion. If  it  is  satisfied,  we  have  at  the  instant  rotation  only  about  the  in- 
stantaneous axis  given  by  (17).  If  it  is  not  satisfied,  we  have  screw  motion, 
or  translation  along  and  rotation  about  the  screw  axis  given  by  (21). 

u 

If  we  substitute  in  (31)  the  value  of  —  from  (20)  and  reduce,  we  have 

for  the  equations  of  the  axis  of  the  screw 


00x\  GO^  )  GOy\ 


VxGOz  —  VzGOx\ 

go'  } 


1     /   „  _  VyGOjr.  —  VxGOy\ 
00z\  00?  /* 
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We  see  from  these  equations  that  the  central  axis  of  the  screw  passes 
through  a  point  whose  co-ordinates  are 

„  _  VzGDy  —  VyGOz  „  _  VxOOz  —  VzGOx  „  _  V^Q^x—^^ 

^    -  Gd"  ^     y    -  a,2  »     2^    -  —^  .    .     (23) 

If  oox  =  0,  GDy  =  0,  a>2  =  ffi»,  and  Vz  =  0,  these  equations  reduce  to 
equations  (17),  page  259,  for  motion  in  two  dimensions. 
If  we  substitute  these  values  of  x'\  y",  «"  in  (21)  we  have 


Vx   =   —(^X  —   {ZOOy  —   y'  G0^\ 


'^y  —  ~;:7^y  —  (^"^«  —  ^"^x); 


—         u 

Vz  =  — ooz  —  {y"oox  —  x"a>y). 

00 


(24) 


The  motion  of  the  body  at  any  instant  is  therefore  known  when  the  six 
quantities,  Vx ,  Vy ,  v^  ,  oox ,  ooy  ^  goz  ,  are  known.  Tliese  six  quantities  are 
therefore  called  the  components  of  motion. 

If  they  are  known  we  can  find  oo  and  the  direction  of  the  axis  of  the 
screw  from  (19),  the  position  with  reference  to  the  centre  of  mass  from 
(23)  and  the  velocity  of  advance  along  the  central  axis  from  (20). 

On  the  other  hand,  if  the  position  of  the  central  axis  of  the  screw 
(;»",  y'\  z")  is  given,  together  with  the  velocity  u  along^t,  the  rotation 
about  it  and  its  direction-cosines,  the  components  Vx^  Vy,  vz  are  given 
by  (24). 

If  the  spontaneous  axis  is  a  principal  axis  through  the  centre  of  mass 
and  there  are  no  impressed  forces,  or  if  all  the  impressed  forces  pass 
through  the  centre  of  mass,  then,  as  we  have  seen  (page  270),  the  spon- 
taneous axis  is  a  permanent  axis  of  rotation  and  the  parallel  screw  axis  i& 
a  permanent  axis  also. 

If  the  spontaneous  axis  is  not  a  principal  axis,  then  even  if  there  are  no 
impressed  forces  it  changes  in  direction  by  reason  of  the  moment  of  the 
deflecting  forces,  and  the  parallel  screw  axis  therefore  also  changes  its 
direction  continually. 

Conservation  of  Moment  of  Momentum. — We  have  from  (8)  for 
the  sums  of  the  moments  of  momentum  of  all  the  particles  about  the 
co-ordinate  axes  0X\  0Y\  0Z\ 

It'mx  =  2m{Vzy'  —  Vy'z');  \ 

Os'my  =  2m{vx'2' —  Vz'x);  y (a) 

as'mz  ='2m{vy'x'  ^Vx'y').  ) 

We  p.lso  have  from  (12),  for  the  sums  of  the  moments  of  the  effective 
forces  about  these  axes, 

It'fx  =:Sm{f^y'  -fy'z'Y,  \ 

ib'fy  =  :sm{fxz' -fz'x'y.V (&> 

Ob'fz  =  2m{fy'x'  -fx'y'y  ) 
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We  can  obtain  these  last  equations  (&)  directly  from  the  preceding  (a) 
by  differentiating  (a),  since 


dx'  _     ^       dy'  _      ^      dz' 


dt   ~'^'"      dt    ~'^^'      dt   ~^^- 

Hence  the  integration  of  equations  (6)  will  give  us  equations  (a). 

Now  by  D'Alembert's  principle  the  moment  of  the  effective  forces  is 
equal  to  the  moment  of  the  impressed  forces.  But  if  the  moment  of  all 
the  impressed  forces  about  any  axis,  as  for  instance  the  axis  of  0Z\  is 
ill  ways  zero,  we  have  always  /Bb'/z  =  0?  and  hence  by  integration 

where  Gz  is  a  constant  of  integration. 

Hence,  if  the  moment  of  the  impressed  forces  about  any  axis  is  always 
zero^  the  moment  of  momentum  about  that  axis  is  constant. 

This  is  the  principle  of  conservatio7i  of  momeritum^. 

Invariable  Axis  and  Plane. — If  all  the  impressed  forces  are  zero, 
or  if  their  resultant  passes  always  through  the  centre  of  mass,  we  have 
always 

ObfX  =  0,  ihfy  =  0,  ISifz    =  0, 

and  hence  by  integration  i 

ISbmx  =  Cx  5  fl^my  =  Oy  ,  xlBmz  =  Oz  , 

where  Cx,  Cy,  Cz  are  constants  of  integration.    The  resultant  moment  of 
momentum 


Obm  =  yGx    ■¥  Cy    -^  Cz 

is  then  constant  and  its  projection  in  any  fixed  direction  in  space  is 
constant. 

Hence,  when  a  body  or  system  of  bodies  is  acted  upon  by  mutual  actions 
of  the  particles  only,  or  by  any  system  of  impressed  forces  for  which  the 
resultant  always  passes  through  the  centre  of  mass,  the  resultant  moment 
of  momentum  is  constant  and  the  direction  of  the  axis  of  the  resultant 
moment  of  momentum  is  fixed  in  space. 

The  axis  of  the  resultant  moment  of  momentum  through  the  centre  of 
mass  in  such  case  is  called  the  invariable  axis,  and  the  plane  through  the 
•centre  of  mass  at  right  angles  to  this  axis  is  the  invariable  plane. 

The  invariable  plane  for  a  system  of  bodies  is  then  that  plane  through 
the  centre  of  mass  on  which  the  sum  of  the  projections  of  the  moment  of 
momentum  of  all  the  bodies  is  a  minimum. 

If  GO  is  the  angular  velocity  about  the  spontaneous  axis  at  any  instant 
:and  /  is  the  moment  of  inertia  of  a  body  about  the  spontaneous  axis  at 
that  instant,  then  (page  171) 

Igo 

is  the  moment  of  momentum  about  the  spontaneous  axis. 

If  we  take  the  principal  axes  through  the  centre  of  mass  as  co-ordinate 
axes,  we  have 

iXbmx  =  IxOOx  ,  tt^my  =  lyOiy  ,  If^mz  =  IzOOz  , 
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and  hence  for  the  moment  of  momentum  about  the  invariable  axis 


^m  =  '^Uoax^  +  ly^oay^  +  H  oo^ (25) 

The  direction-cosines  of  the  invariable  axis  are  then 

cos0x=7jjr-,        cos0y  =  -^,        cosez=^.  .     .    (26) 

XBjm  XHJm  xRm 

The  angle  0  of  the  invariable  axis  with  the  spontaneous  axis  is  given 
by 

Igo 
cos  ct>  =  -^jjT- (27) 

The  angular  velocity  about  the  invariable  axis  is  then 

GO  =  oax  COS  %x  +  GOy  COS  %y  +  OOz  COS  0«  =  G3  COS  0, 

or,  from  (27), 

vrhere  (page  268)  E  —  -kI^^  is  the  kinetic  energy  of  rotation  about  the 

spontaneous  axis. 

The  velocity  of  translation  along  the  invariable  axis,  if  u  is  the  velocity 
of  translation  along  the  spontaneous  axis,  is 

V  =  u  cos  0, 

or,  from  equations  (20)  and  (27), 

^=  yST^^a^^a;  +  'OyOOy  +  VzOOz) (29) 

Motion  of  a  Rigid  Body — No  Impressed  Forces. — Let  the  im- 
pressed forces  be  zero  and  let  the  body  have  the  angular  velocity  go  at  any 
instant  about  the  spontaneous  axis.  Then  the  centre  of  mass  at  any 
instant  has  a  velocity  of  translation  u  along  and  of  rotation  oo  about  the 
screw  axis  as  given  page  273.  It  only  remains  to  discuss  the  rotation  of 
the  body. 

The  kinetic  energy  E  =  ^loo^  =  ^2mif   is  constant,  and  we  have 

from  (28) 

2mv^  =  Igo*  =  — - —  =  /lftm<»  COS  <^,     .     .     .     .     (30) 
l 

2 

where  (page  220)  I  =  —  (where  p  is  any  arbitrary  distance  and  tc  is  the 

radius  of  gyration  for  the  spontaneous  axis)  is  the  semi-diameter  of  the 
central  ellipsoid  of  inertia  which  coincides  with  the  spontaneous  axis. 
We  have  from  (30) 


\ 
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Hence  we  conclude,  since  ^mv*  is  constant, 

(1)  The  angular  velocity  go  about  the  spontaneous  axis  is  directly- 
proportional  to  the  length  I  of  the  semi-diameter  of  the  central  ellipsoid  of 
inertia  which  coincides  with  the  spontaneous  axis,  or  inversely  as  the 
square  root  of  the  moment  of  inertia  with  respect  to  that  axis. 

We  have  also  from  (30) 

loo''        2E 

"7=—  =  -— —  =  00  COS  0. 

Hence  we  conclude  from  (28), 

(2)  The  angular  velocity  about  the  invariable  axis  is  constant.  There- 
fore as  (p  increases  or  cos  <p  decreases,  go  increases.  That  is,  as  the  in- 
clination (p  of  the  spontaneous  axis  to  the  invariable  axis  increases,  the 
angular  velocity  co  about  the  spontaneous  axis  increases. 

The  equation  of  the  invariable  plane  is  from  (26)  since  it  passes  through 
the  centre  of  mass  at  right  angles  to  the  invariable  axis 

X  cos  Ox  +  y  cos  By  +  Z  COS  Bz  =  0, 

or 

^a^  +  ^y  +  ^^^,  =  0 (31) 

^m  /Dbni  IS^m  ^     ' 

Call  the  point  in  which  the  spontaneous  axis  pierces  the  central 
ellipsoid  of  inertia  the  spontaneous  pole,  and  let  x\  y',  z'  be  its  co-ordinates, 
and  Ix^  lyi  Iz  the  principal  semi-diameters.  Then  the  equation  of  the 
tangent  plane  to  the  ellipsoid  at  the  spontaneous  pole  is 


But  from  (19) 


XX'       yv 

IX  I'V 


I —  =  X,        Z— ^  =  y',       I —  =  ^, 

00  GO  ^  ^  GO 


Hence  the  equation  of  the  tangent   plane   to  the  ellipsoid  at  the 
spontaneous  pole  reduces  to 


OOxX  OOyy     _     GOzZ  GO 

Now  (page  220) 


Ix^  ly^  Iz^  I 


Hence  we  have 

GOxXKx^   +   GOi/yKy'*   +    OOzZKz     =  GOkH. 

Multiplied  by  JHf  and  dividing  by  /ftm,  we  have  finally  for  the  equation 
of  the  tangent  plane  to  the  ellipsoid  at  the  spontaneous  pole 

^+-i^-=^' (32) 

fUm  /||3m  abm 

Comparing  with  (31),  we  see  that  the  tangent  plane  at  the  spontaneous 
pole  is  parallel  to  the  invariable  plane,  and  that  these  two  planes  are  sepa- 

loo 
rated  by  the  perpendicular  distance  (equation  (27) )  Zcos  0  =  -=—l. 

IMJm 
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Thus  if  CR  coincides  with  the  spontaneous  axis,  and  R  is  the  sponta- 
neous pole,  the  tangent  plane  RN  at  R  is  parallel  to  the  invariable  plane 

Igo 
<and  the  normal  CN  is  I  cos  (p  =  — — /,  and 

CiV  coincides  with  the  invariable  axis. 

Hence  the  ellipsoid  rotates  about  ON 
and  rolls  without  sliding  on  the  tangent 
plane  NR  parallel  to  the  invariable  plane 

loo 
at  the  fixed  distance  I  cos  (p  =  -zz—l. 

As  different  points  of  the  ellipsoid  come 
successively  into   the  tangent  plane,   the 

semi-diameters  which  join  them  with  the  centre  become  in  turn  the  spon- 
taneous axis. 

The  motion  of  the  body  at  any  instant  is  a  screw  motion  for  the  spon- 
taneous axis  at  that  instant,  as  given  page  273.  The  angular  velocity 
^bout  and  linear  velocity  along  the  invariable  axis  at  that  instant  are  given 
by  (38)  and  (39). 

Evidently,  if  the  spontaneous  axis  coincides  with  a  principal  axis,  CiV 
<joincides  with  OR,  which  is  a  permanent  axis  (page  370). 

Motion  of  a  Rigid  Body — Impressed  Forces — Euler's  Geometric 
Equations.— By  means  of  Euler's  dynamic  equations  (page  369)  we  can 
find  oox,  GOy,  GOz  when  the  impressed  forces  are  known,  by  D'Alembert's 
principle. 

But  since  the  principal  axes  move  with  the  body,  the  complete  solution 
requires  that  the  position  of  these  axes  at  any  instant  shall  be  determined 
with  respect  to  the  fixed  axes. 

We  need  then  the  geometrical  equations  between  the  motion  of  a  body 
in  space  and  the  angular  velocity  about  an  axis. 

These  equations  we  have  already  deduced  in  Vol.  I,  Kinematics,  page 
^31,  They  are  known  as  Euler^s  geometric  equations.  "We  reproduce  them 
here. 

Let  OZ"',  0Y\  OZ'  be  three  rectangular  principal  axes  of  the  body  at 
the  point  0.  These  axes  are  fixed  in  the  body  and  rotate  with  it.  Let  the 
body  rotate  about  some  axis  through  the  point  0,  also  fixed  in  the  body 
^nd  therefore  making  invariable  angles  with  these  axes,  so  that  the  com- 
ponent angular  velocities  are  oox,  ooy,  ooz.    We  take  direction  of  rotation 

about  X'  from  Y'  to  Z'   ^  positive, 

"     Y'     ''    Z'toX'    i  the  opposite 
1  ^  10  2L      ^(JiI.ection 

"     Z'      "    X'toF'  J  negative. 

Let  now  OX,  OY,  0-^  be  rectangular  co-ordinate  axes  whose  directions 
in  space  are  invariable. 

Let  0  be  the  centre  of  a  sphere  of  radius  r.  Let  X,  F,  Z  and  X',  Y\ 
Z'  be  the  points  in  which  this  sphere  is  pierced  by  the  fixed  and  moving 
iixes. 

Let  the  axes  OZ',  OY',  OZ'  have  the  initial  positions  OX,  OY,  OZ. 
First  let  the  body  rotate  about  OZ  through  the  angle  ^OP  =  ip,  so  that 
OZ  moves  to  OP  and  OF  to  ON.  Then  rotate  the  body  about  OiV  through 
the  angle  ZOZ'  =  6,  so  that  OP  moves  to  OB  and  OZ  to  OZ'.  Finally 
rotate  the  body  about  OZ '  through  the  angle  EOX'  =  0,  so  that  OE  moves 
to  OJT'  and  OiV to  OY'. 

It  is  required  to  find  the  geometric  relations  between  (p,  9,  ip  and 
W,  ooy,  GOz'.  These  geometric  relations  are  called -£^wZer'5  ^eome^rec  e^?/a- 
Mons  for  rotation. 
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The  line  OH  is  called  the  line  of  nodes,  6  is  the  obliquity,  and  if;  th© 
precession. 

Let  the  angular  velocity  of  Z'  perpendicular  to  the  plane  ZOZ'  at. 
di/> 
any  instant  be  -jr.    This  is  called  the  angular  velocity  of  precession.    Let 

do 
the  angular  velocity  of  Z'  along  ZZ'  at  the  same  instant  be  ^.    This  is. 


called  the  angular  velocity/  of  nutation.    Let  the  angular  velocity  of  X'' 

d(p 
with  reference  to  i^  at  the  instant  be  ^r. 

dt 

Draw  Z'D  perpendicular  to  OZ.    Then  Z'D  =  r  sin  6  and  the  velocity^ 

dip 
at  any  instant  of  Z'  perpendicular  to  the  plane  ZOZ'  is  r  sin  6  .  -^,  and 

CiC 

along  ZZ'  at  the  same  instant  it  is  r-rr.    The  velocity  at  the  same  instant 

of  Z'  along  Y'Z'  is  raox',  and  along  Z'X'  it  is  raoy'. 
"We  have  then  directly  from  the  figure 

dB  , 

r—  =  rcoy  cos  0  4-  rcax  sm  <p ; 
dt 

r  sm  0  .  -^  =  raoyooy  sm  0  —  rcax  cos  0. 


Combining  these  two  equations,  we  obtain 


fiax'  =  ^  sin  0  —  —  sin  6  cos  0 ; 

a>z  =  ^  cos  0  +  -TT  sm  0  sm  0. 
at  at 


In  the  same  way  we  have  the  velocity  of  E  perpendicular  to  the  plane^ 
di\)  dif) 

ZOE  equal  to  r  sin  (90  +  0)—  or  r  cos  0  .  -rr,  and  of  X'  along  EJ',  rela- 

<70 
tive  to  E,  r—rr.    The  entire  velocity  of  X'  in  space  along  X'Y'  is  rta^'. 
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or 


We  have  then 


,      d^        ^      d<t> 


oox  =  ;^  sin  0  —  -^  sin  9  cos  <p  ; 


dt 


dt 


,      dQ  dip 

dtf)  d(t> 

00,   =^COse  +  -; 


(33) 


and  these  are  Euler^s  geometric  equations. 

Auxiliary  Angles.— From  the  spherical  triangles  of  the  figure,  con- 
sidering iV  as  a  vertex  in  each,  we  have  for  the  direction  cosines  of  the 
moving  axis  with  respect  to  the  fixed, 

cos  X'OX  =  —  sin  ^  sin  0  +  cos  '$  cos  4>  cos  0, 
cos  TOX  =  —  sin  ^  cos  0  —  cos  ^  sin  (p  cos  0, 
cos  Z'OX  =  sin  0  cos  ^ ; 

cos  X'O F  =  cos  ^  sin  0  +  sin  ^  cos  0  cos  6, 

cos  FOF=  cos  ^cos  0  — sin  ^sin  0COS  0,        \      .    .    (34) 

cos  Z'OT  =  sin  0  sin  ^  ; 

COS  X'OZ  =  —  sin  0  cos  0, 
cos  T'OZ  =  sin  0  sin  0, 
cos  Z'OZ   =  cos  0. 

For  the  angles  which  the  axes  Z^  Z',  and  ON  make  with  the  axes  X\ 
Y\  Z\  we  have 

cos  ZOX'  =  —  cos  0  sin  0; 
cos  ZOT   =  sin  0  sin  0; 
cos  ZOZ'    =  cos  0; 

cos  Z'OX'  =  0; 

cos^'OF  =  0;  j- (35) 

cos  Z'OZ'  =  1; 

cos  If  OX'  =  sin  0; 
cosiVOF'  =  cos  0; 
cos  NOZ'    =  0. 


EXAMPLES. 

(1)  A  layer  of  dust  of  uniform  depth  d  feet,  d  being  small,  is  formed 
on  the  earth  by  the  fall  of  meteors  reaching  the  earth  from  all  directions. 
Consider  the  earth  as  a  homogeneous  sphere  of  radius  r  and  density  A^ 
and  let  d  le  the  density  of  the  dust.  Find  the  change  in  length  of  the 
day. 
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Ans.  Let  aji  be  the  angular  velocity  of  rotation  before,  and  go^  after,  tlie 
layer  is  formed,  and  /i  the  moment  of  inertia  of  the  earth  and  /a  that  of  the 
layer. 

Since  there  are  no  forces  in  the  system  except  the  mutual  action  of  the 
particles,  by  the  principle  of  conservation  of  moment  of  momentum  (page  374), 
we  have 

/iCi?i  =  (/i  +  Ii)GOi ;    or,    (»a  = r~Gi>u 

The  mass  of  the  earth  is  given  by 

hence  (page  176)  we  have 


The  moment  of  inertia  of  the  dust-layer  is  then 

hence  we  have 

d^ 
Expanding,  and  neglecting  —  and  all  higher  powers,  we  have 

Therefore  we  have 

1 

Jr 
(2)  In  the  preceding  example^  if  the  density  of  the  dttst  is  twice  that  of 
water ^  and  d  =  — r,  find  the  length  of  day. 

Ans.  The  mean  density  of  the  earth  is  about  5.5  that  of  water.     There- 
fore --r=  zr-;..    We  have  then 
n      5.5 


CJa  11 

1  + 


^'  = 5^^^— =13^^- 


5.5  X  20 
The  length  of  day  would  then  be  — :  of  24  hours,  or  only  22  hours. 

(3)  A  head  of  mass  m  slides  on  a  circular  wire  of  mass  M  and  radiiis 
r,  and  the  wire  rotates  about  a  vertical  diameter.  If  ooi  and  ooa  are  the 
angular  velocities  of  the  wire  when  the  head  is  respectively  at  the  extrem- 

(A>a  m 

ities  of  a  horizontal  and  vertical  diameter,  show  that  —  =  1+2  -^rr. 
Ans.  Let  /  =  — ^—  be  the  moment  of  inertia  of  the  wire  (page  176)  and  wr* 
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that  of  the  bead.  Then,  since  there  are  no  forces  except  mutual  actions  of  the 
particles,  we  have,  by  the  principle  of  conservation  of  moment  of  momentum 
(page  274), 

Igoi  4-  mr^GOi  =  lao^ ;    or,    — ^r— cwi  -|-  mr^aoi  =  — ^r— ooa ; 


whence  we  obtain 


—  =1  +  4- 


(4)  If  the  earth  gradually  contracted  by  radiation  of  heat,  so  as  to  be 
always  similar  to  itself  as  regards  its  physical  constitution  and  form^ 
show  that  when  every  radius  vector  has  contracted  an  nth  part  of  its 
length,  where  n  is  small,  the  angular  velocity  has  increased  a2nthpart 
of  its  value. 

Ans.  Let  M  be  the  mass  of  the  earth,  ri  its  radius  before  and  r^  that  after 
contraction,  and  /i  the  moment  of  inertia  before,  and  /a,  after.     Then 

-       2Jfr,2  2Mrr,^ 

and 

/iCiJi   =  I-iGO^,       or       CO-i  =  -r^GOi    =   — r. 
ia  Ti* 

But  r-i  =  ri  —  nri  =  ri(l  —  n).    Hence  we  have 

_         r,-^         _        1 

^«   -    ,.,2(1    _   ^2)   -  (1  _  nf 

Expanding,  and  neglecting  n^  and  higher  powers, 

OOi  =  ^  _  ^    tt?i   =  (1  +  27l)fiJ,. 

(5)  If  two  railway  trains,  each  of  mass  M,  were  to  travel  in  opposite 

directions  from  the  pole,  along  a  meridian,  and  to  arrive  at  the  equator  at 

the  same  time,  show  that  the  angular  velocity  of  th^  earth  would  be 

2Mr'^ 
decreased  by         ^    of  itself;  where  r  is  the  equatorial  radius^  E  is  the 

mass  of  the  earth,  and  k^  is  radius  of  gyration  for  the  axis. 

Ans.  Let  I  he  the  moment  of  inertia  of  the  earth  and  a)i,  co,  the  angular 
velocities  before  and  after.     Then  /  =  Ek^,  and 

Igoi  =  iiCJa  +  2Mr^Go^,     or    Ek^goi  =  Ek'^oo^  +  2J/r*(09  ; 
bence 

(6)  Suppose  a  mass  of  ice  M  to  melt  from  the  polar  regions  for  20° 
round  each  pole  to  the  extent  of  something  more  than  a  foot  thick,  enough 
to  givel^feet  over  those  areas  or  0.066  of  a  foot  of  water  spread  over  the 
whole  globe,  which  would  raise  the  sea-level  by  only  some  such  undiscover- 
able  difference  as  three  fourths  of  a7i  inch  or  an  inch.  Show  that  this 
vwuld  slacken  the  earth's  rotation  by  one  tenth  of  a  second  per  year. 

Ans.  The  moment  of  inertia  of  the  ice-caps  before  melting  is  easily  shown 
to  be,  if  0  is  the  angle  of  20°, 

_  ftL-.  cos  0  (1  4-  cos  6). 
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The  moment  of  inertia  of  tlie  earth,  if  E  is  the  mass  of  the  earth  considered 
as  a  homogeneous  sphere,  is  ■  ■      .     If  ol>i  is  the  angular  velocity  before  and  <»» 

0 

after  melting,  we  have 

2Er^  Mr* 

5 
or 


fi)i 5-  cos  0(1  +  cos  0)a)i  =  — =— fiJa ; 

o  o 


— =  3^  cos  0(1  +  cos  6). 

GOi  KiJbj 

Substituting  numerical  values,  the  value  of  gj,  —  oJa  is  easily  found. 

(7)  Find  the  motion  of  a  sphere  rolling  on  a  rough  plane. 

Ans.  Let  the  plane  be  the  plane  of  X'Z',  and  let  the  components  of  the 
friction  parallel  to  these  axes  be  Fx,  Fz.  All  the  impressed  forces  can  be  re- 
duced to  a  single  force  F  at  the  centre  of  mass  C  and  a  couple  which  causes 
angular  acceleration  a  about  an  axis  through  G. 

Let  Fx ,  Fz  be  the  components  of  this  force  parallel  to  the  axes,  and  ax ,  ag 
the  components  of  the  angular  acceleration. 

Let  r  be  the  radius  of  the  sphere,  k  its  radius  of  gyration  about  a  diameter 


so  that  (page  176)  k*  =  zT^,  and  let  M  be  the  mass  of  the  sphere.     Take  the 
5 

axes  CX,  GY,  GZ  through  the  centre  of  mass  G  parallel  at  any  instant  to  OX ', 

0Y\  0Z\ 

Then  we  have  for  the  moment  of  the  impressed  forces  about  GX  and  GZ 

itSex  =  —  Fz'r,  /IRes  =  Fx'r ;  and  for  the  moments  of  the  effective  forces  about 

the  same  axes  (page  269),  if  Ix ,  ly  are  the  moments  of  inertia  about  these 

axes,  ifbfx  =  IxOLx ,  aSifz  =  IzOCz  -     We  have  then  by  D'Alembert's  principle 


Ixax  =  —  Fzr, 


Izaz  =  Fx'r. 


(1) 


Let /a; ,  fz  be  the  linear  accelerations  parallel  to  OX',  OZ  '  of  the  centre  of 
mass.  Then,  since  the  centre  of  mass  moves  as  if  all  the  forces  acted  at  the 
centre  of  mass  (page  267),  we  have,  from  (1), 


(2) 


Bat 


fx 


Wx  =  Fx  +  Fx'  =  Fx+^^;^ 

Mfz  ■=  Fz  -\-  Fz  =  t  z               • 

ocz,       fz  =  rax,     or    ax  =  f, 

OCz  = 

r' 

CHAP.  IV.]   MOTION   IK   THREE   DIMENSIONS— EXAMPLES.  28S 

Substituting  in  (2),  we  obtain 

—  T^  7.2 

•^^  "  i-^  +  JIfr^"^*'  -^^  =  X+1^^*- 

Or,  since  i^  =  i^  =  Mk^, 


^f'  =  WJ^^-'      ^f^  =  l^T^^' (8) 

These  are  the  same  equations  as  for  a  particle  of  equal  mass  acted  upon  by 

r^  5 

=  —  of  the  acting  forces. 


Hence,  the  motion  of  the  centre  of  mass  of  a  homogeneous  sphere  rolling  on  a 
rough  plane  under  the  action  of  any  forces  is  the  same  as  for  a  particle  of  the 
same  mass  if  all  the  forces  are  reduced  to  five  sevenths  of  their  former  valv^. 

Now 


' /»  +/«  =  /  =  ttie  resultant  horizontal  acceleration, 
and 


V'i^a*  -{-Fz^  =H=  the  resultant  impressed  force. 
Hence,  from  (3),  we  have 

M Vf,'  -Vfz'  =  \  VF^'  +  Fz\    or   Mr=\H. 

If  Fy  is  the  normal  force  and  /li  the  coefficient  of  friction,  then  fiFy  is  the 
friction;  and  since  the  centre  of  mass  moves  as  if  all  the  forces  were  applied 
there,  we  have  also 

Mf=H-llFy. 

5  2  JB 

^H=E-fiFy,     or     /^  =  -— . 

2  H 

If,  then,  the  coefficient  of  friction  is  equal  to  or  greater  than  -  -=^,  the 

sphere  will  roll  without  sliding. 

(8)  A  sphere  is  placed  on  an  inclined  plane  sufficiently  rough  to  pre- 
vent sliding,  and  a  velocity  in  any  direction  is  connnunicated  to  it.  Show 
that  the  path  of  the  centre  is  a  parabola.  If  v  is  the  initial  hoHzontal 
velocity  of  the  centre,  and  a  the  inclination  of  the  plane.,  show  that  the 

...    14       v"" 
latus  rectum  will  oe  —       .       . 

Ans.  The  acceleration  down  the  plane,  from  the  principle  of  the  preceding 

example,  is  —g  sin  a.     If  the  initial  velocity  v  makes  an  angle  6  with  the  line 

of  slope,  the  velocity  down  the  plane  is  vcosQ,  and  at  right  angles  v  sin  B. 
There  is  no  acceleration  at  right  angles.  The  distance  y  passed  over  at  right 
angles  in  the  time  t  is  then 

y  =  vt  sin  6, 

and  the  distance  x  down  the  plane  is 

X  =  vtco8B  -\-  -rgt^  sin  a. 
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Eliminating  t,  we  have  for  the  equation  of  the  curve 

y  5    g  sin  a 

tan  e^  U  v^  sin2  0  ^  * 

This  is  the  equation  of  a  parabola.     If  the  initial  velocity  is  horizontal, 
6  =  90",  sin  6  =  1,  tan  0  =  <x> ,  and  we  have 


/2  — 


14 


g  sin  a 


-X. 


(9)  A  homogeneous  sphere  rolls  on  a  rough  plane  under  the  action  of 
a  force  varying  inversely  as  the  square  of  the  distance  from  a  point  in  the 
plane  of  motion  of  the  centre.  Show  that  its  centre  describes  a  conic  sec- 
tion. Also,  if  when  the  distance  of  its  centre  from  the  centre  of  force  is 
one  quarter  of  the  major  axis  of  its  orbit,  the  sphere  comes  to  a  smooth 
part  of  the  plane,  the  major  axis  of  the  orbit  will  be  suddenly  reduced  in 
the  ratio  7  ^o  13. 

Ans.  We  have  the  central  acceleration 

^  _       aV' 

J  ~  ^a   ' 

■where  a'  is  the  accebration  at  a  known  distance  r'. 
Hence  (Vol.  I,  Kinematics,  page  142) 


W 


1  +  37^  cos  (0  -  0) 


which  is  the  polar  equation  of  a  conic  section.     We  have  also  (Vol.  I,  Kine- 
matics, page  145) 

//V'2 

where  A  is  the  semi-major  axis.     When  r  =  -^,  we  have 

.       Sa'r'' 
.«  =  -^-. 

7 
For  a  smooth  plane  we  have  —a'r'^  instead  of  a'r"\  and  hence 
o 

..-1^^2A.-.r). 


5Air 


WTien  r  =  "Tj- ,  we  have 

<9 


Hence  —-^ 
A 


-^-IT 

7ay^       da'r'^ 
5A,  ~    A    ' 

7 

13' 

(10)  A  homogeneous  sphere  moves  without  rotation  on  a  smooth  horizon- 
tal plane  under  the  action  of  a  central  force  such  that  the  centre  of  the 
sphere  describes  an  ellipse  with  the  centre  of  force  in  the  focus.     If  the 
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sphere  arrive  at  a  part  of  the  plane  which  is  rough  when  the  distance  of 

its  centre  from  the  centre  of  force  is  —th  of  the  major  axis  of  its  orbit  for 

the  rough  plane,  show  that  the  major  axis  is  diminished  in  the  ratio 
1  to  b  +  2n.  If  the  sphere  come  again  to  the  smooth  part  of  the  plane 
when  the  distance  of  its  centre  from  the  focus  is  the  same  fraction  as 
before  of  the  major  axis  of  its  orbit  for  the  rough  plane,  show  that  the 
major  axis  is  again  diminished  in  tJie  same  ratio. 

(11)  Show  as  in  example  (7)  that  the  motion  of  the  centre  of  mass  of  a 
homogeneous  disk  rolling  on  a  rough  plane  under  the  action  of  any  forces 
is  the  same  as  for  a  particle  of  the  same  mass  if  all  the  forces  are  reduced 
to  two  thirds  of  their  former  value.     Also,  that  the  disk  will  roll  without 

1    TT 
sliding  if  the  coefficient  of  friction  is  equal  to  or  greater  than  —  -^. 

6      JTy 

(12)  Show  that  the  motion  of  the  centre  of  mass  of  a  very  thin  circular 
hoop  rolling  on  a  rough  plane  under  the  action  of  any  forces  is  the  same 
as  for  a  particle  of  the  same  mass  if  all  the  forces  are  reduced  to  one 
half  their  former  value.    Also  that  the  hoop  will  roll  without  sliding  if 

1  H 
the  coefficient  of  friction  is  equal  to  or  greater  than  —  ^^. 

a    Jby 

(13)  Show  that  the  motion  of  the  centre  of  mass  of  a  very  thin  spherical 
shell  rolling  on  a  rough  plane  under  the  action  of  any  forces  is  the  same 
as  for  a  particle  of  the  same  mass  if  all  the  forces  are  reduced  to  three 
fifths  their  former  value.    Also  that  the  shell  will  7'oll  without  sliding  if 

2  H 
the  coefficient  of  friction  is  equal  to  or  greater  than  -  -=r. 

0     Jjy 

(14)  Discuss  theprobletn  of  the  Gyroscope. 

Description. — The  gyroscope  consists  of  a  disk  aa  which  is  set  in  rota- 
tion about  an  axis  in  the  direction  of  the  diameter  of  the  ring  B.    This  ring 


is  attached  to  the  rod  S,  which  passes  through  a  sleeve  at  h.  This  sleeve  is 
pivoted  in  the  fork  g  so  that  8  can  rotate  in  a  vertical  plane,  and  the  fork^  is 
pivoted  at  J  so  that  this  rod  can  rotate  horizontally.  A  sliding  counterweight 
G  can  be  so  adjusted  that  the  centre  of  mass  of  the  apparatus  can  be  made  to 
lie  on  the  same  side  of  the  standard  as  the  disk,  on  the  opposite  side,  or  directly 
over  the  standard.  ,  -,,..,  ^       * 

Solution  —Let  the  counterweight  be  so  adjusted  that  the  centre  of  mass 
C  is  on  the  same  side  of  the  fixed  point  0  as  the  disk  aa.    Let  the  entire  mass 
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be  M,  and  the  distance  00  be  L  Let  OZ' ,  OX',  OT  be  rectangular  principal 
axes  at  0,  fixed  in  the  apparatus  and  rotating  with  it,  and  let  the  rectangular 
axes  OZ  vertical,  and  OX,  OF  horizontal,  be  fixed  in  space. 

Let  oox,  ooy ,  GOz  be  the  angular  velocity  about  the  axes  OX,  OF',  OZ'  at 

any  instant.  Evidently  ooz  is  always 
constant  in  magnitude,  since  the  force 
Mg  and  the  equal  reaction  at  0  always 
pass  through  OZ'. 

Let  0  be  the  angle  of  the  axis  OZ'  of 
the  disk  with  OZ  at  auy  instant  and  6i 
the  initial  angle  at  the  beginning  of 
the  motion.  At  this  instant  we  have 
oox,  ooy'  zero. 

The  moment  of  the  weight  Mg  at 
C  and  the  reaction  at  0  about  the  axis 
OZ  is  always  zero.  Hence  by  the 
principle  of  conservation  of  moment 
of  momentum  (page  274)  the  moment 
of  momentum  about  OZ  is  constant, 
and  we  have 

Tz'goz'  cos  01  =  Tz'go2'  cos  0  +  Ix'oox  COS  ZOX'  -f-  I/aoy  cos  ZOY'. 

In  the  present  case  of  a  rod  and  disk,  every  straight  line  through  0  at  right 
angles  to  OZ'  is  a  principal  axis,  and  the  moment  of  inertia  about  every  such 
line  is  the  same  and  equal  to  1' .  We  have  then  l^  =  //  =  /';  and  inserting 
the  values  of  the  cosines  as  given  by  equations  (35),  page  279,  we  have 


Iz'ooz  (cos  01  —  cos  0)  =  I'dOy  sin  0  sin  0  —  I'gox  sin  0  cos  (p.  . 


(1) 


The  initial  kinetic  energy  of  rotation  is  ilzo^z'^',  and  the  initial  potential 
energy  with  reference  to  a  plane  at  a  distance  I  below  0,  if  C  is  on  the  same 
side  of  0  as  the  disk,  is  Mg{l  -\-  I  cos  0,);  if  (7  is  on  the  opposite  side  of  0  from 
the  disk,  Mg{l  —  I  cos  0i).     The  total  initial  energy  is  then 

E,  =  Wgoz'^  +  Mg{l  ±  I  cos  0i). 
The  final  kinetic  energy  of  rotation  (equation  (11a),  page  269)  is 

and  the  final  potential  energy,  if  G  is  on  the  same  side  of  0  as  the  disk,  is 
Mg(l-^l  cos  0);  if  Cis  on  the  opposite  side  of  0  from  the  disk,  Mg{l  —  I  cos  0). 
The  total  final  energy  is  then 

E,  =  ^I'gox'^  +  U't»/'  +  irzooz""  +  Mg{l  ±  I  cos  6). 

If  we  disregard  friction,  we  have  by  the  principle  of  conservation  of  energy 
Ei=Ei,  or 


ii'(W  +  G£>y")  =  ±  Mgl{coB  01  -  cos  0), 


(3) 


where  the  (+)  sign  is  to  be  taken  for  centre  of  mass  G  on  the  same  side  of  0 
as  the  disk,  and  the  (— )  sign  when  it  is  on  the  opposite  side. 
"We  have  also  from  equations  (33),  page  279, 


<^ar  =  —  sm  0 
at 


-—  sm  0  cos  0; 
at 


a)y  =  —  cos  0  -|-  —7  sm  0  sin  <p; 
at  at 

drb         ^    ,    d(p 
«,  =-C086  +  -; 


(8) 
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where  (figure,   page  278)  ^  is  angular  velocity  of  precession  or  rotation 

about  OZ,  and  -  the  angular  velocity  of  nutation  or  rotation  about  the  line 
of  nodes  ON. 

Squaring  and  adding  the  first  two  of  equations  (3),  we  obtain 

-^'^  +  "»'  =  f^  +  '^«in.« (4) 

Substituting  (4)  in  (2)  and  the  values  of  ao^',  ooy'  from  (3)  in  (1),  we  have 

dt'  +  ^  ^  ^'"^  ^  =  ±  2if^;(cos  0x  -  cos  0);    .     .    .     .    (5) 

7,dip   .  , 
dT        ^  ~  ^«'^«'(cos  01  -  cos  6) (6) 


Also,  from  the  last  of  equations  (3) 

dt    ■"  ( 

Equations  (5),  (6)  and  (7)  are  the  differential  equations  of  motion  of  the 
gyroscope.     When  0  =  0^,  or  at  the  beginning  of  motion,  we  have 

From  (6)  wp  have 


d(p        difj 

df+di'''''^  =  '''^ (7) 


^^  ft  ^^  A  A      d<P 


dip  __  Ix'goz'      cos  01  —  cos  0 

'di  "~     /'     *         iki'21       ' (®) 

and  substituting  in  (5), 

-  =  f  (cos0.-cos0)^±-^-.^.,^^^^(cos0.-cos0)J,      .    (9) 

where  the  (-}-)  sign  is  taken  for  G  on  the  same  side,  and  the  (— )  sign  for  G  on 
the  opposite  side  of  0  from  the  disk. 

From  (9)  we  see  that  for  G  on  the  same  side  of  0  as  the  disk  —  is  imagi- 
nary when  0  is  less  than  0i.     Also  for  Con  the  opposite  side  of  0  from  the 

dB 
disk,  -,- is  imaginary  when  0  is  greater  than  0i.     The  centre  of  mass  then 

always  falls  from  its  initial  position  and  can  never  rise  above  it. 

From  (8)  then,  if  ooz  is  positive,  that  is,  if  the  rotation  of  the  disk  looking 

from  0  to  Z'  is  clockwise,  —  is  positive,  or  the  rotation  about  OZ  looking 
dt 

from  0  to  Z  is  clockwise,  if  Cis  on  the  same  side  of  0  with  the  disk. 

If  G  is  on  the  opposite  side  of  0  from  the  disk,  if  goz  is  positive  -—  is  nega- 

ut 

tive. 

If  C coincides  with  0,  we  have  1  =  0  and  the  angle  0i  remains  unchanged. 

Hence  cos  0  —  cos  0i  =  0  and  t?  =  0,     37  =  0.     The  axis  OZ'  in  such  case 

dt  dt 

remains  stationary. 

These  conclusions  can  be  illustrated  by  the  apparatus  (figure,  page  285)  by 
shifting  the  counterweight. 

The  length  of  the  simple  pendulum  which  would  oscillate  about  OX'  or 
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OY'  in  the  same  time  as  the  gy 
Let  us  call  this  length  A,  so  that 


OF'  in  the  same  time  as  the  gyroscope  (if  ooz'  were  zero)  is  (page  179)  -^^ 

Ml 


and  let  us  put  for  convenience 


'='-f.or,^  =  ^m- 


21  "g        ^.  '         '    ~  U'Mgl 
Then  equation  (8)  becomes 

sin2  6  ^  =  2/S  j/^  (cos  Gi  -  cos  0), (10) 

and  equation  (9)  becomes 

sin2  0^=%[±  sin»e -2/J2(cos0i -cose)](cosei-cos6).    .     .     (11) 
Ojt         A 

If  we  put  -—  =  0  we  obtain  the  maximum  and  minimum  values  of  0.   We 
(tt 

have  — =  0  when  0  =  0i ,  and  this  is  the  minimum  value  of  0,  for  we  have 

at 
just  seen  that  0  cannot  be  less  than  0i  for  G  on  same  side  of  0  as  disk,  nor 

greater  than  6i  i 

maximum  when 


greater  than  6i  for  G  on  the  opposite  side.     We  shall  also  have  -^  =  0  and  0  a 

at 


±  sin2  0  -  2y52(cos  0i  -  cos  0)  =  0;       (12) 

or  denoting  the  maximum  value  of  0  by  09, 


cos  0a  =  ± /5-^  T  Vl  T  2y5«  cos  0x  + /J4 (13) 

The  upper  signs  are  for  (7  on  same  side  of  Oas  the  disk,  and  the  lower  signs 
for  G  on  the  opposite  side. 

We  see  from  (13)  that  the  value  of  02  depends  upon  /?,  and  that  02  can  be  0 
or  180°  or  cos  0a  =  +  1  or  —  1  only  when  /3  =  0.  But  /5  depends  upon  goz 
and  can  be  zero  only  when  goz'  is  zero.  Hence  any  velocity  of  rotation  goz'  of 
the  disk,  however  minute,  is  sufficient  to  prevent  the  axis  from  reaching  the  ver- 
tical OZ.  The  self-sustaining  power  of  the  gyroscope  is  thus  proved.  From 
(12)  we  have,  when  0  is  a  maximum, 

cos  01  -  cos  0a  =  ^^^ (14) 

If  /S  or  60z  is  very  great,  cos  0i  —  cos  02  is  very  small.  Hence  by  increas- 
ing the  value  of  ooz  we  see  that  ©a  —  0i  can  be  made  less  than  any  assignable 
quantity.  This  proves  the  apparently  paradoxical  result  that  the  revolving 
disk  does  not  visibly  fall. 

From  (10)  we  see  that  for  0  =  0j,  -^  is  zero.      Hence  the  disk  must  fall 

dt 
in  order  to  generate  a  rotation  about  OZ;  but  if  ooz    is  great  this  fall  is  very 
minute,  and  is  not  visible. 

The  centre  of  mass,  then,  oscillates  up  and  down  between  the  minimum  and 

maximum  values  of  0i  and  0a  given  by  (13),  while  the  angular  velocity  -^ 

dt 

of  the  centre  of  mass  about  OZ  varies  from  _-  =  0,  when  the  axis  is  in  its 

dt 
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initial  position,  to  the  maximum  value  given  by  (10),  when  we  substitute  the 
values  of  sin''  6  and  cos  Oi  —  cos  0  given  by  (12)  and  (14),  viz., 

di(>         1      /T 

-di  =  wyi (i^> 

The  complete  solution  of  the  problem  requires  the  integration  of  the  differ- 
ential equations  (5),  (6)  and  (7).  This  requires  the  use  of  elliptic  functions. 
If,  however,  we  assume  that  the  velocity  of  rotation  of  the  disk  ooz  is  very 
great,  and  hence  cos  di  —  cos  0,  or  6  —  6i  very  minute,  we  may  obtain  integrals 
of  (5)  and  (6)  which  will  express  the  motion  with  all  requisite  accuracy. 

Let  us  then  assume  aoz'  or  /J  very  large  and  6  —  ©i  very  small,  the  centre  of 
mass  C  being  on  the  same  side  of  0  s 

Let  0  —  01  =  u,  or 


as  the  disk. 
u,        dQ  =  du. 


where  ■w  is  a  very  small  angle. 
Then  we  have 

sin  0  =  sin  0i  cos  u  -f-  cos  6i  sin  u; 

cos  0  =  cos  01  cos  u  —  sin  0i  sin  u. 

Also  by  series,  since  -m  is  a  very  small  angle,  neglecting  higher  powers  of  u 
than  the  square, 

sm  u  =  u,      cos  u  =.  1  — rt  • 

Substituting,  we  have 

sin  0  =  sin 


cos  0  =  cos 


(•-*)+• 
{-D- 


cos  01 ; 


sin  01. 


Hence,  neglecting  higher  powers  of  u  than  the  square, 

sin'  0  =  sin'  01  -  -^2  sin'  0i  -\-v?  cos'  Bi-\-%u  sin  0i  cosQi; 

1 


and  therefore 

cos  01  —  cos  0 
sin'0 

(cos  01  —  cos  0)" 


cos  01  —  cos  0  =  w  sin  0i  +  -^u^  cos  Si;  .     .     .     . 

u  sin  01  +  -^u^  cos  01 
sin'  01  +  2u  sin  0i  cos  0i  +  u'^  cos'  0i  —  u"  sin'  01 ' 


(16) 


(17) 


tC'  sin'^  0, 


sin'  0  sin'  0i  +  2u  sin  0i  cos  0i  +  w'  cos'  0i  -  v?  sin'  0i 

Inserting  (16)  and  (18)  in  (11),  we  obtain 

dt  = 


u\  (18) 


^/^ 


du 


X ' '"       V2u  sin  0,  -|-  u''  (cos  0i  -  4/J') 
Since  y3  or  gdz'  has  been  assumed  very  great,  cos  0i  may  be  neglected  in 
comparison  with  4/^,  and  we  have 

J^ 

2/3' 


/ 


.  dt 


du 


4/2wsin0i  -  A/S^u^ 


/      sin  01        a 


(19) 
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Integrating,  since  when  i  =  0,  u  =  0  —  Bi  =0, 


or  since  cos  2^  =  1  —  2  siu''  A, 


l,sine.sin»(yf  .). 


'^^2^^^''    '^^°    vA^Vt-^) (22) 

We  have  from  (17),  neglecting  the  square  as  well  as  Mglier  powers  of  u 
(which  may  be  done  without  sensible  error  owing  to  the  minuteness  of  u, 
though  it  could  not  be  done  in  the  foregoing  values  of  dt  and  t,  since  fi"^  is 
great  when  u  is  small), 

cos  6i  —  cos  9  u  sin  Oi 


sin''  9  sin'  6i  +  'iu  sin  Oi  cos  6,' 

The  greatest  possible  value  of  sin  6i  cos  6i  is  for  By.  =  45°,  or 

sin  01  cos  6i  =  i. 

Since  u  is  very  small,  we  have  then,  neglecting  2u  sin  6i  cos  9i, 

cos  6i  —  cos  B  _     u 
sil?~0~~  ~  sin  e,  • 

and  substituting  in  (10)  we  obtain 

dt  ~  '^V  X  •  sin  er 

Inserting  the  value  of  u  from  (22),  we  have 

'l-Wh^WD <««> 

Integrating,  since  dip  =  0  when  <  =  0,  we  obtain 

Equations  (22),  (23),  (24)  give  with    all   requisite  accuracy  the  vertical 
angular    depression    of    OZ',  u  =  B  -  Bi,   the    horizontal  angular  velocity 

-J-,   and  the  horizontal  angle  ip  at  the  end  of  any  time  i,  provided  ooz    is 

very  great. 

Referring  to  (19),  we  see  that  it  is  the  differential  equation  of  a  cycloid  gen- 

.  rated  by  a  circle  whose  angular  diameter  is      ^'  .     (Vol.  I,  Kinematics,  page 

157.) 
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When,  starting  from  t  =  0  (and  therefore  u  =  0,  ~  and  tp  =  0),u  has  its 
greatest  value,  we  have  from  (20),  (21),  (23),  (24) 


After  the  expiration  of  the  time  t 
have 


«  =  o,    f  =  0.^  = 


and  OZ'  has  regained  its  original  elevation  and  the 
horizontal  velocity  is  zero. 

The  axis  OZ'  then  moves  as  if  it  were  the  element  ^ 
of  a  right  circular  cone  AOZ',  the  angle  AOZ'  being 
equal  to  u,  which  rolls  on  the  cone  ZOA,  the  angle  ZOA  being  equal  to  61 
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Acceleration,  2. 
Advantage,  mechanical,  52. 

Analogy  between  equations  for  rotation  and  for  rectilinear  motion,  172. 
Angle  of  friction,  67. 
Areas,  conservation  of,  142. 
Axes,  principal,  221. 

Axis,  fixed,  rotation  about,  167  ;  general  formulas  for,  190  ;  of  rotation,  per- 
manent, 195,  270 ;  spontaneous,  270  ;  instantaneous,  271 ;  invariable,  274. 
Axle,  friction,  69,  74. 

Ballistic  pendulum,  184. 
Beams,  impact  of,  160. 
Brake,  friction,  73. 

Central  impact,  144. 

Centre — of  mass,  conservation  of,  141 ;  of  oscillation,  179  ;  of  percussion,  180, 

195;  of  rotation,  167. 
■Centrifugal  force,  16. 
Centripetal  force,  15. 
CoeflBcients  of  kinetic  friction,  66 ;  experimental  determination  of,  69 ;  table 

of,  74. 
Composition  and  resolution  of  forces,  2. 
Compound  pendulum,  178. 
Cones,  equimomental,  225. 
Oonical  pendulum,  16. 
Conservation — of  areas,  142  ;  of  centre  of  mass,  141  ;  of  energy,  86  ;  of  moment 

of  momentum,  273  ;  of  moments,  142  ;  of  momentum,  141. 
Conservative  forces,  86. 

Constrained  motion— of  a  particle,  118  ;  general  equations,  123. 
Curve,  motion  on,  124 ;  reaction  of,  66,  68,  118. 

D'Alembert,  principle  of,  168. 
Deflecting  force,  15  ;  on  the  earth,  18. 
Density  of  earth  by  torsion-pendulum,  189. 
Determination  of  moments  of  inertia,  227. 
Deviation  of  falling  body,  25. 
Direct  impact,  144. 
Dynamics,  1. 
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Earth  consolidation,  152. 

Eartli  density,  by  torsion-pendulum,  189. 

Eccentric  impact,  144,  185. 

Effective  forces,  167  ;  moment  of,  168. 

Efficiency,  52. 

Elastic  impact,  151. 

Elasticity,  modulus  of,  149. 

Ellipsoid  of  inertia,  219,  223. 

Energy,  56  ;  conservation  of,  86 ;  law  of,  87  ;  potential,  86. 

Equation — of  force,  2  ;  of  motion,  3 

Equimomental  cones,  225 ;  system,  227. 

Equipotential  surface,  103. 

Equivalent  screw,  271. 

Euler's  geometric  equations,  277  ;  dynamic  equations,  269. 

Falling  body,  deviation  of,  25. 

Field  of  force,  102. 

Fixed  axis,  rotation  about,  167  ;  general  formulas,  190. 

Force,  conservative  and  non-conservative,  86 ;  centrifugal,  16  ;  centripetal, 
15 ;  deflecting,  15,  18 ;  effective  and  impressed,  167  ;  equation  of,  2  ;  field 
of,  102  ;  lines  of,  103  ;  tubes  of,  103 ;  impulsive,  35 ;  resolution  and  com- 
position of,  2  ;  uniform,  2  ;  unit  of,  2  ;  variable,  2  ;  work  of,  45. 

Foucault's  pendulum,  27. 

Friction,  angle  of,  67  ;  axle,  work  of,  74 ;  brake,  73  ;  coefficient  of,  74 ; 
kinetic,  69  ;  laws  of,  68 ;  moment  and  work  of,  68 ;  of  pivots,  axles, 
ropes,  69  ;  table  of  coefficients  of,  74. 

Geodesic  line,  129. 
Gravitation  unit  of  force,  3. 
Gravitational  potential,  103. 
Gyration,  radius  of,  176,  217. 

Hardness,  146. 

Impact,  144  ;   general  equations,  145  ;    imperfectly  elastic,  148 ;  non-elastic,. 

150  ;  elastic,  151  ;  oblique  central,  154  ;  strength  of,  158  ;  of  beams,  160  ;. 

eccentric,  185  ;  of  an  oscillating  body,  182  ;  of  revolving  bodies,  182. 
Impressed  forces,  167. 

Impulse,  31 ;  unit  of,  31  ;  and  momentum,  32  ;  moment  of,  171. 
Impulsive  force,  85. 
Inertia,  moment  of,  174,  176,  217  ;  reduction  of  moment  of,  173  ;  experimental 

determination  of  moment  of,  179  ;  ellipsoid  of,  219  ;  discussion  of  ellipsoid 

of,  223  ;  products  of,  226. 
Instantaneous  axis  of  rotation,  270. 
Invariable  axis  and  plane,  274. 

Kinetics,  1  ;  of  a  particle,  1  ;  of  a  system,  141. 

Kinetic  energy,  56  ;  of  a  rotating  body,  171. 

Kinetic  friction,  65 ;   kinds  of,  66 ;  coefficients  of,  66 ;  moment  and  work  of, 

68  :  laws  of,  68  ;  experimental  determination  of  coefficient,  69  ;  of  pivots, 

axles,  ropes,  69. 

La  Place,  theorem  of,  113. 

Law  of  energy,  87  ;  applications  to  kinetic  problems,  87  ;  to  static  problems,. 

92. 
Laws — of  kinetic  friction,  68  ;  of  motion,  35. 
Line,  geodesic,  129. 
Lines  of  force,  103. 

Mass,  conservation  of  centre  of,  141  ;  reduction  of,  173. 

Mechanical  advantage,  52. 

Medium,  resisting,  coefficient  of  resistance,  59. 
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Modulus  of  elasticity,  147  ;  experimental  determination  of,  149. 

Moment— of  effective  forces,  168  ;  of  friction,  68  ;  of  impulse,  171. 

Moment  of  inertia,  170,  174,  217  ;  reduction  of,  173,  218 ;  experimental 
determination  of,  179. 

Moment  of  momentum,  171  ;  conservation  of,  273. 

Moments,  conservation  of,  142. 

Momentum,  31  ;  unit  of,  31  ;  relation  between  momentum  and  impulse,  32  ; 
momentum  and  work,  43 ;  momentum  and  power,  50  ;  conservation  of 
momentum,  141  ;  moment  of  momentum,  171. 

Motion,  equations  of,  3  ;  of  particle  on  earth's  surface,  24  ;  Newton's  laws  of, 
35  ;  of  body  in  resisting  medium,  coefficient  of  resistance,  59  ;  of  particle, 
constrained,  118  ;  general  equations,  123  ;  on  a  curve,  124  ;  on  a  surface, 
128  ;  rectilinear  and  rotation,  analogy  between  equations  for,  172  ;  in  two 
dimensions,  252  ;  general  formulas,  253  ;  in  three  dimensions,  264  ;  gen- 
eral formulas  for,  264. 

Newton's  laws  of  motion,  35. 
Non-elastic  impact,  150. 

Oblique,  impact,  145  ;  central,  154  ;  friction  of,  156. 
Oscillation,  centre  of,  179. 

Particle,  kinetics  of,  1  ;    constrained  motion  of,  118  ;    motion  of  an  earth's 

surface,  24. 
Pendulum,  ballistic,  184 ;  simple  conical,  16  ;  Foucault's,  27  ;  compound,  178  ; 

torsion,  187. 
Percussion,  centre  of,  180,  195. 
Permanent  axis  of  rotation,  195,  270. 
Pile-driving,  153. 
Pivots,  friction  of,  69. 
Plane  of  rotation,  167. 

Point,  potential  of,  102  ;  of  suspension,  167. 
Poisson's  extension  of  La  Place's  theorem,  114. 
Potential  energy,  86. 

Potential,  theory  of  the,  102  ;  gravitational,  103. 
Poundal,  3. 

Power,  49  ;  unit  of,  50  ;  power  and  momentum,  50. 
Principal  axes,  221. 
•Products  of  inertia,  reduction  of,  226  ;  determination  of,  227. 

Radius  of  gyration,  176,  217. 

Eate  of  work,  49 ;  unit  of,  50  ;  and  momentum,  50. 

Reaction  of  a  curve  or  surface,  66,  68,  118  ;  due  to  rotation  of  path,  122. 

Rectilinear  motion  and  rotation,  analogy  between  equations  for,  172. 

Reduction— of  mass,  173 ;  of  moment  of  inertia,  173,  218  ;  of  products  of 
inertia,  226. 

Resistance,  coefficient  of,  for  body  moving  in  resisting  medium,  59. 

Resolution  and  composition  of  forces,  2. 

Rigidity  of  ropes,  69. 

Ropes,  friction  of,  69  ;  rigidity  of,  69.  -         i  *    i  err 

Rotation,  kinetic  energy  of,  171  ;  about  a  fixed  axis,  167  ;  plane  of,  167 ; 
centre  of,  167  ;  about  a  fixed  axis,  general  formulas,  190  ;  permanent  axis 
of,  270  ;  spontaneous  axis-  of,  270  ;  instantaneous  axis  of,  271  ;  analogy 
between  equations  for  rotation  and  rectilinear  motion,  172. 

Screw,  equivalent,  271. 

Spontaneous  axis  of  rotation,  270. 

Statics,  definition  of,  1. 

Stress,  37.  .        n  oo  oo  tiQ 

Surface,  equipotential,  103  ;  motion  on,  66,  128 ;  reaction  of,  66,  68,  118. 

Suspension,  point  of,  167. 

System,  kinetics  of  a,  141. 
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Theorem  of  La  Place,  113. 

Torsion-pendulum,  187. 

Translation,  1 ;  of  a  body  on  a  curve  or  surface,  66. 

Tubes  of  force,  103. 

Unit— of  force,  2 ;  of  gravitation,  3 ;  of  impulse,  31 ;  of  momentum,  31  ;  of 
work,  42  ;  of  power,  50. 

Virtual  work,  43. 

Work,  41  ;  unit  of,  42  ;  virtual,  43 ;  relation  between  momentum  and,  43  ;  of 
a  force  in  general,  45  ;  done  under  given  forces,  46  ;  of  a  central  force,  47  ; 
rate  of,  49  .  of  friction,  68  ;  of  axle-friction,  74. 


MECHANICS— MACHINERY. 

Text-Books  and  Practical  Works. 

A  TEXT-BOOK  OF  ELEMENTAEY  MECHANICS 
FOB  THE  USE  OP  COLLEGES  AND  SCHOOLS. 

By  E.  S.  Dana,  Assistant  Professor   of  Natural  Philosophy 

Yale  College.   Twelfth  edition 13mo,  cloth,  $1  50 

"  All  Students  and  Mechanics  will  find  the  above  a  most  admirable 
v?oTk,'"—Indtistrial  World. 

PRINCIPLES  OP  ELEMENTARY  MECHANICS. 

By  Prof.  De  Volson  Wood.  Fully  illustrated.  Ninth  edi- 
tion   12mo,  cloth,     1  25 

This  work  is  designed  to  give  more  attention  to  thef  undamental  principles 
of  mechanics.  Analysis  is  subordinated,  and  whatis  used  is  of  a  very  ele- 
mentary character.  No  Calculus  is  used  nor  aoy  analysis  of  a  high  character, 
and  yet  many  problems  which  are  generally  considered  quite  difficult  are 
here  solved  in  a  very  simple  manner.  The  principles  of  Energy,  which 
holds  an  important  place  m  modern  physics,  is  explained,  and  several 
problems  solved  by  its  use.  Every  chapter  contains  numerous  problems 
and  examples,  the  former  of  which  are  fully  solved  ;  but  the  latter,  which 
are  numerical,  are  unsolved,  and  are  intended  to  familiarize  tlie  student  with 
the  principles,  and  test  his  ability  to  apply  the  subject  practically.  At 
the  close  of  each  chapter  is  a  list  of  Exercises.  These  consist  of  questions 
of  a  general  character,  requiring  no  analysis  in  order  to  answer  them,  but 
simply  a  good  knowledge  of  the  subject.  The  mechanics  of  fluids  forms  an 
impertant  part  of  the  work. 

Supplement  and  Key  to  ditto 1  26 

THE   ELEMENTS  OF  ANALYTICAL  MECHANICS. 

With  numerous  examples  and  illustrations.  For  use  in 
Scientific  Schools  and  Colleges.  By  Prof.  De  Volson  Wood. 
Sixth  edition,  revised  and  enlarged,  comprising  Mechanics  of 
Solids  and  Mechanics  of  Fluids,  of  which  Mechanics  of 
Fluids  is  entirely  new.    About  500  pages.     Seventh  edition. 

8vo,  cloth,    3  00 

The  Calculus  is  freely  used  in  this  work.  One  of  the  chief  objects  sought 
is  to  teach  the  students  how  to  use  analytical  methods.  It  contains  many 
problems  completely  solved,  and  many  others  which  are  left  as  exercises 
for  the  student.  The  last  chapter  shows  how  to  reduce  all  the  equations  of 
mechanics  from  the  principle  of  d'Alembert. 

STRENGTH    OP    MATERIALS    AND    THEORY   OF 
STRUCTURES. 

By  Henry  T.  Bovey,  Dean  of  School  of  Applied  Science,  McQill 
University,  Montreal,  Canada 8vo,  cloth,     7  50 

ELEMENTS    OF    ANALYTICAL   MECHANICS. 

By  Col.  Peter  S.  Michie,  of  U.  S.  Military  Academy.    Fourth 

edition 8vo,  cloth,    4  00 

"  A  revised  edition,  as  taught  to  the  Cadets  of  U.  S.  Military  Academy, 
West  Point." 


MECHANICS— :j[ACHINERY. 


A    TEXT-BOOK    ON    THE    MECHANICS    OP    MA- 
TERIALS, 

And  on  Beams,  Columns,  and  Shafts.  By  Prof.  M.  Merriman. 
Sixth  edition,  revised  and  enlarged 8vo,  cloth,  $4.  00 

"  We  cannot  commend  this  book  too  highly,"— American  Engineer. 
"  The  well-earned  reputation  of  the  Author  renders  any  comment  on  the 
quality  of  the  work  superfluous."— Fan  Nostrand's  Magazine. 

MECHANICS   OP  ENGINEERING. 

Comprising  Statics  and  Dynamics  of  Solids,  the  Mechanics 
of  the  Materials  of  Construction  or  Strength  and  Elasticity  of 
Beams,  Columns,  Shafts,  Arches,  etc.,  and  the  Principles  of 
Hydraulics  and  Pneumatics  with  Applications.  For  the  use  of 
Technical  Schools.     By  Prof.  Irving  P.  Church,  C.E.,  Cornell 

University  8vo,  cloth,    6  00 

"The  work  is  very  abundantly  illustrated,  and  the  information  is  given 
in  a  style  which  cannot  fail  to  make  the  student  thoroughly  master  of  the 
subject.  Prof.  Church  may  certainly  be  congratulated  upon  compressing  a 
vast  amount  of  instruction  into  a  very  small  space  without  in  any  degree 
interfering  with  the  necessary  minuteness  of  detail  or  clearness  of  descrip- 
tion."— London  Industrial  Review. 

MECHANICAL    PRINCIPLES    OP   ENGINEERING 
AND  ARCHITECTURE. 

By  Henry  Mosely,  M.A.,  F.R.S.  From  last  London  edition, 
with  considerable  additions  by  Prof.  D.  H.  Mahan,  LL.D,  of 
the  U.  S.  Military  Academy.  700  pages.  With  numerous 
cuts 8vo,  cloth,     5  00 

MECHANICS  OP  ENGINEERING  AND  MACHINERY. 

By  Dr.  Julius  Weisbach.  Designed  as  a  Text-book  for  Tech- 
nical Schools  and  Colleges,  and  for  the  use  of  Engineers, 
Draughtsmen,  etc.  Second  edition,  thoroughly  revised  and 
greatly  enlarged,  by  Gustav  Herrmann,  Prof,  at  the  Royal 
Polytechnic  School,  Aachen,  Germany.  Translated  by  J.  F. 
Klein,  D.E.,  Prof,  of  Mechanical  En^neering,  Lehigh  Uni- 
versity, Pa.    With  numerous  fine  illustrations.    Second  edition. 

1  vol.,  8vo,  cloth,    5  00 

"  Weisbach  is  a  standard  in  all  matters  of  Engineering  and  Mechanics, 
and  his  teachings  are  accepted  as  correcV— Mechanical  Engineer. 

MECHANICS   OP  THE   MACHINERY    OP   TRANS- 
MISSION. 

Being  Vol.  III.,  Part  I.,  Section  II.  of  Mechanics  of  Engineering 
and  Machinery.  By  Dr.  Julius  Weisbach.  Edited  by  Prof. 
Gustav  Herrmann  and  translated  by  Prof.  J.  F.  Klein,  Lehigh 
University,  Bethlehem,  Pa 8vo,  cloth,     5  00 

NOTES  AND  EXAMPLES  IN  MECHANICS. 

With  an  Appendix  on  the  Graphical  Statics  of  Mechanism. 
By  Prof.  I.  P.  Church,  Cornell  University.  135  pages,  with 
blank  pages  for  problems 8vo,  cloth. 


I 


2  00 


MECHANICS— MACHINERY. 


APPLIED     MECHANICS    AND    RESISTANCE    OF 
MATERIALS. 

By  Prof.  G.  Lanza.  Showing  Strains  on  Beams  as  determined 
by  the  Testing  Machines  of  Watertown  Arsenal  and  at  the 
Massachusetts  Institute  of  Technology.  Practical  and  Theo- 
retical. Designed  for  Engineers,  Architects,  and  Students. 
With   hundreds  of  illustrations.     Sixth   edition,  revised. 

1  vol.,  8vo,  cloth,  $7  50 
"  The  whole  work  is  a  valuable  contribution  to  the  pubiect  of  which  it 


pubj( 
Build 


treats,  and  we  can  cordially  recommend  it." — London  Builder. 

WEISBACH'S    MECHANICS.     HYDRAULICS    AND 
HYDRAULIC  MOTORS. 

With  numerous  practical  examples  for  the  calculation  and 
construction  of  Water- wheels,  including  Breast,  Undershot, 
Back-pitch,  Overshot  Wheels,  etc.,  as  vs^ell  as  a  special  discus- 
sion of  the  various  forms  of  Turbines.  Translated  from  the 
fourth  edition  of  Weisbach's  Mechanics,  by  A.  Jay  Du  Bois. 
Profusely  illustrated.     Second  edition 8vo,  ^loth,    5  00 

WEISBACH'S   MECHANICS.    THEORY  OP  STEAM- 
ENGINE. 

Translated  from  the  fourth  edition  of  Weisbach's  Mechanics 
by  A.  Jay  Du  Bois.  Containing  notes  giving  practical  examples 
of  Stationary,  Marine,  and  Locomotive  Engines,  showing  Amer- 
ican practice,  by  R.  H.  Buel.  Numerous  illustrations.  Second 
edition 8vo,  cloth,    5  00 

MECHANICS  OF  THE  GIRDER. 

A  Treatise  on  Bridges  and  Roofs,  in  which  the  necessary  and 
suflBcient  weight  of  the  structure  is  calculated,  not  assumed, 
and  the  number  of  Panels  and  height  of  Girder  that  render  the 
Bridge  weight  least  for  a  given  Span,  Live  Load,  and  Wind 
Pressure  are  determined.  By  John  D.  Crehore,  C.E.  Illus- 
trated by  over  100  engravings,  with  tables,  etc 8vo,  cloth,    5  00 

"The  work  bears  internal  evidences  of  patient  industry  and  scholarly 
ability— is  a  valuable  contribution  to  science  and  to  the  literature  of 
Bridge  building."— W,  H.  Searlbs,  C.E. 

KINEMATICS;  OR,  PRACTICAL   MECHANISM. 

A  Treatise  on  the  Transmission  and  Modification  of  Motion  and 
the  Construction  of  Mechanical  Movements.  For  the  use  of 
Draughtsmen,  Machinists,  and  Students  of  Mechanical  En- 
gineering, in  which  the  laws  governing  the  motions  and 
various  parts  of  Mechanics,  as  affected  by  their  forms  and  modes 
of  connection  are  deduced  by  simple  geometrical  reasoning, 
and  their  application  is  illustrated  by  accurately  constructed 
diagrams  of  the  diflFerent  mechanical  combinations  discussed. 

By  Prof.  Chas.  W.  MacCord.     Fourth  edition 8vo,  cloth,    5  00 

"  The  work  can  be  confidently  recommended  to  Draughtsmen,  and  all  who 
have  occasion  to  design  machinery,  as  well  as  to  every  earnest  student  of 
Mechanics,  young  or  old."— ^meman  Machinist. 


I 


-  ^' 


f>  • 


''>j 


01 

o 

to  ^  ; 
Ph  S  >^ 


CO 

CD 

o 


I 


s 

M 
q 

d 
(i> 

r-i 

i 

•Hi 

Pi 


0?^ 

0 
H 


to 


u 

o 


UNIVERSITY  OF  TORONTO 
LIBRARY 


the   card 
from   this 
Pocket. 


Acme    Library    Card    Pocket 

Under  Pat.  "  Ref.  Index  File." 
Made  by  LIBRAEY  BUREAU 


